A og 
jady) 
afi 


isa opate alent ; ” . ; : i 
tai Ue dal ecg Bea : td i : ate een 
feu frobednnposee : " aie f wll : mi sacri 


= 


aH 
ee Ae 
By 3 


ut 


aera 
ey 


t 
a 


fis K 


say 


STRENGTH OF MATERIALS 


STRENGTH 
MATERIALS. 


BY 
JAMES E. BOYD, M.S. 


Professor of Mechanics, The Ohio State University 


Tuirp EpITION 
REVISED 
THIRTEENTH IMPRESSION 


McGRAW-HILL BOOK COMPANY, Inc. 
NEW YORK AND LONDON 
1924 


Copyricut, 1911, 1917, 1924, By THE 
McGraw-Hitt Book Company, Ine. 


PRINTED IN THE UNITED STATES OF AMERICA 


THE MAPLE PRESS COMPANY, YORK, PA. 


PREFACE TO THE THIRD EDITION 


No great changes have been made in the third edition. The 
application of the method of Area Moments has been simplified, 
the equation for the deflection of a column has been derived by 
elementary calculus, and slight modifications have been made in 
the text of many articles. The greater portion of the problems 
have been rewritten. A few subjects of minor importance have 
been transferred from the body of the book to the Appendix. 

The author is indebted to Professors George E. Beggs, E. H. 
Wood, P. W. Ott, and E. F. Coddington for suggestions and 
criticisms. 
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PREFACE TO THE SECOND EDITION 


In the preparation of the second edition, no radical changes 
have been made. The most important addition is the method of 
Area Moments for deriving the equations of the elastic line of a 
beam. This is given along with the usual method of double 
integration, and the text has been arranged that either one may 
be studied and the other omitted. A chapter on Curved Beams 
and Hooks has been added, and a part of a chapter on Theories of 
Failure. 

At the request of a number of teachers, the problems have been 
largely rewritten. A few more illustrative examples have been 
worked out in the text at points where experience has shown that 
the students have difficulty in the application of the theory. 
Either Cambria Steel or Carnegie Pocket Companion may be 
used as a handbook with this edition. 

The author is under obligation to Professors E. H. Wood, E. R. 
Maurer, R. N. Menefee, R. W. Gay, and O. H. Basquin, and to 
Dean F. FE. Ayer and Mr. J. O. Draffin,who have kindly furnished 
suggestions and constructive criticisms. 

Shel De ol 8 


CotumBus, OHIO, 
March, 1917. 
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PREFACE TO THE FIRST EDITION 


This book is intended to give the student a grasp of the physical 
‘and mathematical ideas underlying the Mechanics of Materials, 
together with enough of the experimental facts and simple appli- 
cations to sustain his interest, fix his theory, and prepare him for 
the technical subjects as given in works on Machine Design, 
Reinforced Concrete, or Stresses in Structures. 

It is assumed that the reader has completed the Integral Cal- 
culus, and has taken a course in Theoretical Mechanics which 
includes statics and the moment of inertia of plane areas. Chap- 
ters XVI and XVII* give a brief discussion of center of gravity 
and moment of inertia. Students who have not mastered these 
subjects should study these chapters before taking up Chapter 
V (preferably before beginning Chapter I). 

The problems, which are given with nearly every article, form 
an essential part of the development of the subject. They were 
prepared with the twofold object of fixing the theory and enabling 
the student to discover for himself important facts and applica- 
tions. The first problems of each set usually require the use of 
but one new principle,—the one given in the text which immedi- 
ately precedes; the later problems aim to combine this principle 
with others previously studied and with the fundamental opera- 
tions of Mathematics and Mechanics. The constants given in 
the data or derived from the results of the problems fall within 
the range of the figures obtained from actual tests of materials. 
Many of the problems are taken directly from such measure- 
ments. Some of them are from tests made by the author or his 
colleagues at the Ohio State University; others are from bulletins 
of the University of Illinois Engineering Experiment Station, from 
“Test of Metals” at the Watertown Arsenal, and from the 
Transactions of the American Society of Civil Engineers. 

This book is designed for use with ‘“‘Cambria Steel,” to which 
references are made by title instead of by page, so that they are 
adapted to any edition of the handbook. 


*Chapters XIX and XX of the Revised Edition. 
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x PREFACE TO THE FIRST EDITION 


The author acknowledges his indebtedness for suggestions and 
criticisms to Professors C. T. Morris, E. F. Coddington, Robert 
Meiklejohn, K. D. Swartzel, and many others of the Faculty of 
the College of Engineering; and to Professor Horace Judd of the 
Department of Mechanical Engineering for the material for 
several of the half-tones. He also expresses his obligations to the 
books which have helped to mold his ideas of the subject,— 
Johnson’s ‘‘ Materials of Construction,” Ewing’s “Strength of 
Materials,”’ and especially the text-books which he has used with . 
his classes,—Merriman’s ‘‘Mechanics of Materials,’ Heller’s 
“Stresses in Structures,’ and Goodman’s ‘‘ Mechanics Applied to 
Engineering.” 

The symbols used in the mathematical expressions are much 
the same as in Heller’s “‘Stresses in Structures.” 


Cotumsus, Onto, 
November 6, 1911. 
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NOTATION 


The symbols which are frequently used in this book are: 


a 


A, A’ = area of cross-section. 


Pls 


radius of circle; distance of concentrated load from support. 
breadth; breadth of rectangular section; base of triangle; distance 
of concentrated load from support. 

some special value of b. 

distance from neutral axis to extreme fiber; distance of center of 
curvature of circular beam from center of section; distance in figure. 
distance from center of curvature of trapezoidal curved beam to inter- 
section of sides. 


Ci, C2, C3 = integration constants. 
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depth; depth of rectangular section; diameter; distance between par- 
allel axes. 

some special depth; diameter of boiler. 

eccentricity of a load on a column; distance in figure. 

modulus of elasticity. 

modulus of elasticity in compression; modulus of, elasticity of 
concrete. 

modulus of elasticity in shear; tension modulus of elasticity of steel 
reinforcement. 

modulus of elasticity in tension. 

modulus of volume elasticity. 

working modulus of elasticity. 

height; distance from vertex to base of triangle. 

horsepower. 

product of inertia. 

moment of inertia. 

maximum moment of inertia of a beam of variable section. 

moment of inertia with respect to the X axis. 

moment of inertia with respect to the Y axis. 

moment of inertia with respect to an axis through the center of 
gravity. 

ratio of moment arm to total depth of a reinforced concrete beam. 
polar moment of inertia. 

a constant coefficient; radius of gyration (in Chapter XX); a ratio 
less than unity. 

length; length of beam between supports; length of column between 
points of inflection. 

length; total length of column. 

mass of particle; slope of tangent at support; a ratio. 

moment; mass. 

moment at origin of codrdinates. 


M,, M, = moment over three consecutive supports, 
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XVill NOTATION 


M, 


Yat OF ye Ss 


= 


M2, M3, etc. = moment over first, second, third, etc., supports. 

= ratio, number of turns in a helical spring. 

= normal force at surface; number of revolutions per minute. 

= pitch of rivets; slope of tangent; ratio of steel area to concrete area. 

= concentrated load or force. 

= coefficient in Rankine’s formula. 

= concentrated load or force. 

= distance from origin; radius of gyration (in column formulas) ; radius. 

= reaction at support; resultant force; radius; radius of coil. 

= reaction at left support; radius of inside surface of curved beam or 
hook. 

= reaction at second support; radius of outside surface of curved beam 
or hook. 

= radius of neutral surface of curved beam or hook. 

= unit stress. 


St, Ssy Sc = unit tensile, shearing, and compressive stress. 


rn) 


= ultimate unit stress. 

allowable unit stress. 

= unit stress resulting from combined shear and tension or compression. 
= unit stress in extreme fibers. 

= unit stress at concave surface of curved beam. 
= unit stress at convex surface of curved beam. 
= unit shearing stress at surface of shaft. 

= thickness. 

= torque; tension. 

work. 

modulus of resilience. 

distance from neutral axis. 

= total vertical shear. 

= total shear near support A in span joining A to B. 
= distributed load per unit of length. 

= total load uniformly distributed. 

z = coordinates of center of gravity. 

= deflection in a beam or column. 

= deflection at B due to a load at A. 

= maximum deflection in a beam or column, 

= unit deformation. 

= unit shearing deformation 

= coefficient of friction. 

= Poisson’s ratio. 

= density; radius of curvature. 


ll 


a,B,0,¢ = angles in figure. 
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CHAPTER I 
STRESSES 


1. Strength of Materials——That branch of Mechanics which 
treats of the changes in form and dimensions of elastic solids and 
the forces which cause these changes is called The Mechanics of 
Materials. When the physical constants and the results of 
experimental tests upon the materials of construction are included 
with the theoretical discussion of the ideal elastic solid, the entire 
subject is called The Strength of Materials or The Resistance of 
Materials. 

2. Tension.—Support one end of a band of soft rubber, and 
attach a small hook to the other end, 
as shown in Fig. 1. Now apply a 
small weight to the hook. The 
rubber band is stretched; its length 
is increased by an amount a, while 
its cross-section is diminished. Add 
a second weight. If the second 
weight is equal to the first one, the 
elongation b, which it causes, is 
equal to that caused by the first 
weight. Remove the weights, and 
the rubber band returns to its 
original length and cross-section. 

If steel, iron, wood, concrete, stone, 
or other solid material is used 
instead of rubber, the results are Fie. Datei bands in 
similar. There is this apparent cies 
difference: while the rubber may be stretched to twice or three 
times its original length and still return to its original size and 
shape after the load is removed, one of the other materials 
may be stretched only a very small amount (usually less than 
0.002 of its length), without receiving a permanent change in its 
dimensions. Again, the force required to produce a relatively 
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small increase in the length of a rod of wood or steel for instance, 
is many times greater than that necessary to double the length 
of a soft rubber band of equal cross-section. These differences 
between the behavior of soft rubber and other solid materials are 
differences of degree and not of kind. Essentially they are alike. 

The rubber bands shown in Fig. 1 are subjected to the action 
of two forces: the force of the weights pulling downward, and the 
reaction of the support pulling upward. The bands are in ¢en- 

GREE ston. A body is said to be in tension when it is 
subjected to two sets of forces whose resultants 
are in the same straight line, opposite in 
direction, and directed away from each other. 

3. Compression.—When a body is subjected 
to two sets of forces whose resultants are in the 
same straight line, opposite in direction, and 
directed toward each other, it is said to be in 

compression. In Fig. 2, the block B is in com- 
Fie. 2. — Com- : : 
pression: pression under the action of the 50 pounds 
pushing down and the reaction of the support 
pushing up. The effect of compression upon a body is to 
shorten it in the line of the forces and increase its dimensions 
in the plane perpendicular to this line. 

Tension and compression may be represented as in Fig. 8, 
in which the arrows represent the forces, 
and the small rectangles represent the <a en 
bodies, or portions of a body, upon which te: wae ae 
the forces act. The rectangles are often 
omitted; a pair of arrows with their heads together indicate 
compression, and a pair with their heads in the opposite sense 
indicate tension. 

4. Stress; Total Stress.—The force exerted by one body 
upon another at their surface of contact is called the stress 
between the bodies or the total stress between the bodies. If a 
single body be regarded as cut by an imaginary surface, the force 
exerted across this surface by either portion of the body upon the 
other portion is the total internal stress in the body at the section. 
If the forces are such that the portions of the body are pushed 
together at the imaginary surface, the stress is compressive. 
If the forces tend to pull the portions apart, the stress is tensile. 
Compressive stress at the surface of contact of two separate 
bodies is called bearing stress. 
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All parts of the bar AB, Fig. 4, are under tensile stress. The 
total tensile stress at any section CD is the load L and the weight 
of the hook and of that portion of the bar below the section. 


Fig. 4.—Tensile stress. Fig. 5.—Compressive stress. 


All parts of the block in Fig. 5 are in compression. The total 
compressive stress at any section JK is 10 pounds plus the weight 
of the portion of the block above the section; or, since action and 
reaction are equal, the total compressive stress is the upward 
reaction at the base minus the weight of the portion below JK. 

5. Unit Stress; Intensity of Stress.——The wnt stress at any 
surface is the total stress at the surface divided by its area. Unit 
stress is frequently called intensity of stress. In American engi- 
neering practice, unit stresses are usually expressed in pounds 
per square inch. Compressive stresses in masonry are some- 
times given in tons per square foot; the bearing presssure of 
masonry upon soils is always so expressed. English engineers 
frequently use long tons per square inch to express the intensity 
of stress in steel and similar solids. Continental engineers,* 
of course, use kilograms per square centimeter. Physicists, the 
world over, prefer dynes per square centimeter. In the computa- 
tion of unit tensile or compressive stresses, the surface considered 
is a plane section perpendicular to the direction of the forces, 
unless otherwise stated. 

Pounds per square inch are frequently written lb./in.? 


Problems 
1. The rod AB, Fig. 4, is circular and 2 inches in diameter. If the load L 
is 42,000 pounds, and the weight of the hook and of the lower part of 
the rod are neglected, what is the unit stress at any section? 
Ans. 13,369 pounds per square inch. 
* They sometimes express stress in atmospheres. One atmosphere 
equals 14.7 Ib./in.? equals 1.033 kg./cm.? 
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2. If the diameter of the rod in Fig. 4 is 3 inches, what must be the load L 
to produce an intensity of stress of 15,000 pounds per square inch? 

3. A pier 18 inches square carries a load of 10,800 pounds. Find the unit 
compressive stress in the pier in pounds per square inch and the unit 
bearing stress on the soil at the base in tons per square foot. 

Ans. Bearing stress is 2.4 tons per square foot. 

4. A short piece of standard 4-inch wrought-iron water pipe, standing on 
end, supports a load of 26,076 pounds. Find the unit compressive stress. 
(See handbook for dimensions.) Ans. 8,200 pounds per square inch. 

5. A short piece of 6-inch by 4-inch by 1-inch angle section, standing on 
end, supports a load of 111,600 pounds. What is the intensity of the 
compressive stress? (See handbook.) 

Ans. 12,400 pounds per square inch. 

6. A short piece of 15-inch, 42-pound I-beam, standing on end, supports a 

load of 157,250 pounds. What is the unit compressive stress? 

Ans. 12,600 pounds per square inch. 

A piece of 15-inch, 42-pound I-beam, 12 inches long, rests on one flange 

with the web vertical and supports a load of 73,800 pounds. Find the 

unit compressive stress in the web. 

8. One inch equals 2.540 centimeters and one pound equals 453.6 grams. 
Find the value of one kilogram per square centimeter in pounds per 
square inch and compare the result with the handbook. 


BU 


6. Working Stress; Allowable Unit Stress.—Working stresses 
are the unit stresses to which the materials of a machine or 
structure are subjected. The allowable unit stress for a given 
material is the maximum working stress which, in the judgment of 
some authorities, should be applied to that material. For example, 
the building laws of New York City and the specifications of the 
American Railway Engineering Association give 16,000 pounds 
per square inch as the allowable unit tensile stress for structural 
steel; and the United States Department of Agriculture recom- 
mends 1,000 pounds per square inch as the working compressive 
stress in long-leaf yellow pine, when the load is parallel to the 
grain and 215 pounds per square inch when the load is across 
the grain. 

Table I gives allowable unit stresses for a few of the most 
important materials. The values for concrete are taken from 
the specifications of the Joint Committee on Concrete and Rein- 
forced Concrete. The others are approximately an average of 
the specifications of the large cities. In order that the student 
may quickly gain a definite idea of the magnitude of these 
important stresses, he should memorize this table and the data 
which follows. In many problems which follow, unless other- 
wise stated, these allowable stresses will be assumed. 
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TaBLE I.—AverAGE ALLOWABLE UNIT Stress 


a Pounds per square inch 
Material ee 


Tension Compression 


Structural steel and cast steel......... 16,000 

WW TOUR NUNTONMT AS, ali carts es <b: 12,000 

OP ia Tay ne Pe a See er es een a 15,000 

Long-leaf yellow pine................. 1,200 with the grain 
Long-leaf yellow pine................. 250 across grain 
WVHitegOalke mri cet tists eect 1,000 with the grain 
Winhitecoalcnernrs eet al iene wiee f nee kc 400 across grain 
Portland cement concrete.....1:2:4.. 450 

Portland cement concrete ....1:3:6.. 300 


A steel bar one foot long and one square inch in cross-section 
weighs 3.4 pounds. 
One cubic foot of water weighs approximately 62.5 pounds. 


Problems 


(Use data of Table I unless otherwise specified) 


1. Find the total allowabie load, in compression paraliel to the grain, which 
may be applied to a 6-inch by 8-inch short block of long-leaf yellow 
pine. Ans. 57,600 pounds. 

2. An eye-bar of structural steel, which exerts a pull of 60,000 pounds, 
is one inch thick. What should be its width? 

3. What must be the dimensions of a cubical block of white oak which 
supports a load of 40,000 pounds? (Two solutions.) 

4, A short 6-inch by 6-inch beam of yellow pine is horizontal and supports 
a load of 5,000 pounds. The beam is hung on two 34-inch wrought-iron 
bolts, each of which carries half the load. Find the maximum unit 
stress on each bolt. Would 5-inch wrought-iron bolts be allowable? 
If the 34-inch bolts support the beam by means of nuts and washers, 
what should be the diameter of each washer? Ans. 3.65 inches. 

5. Solve Problem 4 for the diameter of the washer if the beam is made of 
white oak. Solve also for Douglas fir. (See handbook for allowable 
unit stress.) 

6. A short piece of 6-inch wrought-iron water pipe stands on a cast-iron 
base plate which is supported by a pier of 1:2:4 concrete. If the pipe 
is subjected to its allowable load, what must be the minimum cross- 
section of the pier? Ans. 149.3 square inches. 

7. The pier of Problem 6 is a frustum of a pyramid, 18 inches square at 
the top, 4 feet square at the bottom, and 9 feet high. The concrete 
weighs 150 pounds per cubic foot. What is the bearing pressure on 
the soil at the bottom? Ans. Approximately 2.44 tons per square foot. 
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8. Look up the area of one 10-inch and one 18-inch I-beam and compute 
the weight of each per foot. Compare with the handbook. 

9. A bollow steel cylinder is 8 inches outside diameter, 15 feet long and 
weighs 1,200 pounds. What is its inside diameter? 

10. What is the cross-section of a steel rail weighing 110 pounds per yard? 


7. Deformation; Unit Deformation.—The changes in dimen- 
sions which occur when forces are applied to a body are called 
deformations. In Fig. 1, the increase in length, a, which takes 
place when the first load is applied is the deformation caused by 
that load; the increase b is the deformation caused by the second 
load; and a + 6 is the deformation caused by the two loads. 
The deformation produced by a tensile force or pull is an elonga- 
tion. The deformation produced by a compressive force or push 
is a compression. Compression is negative elongation. A defor- 
mation which remains after the force is removed is called a set. 

Unit deformation in a body is the deformation per unit length. 
In a bar of uniform cross-section, the unit deformation is calcu- 
lated by dividing the total deformation of a given portion of 
the bar by the original length of the portion. In Fig. 1, the 
length a divided by the original length of the band is the unit 
deformation caused by the first load. Unit deformation is — 
frequently called relative deformation. 

In algebraic equations many authors represent unit deforma- 
tion by the letter 6 (pronounced delta). 

Deformation is frequently called strain. The word, strain, was 
formerly used as a synonym for stress and is still sometimes 
heard in that sense. The general practice of technical literature, 
however, is now to use strain to mean deformation. When 
employed in this book it will always have that meaning. 


Problems 


1. A steel bar is subjected to a tensile stress and a portion of it, originally 
8 inches long, is stretched 0.0044 inch. Find the unit elongation. 

Ans. 0.00055 inch. 

2. A wooden post under compression is shortened 0.144 inch in a length 
of 15 feet. Find the unit compression. Ans. 0.00080. 

3. A 34-inch steel rod, 20 inches long, is subjected to a pull of 6,600 pounds. 
A portion of the rod, originally 8 inches long, is stretched 0.0041 inch. 
Find the unit deformation and the unit stress. 

4. The coefficient of linear expansion for iron is 0.000012 for degree C. 
What is the unit deformation and the total deformation in an iron rod 
10 feet in length when the temperature changes from 40°F. to 80°F.? 
when the temperature changes from 50°F. to 30°C.? 
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8. Elastic Limit.—When a stress is applied to a solid body 
and then removed, the body returns to its original size and shape, 
provided the stress has not exceeded a certain limit. If the 
stress has gone beyond this limit, the body does not return 
entirely to its original dimensions, but retains some permanent 
deformation or set. The unit stress at this limit is called the 
elastic limit of the material. A wrought-iron rod is stretched 
about 0.006 inch in a length of 8 inches by a pull of 20,000 pounds 
per square inch. When the load is removed it returns to its origi- 
nal length. The unit stress of 20,000 pounds per square inch 
is below the elastic limit of wrought iron. If the load is increased 
to 30,000 pounds per square inch, the elongation in 8 inches 
becomes, perhaps 0.075 inch. When this load is removed the rod 
shortens only 0.009 inch while the remaining 0.066 inch persists 
as a permanent set. The elastic limit is below 30,000 pounds 
per square inch. 

The elastic limit cannot be determined exactly. <A test piece 
may appear to have no permanent deformation when measured 
with the usual apparatus and still show some set when more 
delicate instruments are employed. ‘Time also is a factor. If 
a load is applied for a considerable period, it causes somewhat 
greater deformation and considerably greater set than if the time 
of application is short. Some materials, such as steel, after 
having been subjected to comparatively large unit stress, fre- 
quently show a set of more or less temporary character. When 
the load is first removed, there is a residual deformation, which 
may partly or entirely vanish after some little interval. 

{ 9. Modulus of Elasticity.—Tlor all stresses below the elastic 
limit, the unit stress bears a constant ratio to the unit deforma- 
tion. The quotient obtained by dividing unit stress by the 
accompanying unit deformation is called the modulus of elasticity 
of the material, or Young’s modulus. In algebraic formulas, 
modulus of elasticity is represented by the letter H. In algebraic 
language this definition is 


E = 5 Formula I.* 


in which £ is the modulus of elasticity, 
s is the unit stress, 
6 is the unit deformation. 


*Important formulas, which should be memorized, are designated by 
Roman numerals in this book. 
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Problems 


1. A steel rod of one square inch cross-section is tested in tension. It is 
found that a pull of 20,440 pounds stretches 8 inches of the rod 0.0056 
inch. Find the unit deformation and the modulus of elasticity. 

Ans. Modulus of elasticity is 29,200,000 pounds per square inch. 

2. A wooden block, 4 inches square and 16 inches long, is tested in com- 
pression. A load of 12,000 pounds shortens 10 inches of the block 0.0060 
inch. Find the unit stress, the unit deformation, and the modulus of 
elasticity. 

Ans. Modulus of elasticity is 1,250,000 pounds per square inch. 

3. A spruce stick 25 inches long and 1.75 inches square, which was tested 
in compression at the Bureau of Standards, was shortened 0.01149 
inch in a length of 20 inches when the load changed from 612 pounds to 
3,672 pounds. Find # for this spruce. 

4. A rectangular bar of cold-rolled steel, tested in compression, was 36 
inches long, 1.25 inches wide, and 1 inch thick. When the load changed 
from 625 pounds to 13,125 pounds, the compression in 33 inches was 
0.01045 inch. Find £# from this reading. Ans. E = 31,580,000. 

5. A bridge post made of two 12-inch channels, each weighing 30 pounds 
per foot, is shortened 0.0084 inch in a length of 40 inches by a moving 
train. If E is 29,000,000 pounds per square inch for this steel, find 
the additional load on the post when the train passed over the bridge. 

Ans. 107,430 pounds. 

6. A wrought-iron column, tested at Watertown Arsenal, was 11.31 square 
inches in cross-section. When the load was changed from 5,000 pounds 
to 100,000 pounds, the column was shortened 0.0610 inch in a length of 
200 inches. Find # for this wrought iron. 

7. In a tension test of cast iron at the Watertown Arsenal, an increase of 
unit stress from 1,000 pounds per square inch to 6,000 pounds per 
square inch produced an increase in length of 0.0034 inch in a gage 
length of 10 inches. Find £ for this cast iron. 


Table II gives values of the modulus of elasticity of a few 
common materials. This table should be memorized. 
TasLe II.—Mopvuuus or Enasticity 


Material Modulus, in pounds 
per square inch 


Structural steels. 4,5 eee 29,000,000 
ard steel es oc otaci meth ceca eee ees ee 30,000,000 
Wrought iron.: | .¢0.:ac5 coc eee 27,00,0000 
Cast Troms. 25a icc one Hee ee 15,000,000 
Timber (parallel to the grain)............ 1,000,000 to 2,000,000 
Portland cement concrete................ 2,000,000 to 4,000,000 


ee EE eee 


8. A bar of cast iron, 3 inches by 1 inch, is shortened 0.0056 inch in a length 
of 8 inches. Find the load applied. Ans. 31,500 pounds. 


Cuap. I] STRESS 9 


9. A structural steel bar, weighing 6.8 pounds per foot, is stretched 0.0128 
inch in a length of 20 inches. Find the total pull. 
Ans. 37,120 pounds. 
10. A 6-inch by 6-inch by 1-inch angle, 4 feet in length, is subjected to a 
pull of 176,000 pounds. Find the elongation in a length of 30 inches. 
1i. The temperature coefficient of steel is 0.0000067 per degree Fahrenheit. 
How much stress is developed in a rod of structural steel when the 
temperature changes from 80°F. to 20°F. and the rod is not allowed to 
contract? 
12. A foreign handbook gives the modulus of elasticity in kilograms per 
square millimeter as follows: 


Steel erp Mev cee a eran. CAS ee Ment ikea tee Mok ie 20,400 
OU PCER CLOWNS. tin: ec ee Re en ule eae ens 12,400 
[SCA SS Pree deco etre vivre oe Ghee eee OO cole cl fra Ne eae 10,800 
PAULA IATA (Chita w10)) euseeesweatiete Sette cre ohemasre eestor 7,500 


Reduce these to pounds per square inch. 


10. Physical Meaning of E.—Formula I of Article 9 may be 
written 

s 

b=F 


If s be made equal to unity, 6 becomes equal to e With the 


common engineering units, the reciprocal of # is the unit defor- 
mation produced by a unit load of one pound per square inch. 

The modulus of elasticity of steel in tension is about 30,000,000 
pounds per square inch. This means that a pull of one pound on 
a bar one inch square will stretch every inch of this bar one 
thirty-millionth of an inch. A pull of 1,000 pounds applied to a 
bar one inch square will stretch every inch of its length one 
thirty-thousandth of an inch. If the elastic limit is not exceeded, 
- a pull of 30,000 pounds per square inch of cross-section will 
stretch each inch of the bar one thousandth of an inch. 


Examples 
Solve without writing 


1. A steel rod, one inch square and 30 inches long, is subjected to a pull of 
15,000 pounds. If £ is 30,000,000 pounds per square inch, what is the 
stretch per inch of length? What is the total elongation in a length 
of 20 inches? 

2. If wood for which the modulus of elasticity is 1,500,000 pounds per 
square inch is subjected to a compressive load of 600 pounds per square 
inch, what is the compression per inch of length? What is the total 
compression in a length of 10 feet? 
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3. A 2-inch by 4-inch wooden block is subjected to a compressive load of 
3,600 pounds. If the moduls of elasticity parallel to the fibers is 1,200,- 
000 pounds per square inch, what is the total compression in a length of 
5 feet? 

4. What is the unit elongation in cast iron when the unit tensile stress is 
at its allowable limit? What is the unit compression when the unit 
compressive stress is at its allowable limit? 


Formula I may also be written 
s = Ké, 


which defines E as the coefficient to be multiplied into the unit 
deformation to obtain the unit stress. A deformation of one 
one-thousandth of an inch per inch of length is generally not far 
from the elastic limit. Since many micrometers measure in 
thousandths of an inch, this length has a definite meaning to all 
persons who do exact mechanical work or make precise measure- 
ments. It is desirable, therefore, to fix the attention on the 
unit stress which accompanies a unit deformation of one one- 
thousandth of the original length, or, expressed in a slightly 
different way, on the unit stress which accompanies a relative 
deformation of one-tenth of one per cent. 


Examples 
Solve without writing 


5. What is the unit stress when the unit deformation is 0.001 for structural 
steel, for wrought iron, and for cast iron? 

6. If the modulus of white oak is 1,600,000 pounds per square inch, what is 
the total load on a 2-inch by 4inch piece which is shortened 0.0064 inch 
in a length of 16 inches? 


7. A rod of hard steel, 3 feet in ‘length, weighs 30.6 pounds. The bar is 
shortened 0.0080 inch in a length of 20 inches. What is the total load? 


If in Formula I 6 is made equal to unity, s becomes equal to ZL. 
From this relation the modulus of elasticity in tension is some- 
times defined as the unit stress which would double the length of a 
rod of uniform cross-section, if such doubling were possible without 
breaking the rod or exceeding the elastic limit. 

11. Work and Resilience.—When a force acts on a body and 
motion takes place in the direction of the force, the force is said 
to do work. The distance which the point of application moves 
is called the displacement. The work done by a constant force 
is the product of the force multiplied by the displacement. If P 
represents the constant force and z represents the displacement of 
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its point of application, the work is the product Pz, provided the 
force and displacement are in the same direction. If the force is 
in pounds and the displacement is in feet, the work is expressed 
in foot-pounds. If the force is not constant, the work is the prod- 
uct of the average force multiplied by the displacement. When 
an elastic body is deformed, the force varies directly as the 
displacement (provided the elastic limit is not exceeded) and the 
average force is half the sum of the initial and final forces. 


Problems 


1. A given spring is stretched one inch by a load of 12 pounds. What force 
will stretch this spring 3 inches? What is the average force when the 
spring is stretched 3 inches? What is the work done in stretching the 
spring 3 inches? Ans. 36 pounds; 18 pounds; 54 inch-pounds. 

2. After the spring of Problem 1 has been stretched 3 inches, an additional 

» force is applied, which produces an additional elongation of 4 inches. 
What is this additional force? What is the average force while the 
spring is stretched the last 4 inches? What is the work done in stretch- 
ing the spring the last four inches? ; 

Ans. 48 pounds; 60 pounds; 20 foot pounds. 

3. The spring of Problem 1 is stretched 7 inches from the position of zero 
elongation. Find the final pull, the average force, and the total work. 
Check the total work by comparison with the results of Problems 1 and 2. 

4. A load of 24,000 pounds is applied to a steel rod which has no initial 
load. The elongation is 0.03 inch. Find the work in foot-pounds. 

Ans. 30 foot-pounds. 

5. A pull of 60,000 pounds is applied to a steel rod of 6 square inches cross- 
section. If the modulus of the steel is 30,000,000 pounds per square 
inch, what is the work done in a length of 20 feet? Ans. 200 foot-pounds. 

6. What would be the work in Problem 5 if the load were applied to a rod 
of 3 square inches cross-section and 20 feet length? 

7. The allowable unit stress in compression is applied to a cast-iron bar 
which is 2 inches square and 12 inches long. Find the total work in 
foot-pounds. Find the work in inch-pounds per cubic inch. 


The work done in deforming a body is stored up as elastic 
potential energy, which may be recovered as mechanical work 
when the load is removed. This elastic energy is called the 
resilience of the material. If the unit stress does not exceec 
the elastic limit, practically all the work which is put into the 
body may be recovered. If the stress exceeds the elastic limit, 
part of the energy is converted into heat and can not be directly 
regained as mechanical work. 

12. Modulus of Resilience.—-The work expended in deform- 
ing unit volume of any material to the elastic limit is called the 
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modulus of resilience of the material. It is the elastic potential 
energy of unit volume when stressed to the elastic limit. The 
modulus of resilience is a measure of the amount of energy which 
may be stored in a given material and recovered as mechanical 
work without loss. 

If unit volume of a solid is subjected to unit stress s, the defor- 
mation in unit length is = and the total work is 


s2 


= = =e Formula 1. 


2 


U, = 


: ; Se 
This expression (energy in unit volume = sa) gives the energy 


for any value of s below the elastic limit. When s is the unit 
stress at the elastic limit, the expression is the modulus of resili- 
ence. When s and F are given in pounds per square inch, 
Formula II gives the energy in inch-pounds per cubic inch. 

The total elastic energy in a body, all parts of which are sub- 
jected to a unit stress s, is obtained by multiplying the total 
volume of the body by the energy per unit volume, and is inde- 
pendent of the form of body. 


Problems 


1. Find the modulus of resilience of steel for which the modulus of elasticity 
is 30,000,000 pounds per square inch and the elastic limit is 36,000 pounds 
per square inch. Ans. 21.6 inch-pounds per cubie inch. 

2. Find the modulus of resilience of spring steel for which EF is 30,000,000 
pounds per square inch and the elastic limit is 96,000 pounds per square 
inch. Ans. 153.6 inch-pounds per cubie inch. 

3. What is the modulus of resilience of timber for which the modulus of 
elasticity is 1,600,000 pounds per square inch and the elastic limit is 
3,600 pounds per square inch? 

4. How high can a mass of the material of Problem 2 be lifted by the energy 
which is stored in it at the elastic limit? Ans. 45.2 feet. 

5. If a cubic foot of the timber of Problem 3 weighs 36 pounds, how high 
will the energy stored in a piece of this timber lift its own weight? 

6. What is the energy in a cubic inch of cast iron when subjected to its 
allowable unit stress? What is the total energy in a bar 2 inches square 
and 12 inches long? 

7. A steel rod, 2 inches in diameter and 20 inches long, is subjected to a 
compressive load of 60,000 pounds and is shortened 0.0128 inch. Find 
the total work done by the load and then find the work per unit volume. 
Check the work per unit volume by Formula II. 


The work of resilience has been calculated by multiplying the 
average force by the deformation. The same result may be 
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obtained by integration. Let x represent the total elongation of a 
rod of length / and unit cross-section; and let dx represent an 
infinitesimal increment of this elongation. The unit elongation is 


I and the unit stress are The work done in causing a deformation 


dx in a rod of unit cross-section is the unit stress, which is regarded 
as constant for the infinitesimal displacement, multiplied by dz. 


Increment of work = AF an. (1) 
Total work = A? ae a - aL = ae a) (2) 


in which 2; is the initial deformation and 2 is the final deforma- 
tion. The unit stress when the deformation is x in a length | 


iS = oa from which « = ss If the values of 2, and 22 in 


Equation (2) are expressed in terms of the corresponding stresses, 


3s sk — st 
Total work = i( a ) = ( oF ) 5 volume. (3) 
If the initial stress is zero, equation (3) becomes Formula II. 


Problems 


8. Derive Equation (3) by means of average force without integrating. 

9. Find the work done in 200 cubic inches of cast iron in compression when 
the unit stress changes from 0 to 6,000 pounds per square inch and when 
it changes from 6,000 to 12,000 pounds per square inch. 

. 13. Poisson’s Ratio—A body which is subjected to tensile 
stress is elongated, and the amount of the elongation, provided 
the elastic limit is not exceeded, is proportional to the unit stress. 

At the same time the diameter of the body becomes smaller. 

A body subjected to compressive stress is shortened in the direc- 

tion of the load while its transverse dimensions are increased. 

The ratio of the unit deformation at right angles to the direction 

of the load to the unit deformation in the direction of the load is 

called Poisson’s ratio. The value of this ratio varies with the 
material. Usually the ratio is slightly greater than one-fourth. 

For steel it is about 0.27. If a rod of steel is elongated 0.001 of 

its length, its diameter is reduced about 0.00027 of its original 

value. Poisson’s ratio will be represented in this book by the 

Greek letter o* (sigma). 

* There is no definite agreement as to the symbol for Poisson’s ratio. 


: 1 
Some writers use a others use o or p OF yp. 
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Preblems 


A steel rod, 3 inches in diameter, is stretched 0.0064 inch in a length of 8 
inches. At the same time the diameter is reduced 0.00065 inch. Find 
Poisson’s Ratio. Ans. 0.27. 
2. If Poisson’s ratio is 0.27 and the modulus of elasticity is 29,000,000, how 
much is the width of a 5-inch by 2-inch steel bar decreased by a pull of 
174,000 pounds? Ans. 0.00081 inch. 
3. In Problem 2, if the unit stress is proportional to the unit deformation, 
what is the transverse unit compressive stress? 
; Ans. 4,700 pounds per square inch. 
4, Poisson’s ratio for copper is about 14 and the modulus of elasticity is 
16,000,000 pounds per square inch. How much is the diameter of a 
2-inch round copper rod increased when subjected to a compressive load 
of 30,000 pounds? Ans. 0.000398 inch. 
5. A steel plate is subjected to a tensile stress of 12,000 pounds per square 
inch parallel to the X axis and a tensile stress of 6,000 pounds per square 
inch parallel to the Y axis. If H is 30,000,000 pounds per square inch and 
Poisson’s ratio is 14, what is the unit deformation in the direction of each 
coérdinate axis? 


9 
° 


Unit 
Axis deformation 

XG 0.00035 elongation. 
Ans. } Y 0.00010 elongation. 

Z 0.00015 compression. 

6. Solve Problem 5 if the unit stress along the Y axis is compression. 

xX 0.00045 elongation. 
Ans. \ Y 0.00030 compression. 

Z 0.00005 compression. 


When biaxial loads are applied, as in Problems 5 and 6, the 
unit deformation may be greater or less than that caused by a 
single load. In Problem 6, the tensile stress of 12,000 pounds 
per square inch in the direction of the X axis produces unit 
elongation of 0.00040 in that direction. The compressive 
stress of 6,000 pounds per square inch along the Y axis produces 
unit compression of 0.00020 in the direction of that axis. Since 
Poisson’s ratio is 14, the compression of 0.00020 along the Y 
axis causes an elongation of 0.00005 along the X axis; so that the 
total unit elongation along the X axis becomes 0.00045. Accord- 
ing to St. Venant’s law* the entire unit deformation in any 
direction caused by any combination of forces should not exceed 
the unit deformation which would be produced by the allowable 
unit stress. In Problem 6, the entire unit elongation in the 
direction of the X axis is equivalent to the unit deformation which 


* St. Venant’s law and other theories in regard to the allowable unit stress 
are discussed further in Chapter XVII, 
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would be caused by a stress of 13,500 pounds per square inch 
along that axis. 

If, in Problem 6, the unit compressive stress parallel to the Y 
axis were 12,000 pounds per square inch instead of 6,000 pounds 
per square inch, the entire unit elongation along the X axis would 


be equivalent to that caused by 12,000 + ie a a or 15,000 pounds 
per square inch. 

The unit stress which is equivalent to that which will produce 
a deformation equal to the deformation caused by a combina- 
tion of “stresses, may be calculated directly by simply multiply- 
ing each unit stress.by Poisson’s ratio and adding it, with the 


proper sign, to the other stresses. 


Example 


A block of metal is subjected to a compressive stress of 8,000 pounds 
per square inch parallel to the X axis, a tensile stress of 6,000 pounds per 
square inch along the Y axis, and a compressive stress of 5,000 pounds per 
square inch along the Z axis. Find the unit stress along each axis which will 
be equivalent to the stress which gives the deformation which is given by 


this combination. 
Ans. X axis—Equivalent unit stress = 8,000 + 1,500 — 1,250 = 8,250 


lb. /in.? 
Problems 


7. A rod of material, for which Poisson’s ratio is }4 and the allowable unit 
tensile stress is 1,800 pounds per square inch, is subjected to a transverse 
compression of 2,400 pounds per square inch and a pull in the direction 
of its length. What is the maximum allowable pull? 

Ans. 1,200 pounds per square inch. 

8. The rod of Problem 7 is subjected to a transverse compression of 2,000 
pounds per square inch in one direction and a second transverse com- 
pression of 1,200 pounds per square inch at right angles to the first. 
Find the maximum allowable pull in a direction at right angles to the 
plane of these compressive stresses. 


The effects of biaxial loading are plainly seen in the behavior 
of brittle materials under tensile tests. In order to test a solid 
in tension, the ends must be held by grips which cause transverse 
compression. Suppose a porcelain test bar is 1 inch square at 
the middle and 1 inch by 1.5 inches at the heads. Suppose that 
the transverse stress at the heads necessary to hold the bar is 
8,000 pounds per square inch and that the total tension is 3,000 
pounds. The direct tensile stress in the heads is 2,000 pounds 
per square inch and the tensile stress caused by the compression 
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(if Poisson’s ratio is one-fourth) is an equal amount. The total 
tensile stress in the heads is then 4,000 pounds per square inch, 
while the unit tensile stress at the middle, which is supposed to 
be the weakest, is only 3,000 pounds per square inch. Such bars 
usually fail at the heads. It is very difficult to develop the full 
tensile strength of porcelain or other very brittle material. 

14. Volume Change and Volume Modulus of Elasticity.— 
When a solid is subjected to stress in one direction, there is a 
slight change in volume. If the load is compressive, the length 
becomes less and the area becomes greater. If the load is tensile, 
the length becomes greater and the area becomes less. 


Problems 


1. A steel bar, 2 inches square and 10 inches jong, is subjected to a compres- 
sive load of 60,000 pounds in the direction of its length. If # is 30,000,- 
000 pounds per square inch and Poisson’s ratio is 0.28, what is the length, 
the area of cross-section and the volume of the bar under the load? 

Ans. 9.995 inches; 4.00112 square inches; 39.9912 cubic inches. 

2. A steel rod, for which £# is 30,000,000 pounds per square inch, is 2 inches 
in diameter. How much is the volume of 20 inches of this rod increased 
by a pull of 90,000 pounds, if Poisson’s ratio is 0.27? 


If a unit cube is elongated an amount 6 by an external pull, its 
length becomes 1 + 6 and its transverse dimensions become 
1 — o6 in which o is Poisson’s ratio. 


Area of cross-section = (1 — a6)? = 1 — 206 + (66).2 (1) 


Since od is small, being never greater than 0.001, its square, 
which is relatively much smaller, may be neglected, so that, 
approximately, 


Area of cross-section = 1 — 206 (2) 
Multiplying by the length, 
Volume = (1 — 206) (1+ 6) =1+ (1 — 20)6 — 2082, (3) 
of which the last term, 2057, may also be neglected, so that 
Approximate volume = 1 + (1 — 2o)é. (4) 
Subtracting the original volume of one cubic unit, 
Increment of volume = (1 — 2c)6. (5) 


These formulas apply only to the temporary deformations below 
the elastic limit.. For the permanent change of form which occurs 
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when the elastic limit is exceeded there is practically no change of 
volume. 


Problems 


8. A 2-inch cube is stretched 0.0012 inch. If Poisson’s ratio is 0.26, how 
much is the area of cross-section reduced, and how much is the volume 
increased? Solve without formulas and check by Equations (2) and (5). 

Ans. 0.001248 square inch reduction of area; 
0.002304 cubic inch increase of volume. 

4. A steel bar 2 inches square is subjected to a compression of 120,000 
pounds. If £ is 30,000,000 pounds per square inch and Poisson’s ratio 
is 0.28, find the reduction of volume per cubic inch and the total reduction 
in a length of 10 inches. 


A solid submerged in a liquid is under pressure from all direc- 
tions. The quotient obtained when the unit pressure is divided 
by the relative reduction of volume is called the modulus of 
volume elasticity. If, for instance, one cubic inch of a solid is 
reduced to 0.9995 cubic inch by a pressure of 10,000 pounds per 
square inch in all directions, the modulus of volume elasticity is 


_ 10,000 
~ 0.0005 


E, = 20,000,000 pounds per square inch. 


Problems 


5. A block of steel has its volume changed from 8.240 cubic inches to 8.236 
cubic inches by a pressure of 10,000 pounds per square inch. Find the 
modulus of volume elasticity. Ans. 20,600,000 pounds per square inch. 

6. A copper cylinder, for which £, equals 16,000,000 pounds per square inch, 
is sunk in water to a depth of 25,000 ft. How much is its volume 
reduced? 


The modulus of volume elasticity may be computed from the 
modulus of linear elasticity (Young’s modulus) and Poisson’s 
ratio. If a cube of unit dimensions is subjected to unit pressure 


eee. 8. oe. 
s in the direction of any axis, it is shortened pin the direction of 


the pressure and elongated s along each of the two axes at right 


angles to the direction of the pressure. When there is a com- 
pressive stress s in every direction, the compression along any 


aS Ss, 
axis is made up of the direct compression R which is due to the 


9 A ee 
pressure in that direction and two elongations Fe each of which is 


18 STRENGTH OF MATERIALS [Arr, 14 


due to pressure along one of the other axes at right angles to the 
first. 


1 Vt, PAS EOS 
Total compression = E E 


= 5(1 — 20). (6) 
The length of each edge of the cube becomes 1 — ae — 2c), and 


3 
final volume = ‘1 -F(l — 20) }*=1—F (1-20) + 


2 
(1 — 2c)? +, ete. (7) 


Since a is very small, the terms containing the higher powers 
may be dropped and Equation (7) then becomes 

final volume = 1 — Sy — 2c). (8) 
Since the original volume was unity, the decrease of volume is 
(1 — 2c). The modulus of volume elasticity is obtained by 


dividing the unit stress s by the reduction of unit volume. 


Be 8 EH 


3s PCa) (9) 
E (1 — 2c) 


Problems 


7. Show that the modulus of volume elasticity is two-thirds the modulus of 
linear elasticity if Poisson’s ratio is one-fourth. 

8. If # for hard steel is 30,000,000 pounds per square inch and #, is 22,200,- 
000 pounds per square inch, what is Poisson's ratio? 

9. In a test made by E. H. Amagat (Annales de Chimie et de Physique, 1891, 
pages 95-140) a glass tube, 1 meter long, was placed inside a strong 
cylinder and subjected to liquid pressure in all directions. When the 
pressure was changed 500 atmospheres the length of the tube was reduced 
0.000375 meter. If the unit deformation was the same in all directions, 
what was the unit volume deformation? If one atmosphere equals 14.7 
pounds per square inch, find the modulus of volume elasticity. For 
similar glass # was found to be 10,280,000 pounds per square inch. Find 
Poisson’s ratio. Ans. EH, = 6,533,000 pounds per square inch; 

Poisson’s ratio = 0.238. 


Miscellaneous Problems 


1. A stick of Douglas fir tested in tension at the Watertown Arsenal 
(“Tests of Metals,” 1896, page 405) showed an elongation of 0.0427 
inch in a gage length of 200 inches when the load per square inch changed 
from 100 pounds to 500 pounds. Find £. 


Ans. 1,874,000 pounds per square inch. 
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A second stick of Douglas fir tested in tension (“‘Tests of Metals,” 
1896, pages 407-09) showed an elongation of 0.1015 inch in a gage length 
of 200 inches, and a decrease of width of 0.0020 inch in a width of 12 
inches when the load changed from 100 pounds to 1,000 pounds per 
square inch. Find the modulus of elasticity in tension parallel to the 
grain and Poisson’s ratio. Ans. Poisson’s ratio, 0.33. 
In a compressive piece cut from the stick of Problem 2, when the com- 
pressive stress changed from 100 pounds to 1,000 pounds per square 
inch, there was a compression of 0.02380 inch in a gage length of 50 
inches. Find £,. 


. A white-oak stick 11.98 inches by 9.95 inches tested in compression 


(‘Tests of Metals,” 1896, page 425) was shortened 0.0140 inch in a gage 
length of 50 inches when the load was increased from 11,920 pounds 
to 71,520 pounds. Find £. 
A block of the same oak used in Problem 4 was tested in compression 
across the grain. When the unit stress changed from 20 pounds per 
square inch to 320 pounds per square inch, the compression in a gage 
length of 6 inches was 0.0091 inch. Find the modulus of elasticity of 
oak across the grain. Ans. 198,000 pounds per square inch. 
Two blocks of Douglas fir were tested in compression across the grain. 
In the first block the compression was normal to the growth rings, and 
the compression in a gage length of 6 inches when the unit load changed 
from 20 pounds to 300 pounds was 0.0081 inch. In the second block 
the compression was tangent to the growth rings, and the compression 
in 6 inches with the same change of load was 0.0195 inch. Find £# for 
each case (“Tests of Metals,” 1896, pages 396-97). 
A built I-section column tested at Watertown Arsenal (1909, page 779) 
was 3 feet 5.25 inches long and had a sectional area of 13.85 square 
inches. A gage length of 20 inches was shortened 0.0091 inch when the 
total load changed from 13,850 pounds to 207,750 pounds, and was 
shortened 0.0129 inch when the load changed from 1,000 pounds per 
square inch to 20,000 pounds per square inch. Find £ from each set of 
measurements. 
A test bar made from a steel rail (Watertown Arsenal, 1909, page 898) 
was 0.798 inch in diameter. The elongation in a gage length of 10 
inches when the load changed from 500 pounds to 25,500 pounds was 
0.0177 inch. Find £ for this steel. 
A steel bar in the form of a frustum of a pyramid is 1 inch square at 
one end, 2 inches square at the other end, and 10 inches long. A load 
of 30,000 pounds is applied in compression. If H is 30,000,000 pounds 
per square inch, and if it is assumed that the stress in any transverse 
section is uniform throughout the section, calculate the decrease in 
length by means of integral calculus. Compare with a uniform bar 
1.5 inches square. Ans. Total compression is 0.005 inch. 
By integration find the total internal work of the bar of Problem 9. 
Ans. 75 inch-pounds. 
The total external work of the bar of Problem 9 is the product of the 
total compression multiplied by the average load. Solve for the 
external work by means of the answer of Problem 9 and compare with 
the internal work. 
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A bar 1 inch thick and 20 inches long is 1 inch wide at one end and 
increases uniformly to a width of 3 inches at the other end. If a load 
of 30,000 pounds in compression is applied to the bar, find the unit 
stress at a distance x from the small end. If # is 30,000,000 pounds 
per square inch, find the unit deformation, and find the total deforma- 


tion in the entire length. Ans. 0.010986 inch. 
By integration solve Problem 12 for the total internal work and then 
check Problem 12 by means of the external work. « 


A plate of uniform thickness ¢ has a breadth 6 at one end of a given 
length J and a breadth c at the other end. Find the expression for the 


BY 
elongation of this length J due to a pull P. Ans. Bite — b) log < 


An oak block, 6 inches square and 30 inches long, is bolted between two 
steel plates, each 6 inches wide, '% inch thick, and 30 inches long. A 
force applied lengthwise the combined block shortens it 0.008 inch in 
a length of 20 inches. If # for the steel is 29,000,000 pounds per 
square inch and Z£ for the oak is 1,600,000 pounds per square inch, what 
is the total force? Ans. 92,640 pounds. 
In Problem 15, what is the unit stress in the steel when the unit stress 
in the oak is at its allowable value in compression. 

A vertical pier, 26 inches square, is made of concrete in which four 
4-inch by 3-inch by 14-inch structural steel angles are imbedded. The 
modulus of elasticity of the steel is fifteen times the modulus of the 
concrete. When the pier carries a load of 360,360 pounds, how much 
of this load is carried by the concrete and how much is carried by the 
steel? What is the unit stress in each? 

A hollow steel cylinder, 1 inch inside diameter and 2 inches outside 
diameter, is supported in a vertical position by three small lugs which 
do not appreciably change the cross-section. A 1-inch wrought-iron 
bolt passes through this cylinder. A nut near the bottom of the bolt 
is turned up against the lower end of the cylinder until the tensile stress 
in the bolt reaches 10,000 pounds per square inch. If # is 30,000,000 
pounds per square inch for the steel and 27,000,000 pounds per square 
inch for the wrought iron, what is the unit stress in each? A load of 
6,000 pounds is then hung on the lower end of the bolt and supported 
by a second nut which does not touch the nut in contact with 
the cylinder. If the deformation of the upper nut and of the part of the 
bolt which passes through it be neglected, and if the deformation of the 
head of the bolt also be neglected, what is the total tension and what is 
the unit tensile stress in the bolt if the supporting lugs are at the top of 
the hollow cylinder? Ans. Total, 9,239 pound tension in bolt. 
Solve Problem 18 if the supporting lugs are at the bottom of the cylinder. 


CHAPTER II 
STRESS BEYOND THE ELASTIC LIMIT 


¥ 16. Stress-strain Diagrams——In Chapter I the only unit 
stresses considered are below the elastic limit. Within that 
limit unit stress is proportional to unit deformation, and Formuia 
I and the equations of Article 14 hold good. Unit stresses below 
the elastic limit are the most important from the standpoint of 
the engineer, for in well-designed structures the unit stress 
seldom exceeds one-half of this limit. It is desirable, however, to 
know what takes place above the elastic limit and the character 
of the final failure of the material. To secure this information, 
tests are made in which a series of loads are applied to a piece 
of the material in question, and the corresponding deformations 
are observed with suitable measuring apparatus, Table III 
gives a part* of the results of a tension test of a rod off machine 
steel. The rod was originally 20 inches long and turned to a 
diameter of 1.31 inches. About 9 inches of the rod at the middle 
was turned down further to a diameter of 1.115 inches. A length 
of 8 inches in this middle portion was taken as the gage length 
from which to measure elongations. The rod I on the right in 
Fig. 6 (photographed from a rod exactly like the one tested) 
shows the original form of this test piece. The elongations in 
this gage length were measured by an extensometer reading to 
0.0001 inch (see Johnson’s “Materials of Construction,” Fig. 
271). As there are two micrometers in this extensometer, the 
gage readings are given to one-half of a division. For instance, 
when the load was 5,000 pounds per square inch, the sum of the 
readings was 0.0029 inch. The elongation in the gage length is 
given as 0.00145. The accidental error of reading may easily 

* Readings were taken at 2,000-pound intervals from 56,000 to 76,000 
pounds per square inch, and were used in locating the curve of Fig. 6. 
Readings were also taken at 2,000-pound intervals between 30,000 and 
40,000 pounds per square inch, as it was suspected that the yield point 
might fall between these limits. 

+ An analysis of this steel, made by Prof. D. J. Demorest, gave: carbon, 
0.42 of 1 per cent.; manganese, 0.71 of 1 per cent. The rod was turned from 


a bar of hot-rolled steel. 
21 


22 


STRENGTH OF MATERIALS 


Tasie II].—Ternsion Test or MAcHINE STEEL 
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Diameter, 1.115 inches; area of section, 0.976 square inch; gage length, 
8 inches 


' Applied load Elongation 


Total 


| 


Per square inch 


In gage length 


Per inch length 


Pounds 


0 
2,926 
4,880 
9,760 

14,640 


19,520 
24,400 
29,280 
34,160 
39,040 


40,992 
42,944 
44,896 
44,000 
44,500 


45,000 
45,872 
46,848 
47,824 
48,800 


50,752 
52,704 
54,656 
64,416 
74,176 


76,128 
78,080 
79,056 
80,032 
81,008 


81,984 
83,000 
83,200 
82,000 
80,000 
72,000 


Pounds 


0 
3,000 
5,000 

10,000 
15,000 


20,000 
25,000 
30,000 
35,000 
40,000 


42,000 
44,000 
46,000 
45,080 
45,504 


46,100 
47,000 
48,000 
49,000 
50,000 


52,000 
54,000 
56,000 
66,000 
76,000 


78,000 
80,000 
81,000 
82,000 
83,000 


84,000 
85,040 
85,240 
84,100 
82,000 
73,800 (broke) 


* (1) Diameter, 1.097 inches. 
(3) Begins to ‘‘neck.”’ 


(5) Elongation measured after fracture. 


Inch 
0 
0.00085 
0.00145 
0.00260 
0.00410 


0.00536 
0.00665 
0.00795 
0.00920 
0.01075 


0.0114 
0.0144 
0.0356 
0.0734 
0.0965 


0.0973 
0.0981 
0.0991 
0.1013 
0.1163 


0.1273 
0.1381 
0.1552 
0.2601 (1)* 
0.4244 (2) 


0.50 (by 
0.59 scale) 


Steel, hot-rolled; carbon, 0.42 per cent. 


0. 


Inch 


.00011 
.00018 
.00033 
.00051 


.00067 
.00083 
. 00099 
.00115 
.00134 


.00142 
.00180 
.00445 
.00917 
.01206 


0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0.01216 
0.01226 
0. 
0 
0 
0 
0 
0 
G 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 


01239 


.01266 


01454 


.01589 


01726 


.01940 


.08251 


.05305 


.0625 
.0740 
.0875 


.095 
. 106 


.124 


.155 
187 
205 
.231 
247 


(2) Diameter, 1.083 inches. 
(4) Diameter of neck, 0.904 inch. 
Diameter of neck, 0.821 inch. 
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be as great as one part in 29, instead of one part in 290 as the 
figures might be assumed to indicate. 

When the load reached 78,000 pounds per square inch, the 
extensometer was removed and the elongations were taken with 
an ordinary steel scale reading in hundredths of an inch. After 
the rod was broken, it was taken 
from the testing machine. The 
two portions were placed to- 
gether as shown in Fig. 6, II; 
and the final elongation of 1.99 
inches was measured. Loads 
were applied and measured by 
means of a 100,000-pound test- 
ing machine. (See Moore’s 
Materials of Engineering, Fig. 
63, or Hatt and _ Scofield’s 
Laboratory Manual of Testing 
Materials, Fig. 12.) 

Inorder to present the results 
of such a test visually, it is 
convenient to use the unit stress 
and the unit elongation as the 
coordinates in a curve called 
the stress-strain diagram, or 
simply stress diagram. 

In America, the unit stress 
in pounds per square inch is 
used as ordinate, and the unit 
deformation is taken as 
abscissa. In England, some 
writers use unit stress as 
abscissa and unit deformatio 
as ordinate. 

Figure 7 is the stress-strain diagram plotted from Table III. 
One division on the horizontal scale represents a unit elongation 
of 0.01, and one division on the vertical scale represents a unit 
stress of 5,000 pounds per square inch. 

Figure 8 is a part of the stress-strain diagram from the same 
table plotted on an enlarged scale; one division on the horizontal 
represents a unit elongation of 0.0002 inch per inch of length 
(one-fiftieth as much as in Fig. 7); one division on the vertical 


II I 


Fig. 6.—Steel rod tested in tension. 


UNIT STRESS IN THOUSAND POUNDS PER SQUARE INCH 
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Fic. 7.—Stress-strain diagram of machine steel. 
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RELATIVE ELONGATION 
Fic. 8.—Part of diagram for machine steel. 
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represents a unit stress of 2,500 pounds per square inch (one-half 
as much as in Fig. 7). 

16. Elastic Limit and Yield Point.—In Article 8, the elastic 
limit is defined as the maximum unit stress to which a body may 
be subjected without permanent deformation. Elastic limit is 
also defined as the unit stress at which the stress-strain diagram 
begins to deviate from a straight line. Defined in this way, it 
is called the proportional elastic limit. or the proportionality limit. 
These two definitions give practically the same unit stress. 
It is not easy, however, to find this unit stress accurately from 
either definition. Since the stress-strain diagram deviates at 
first very gradually from the straight line, the exact point at 
which the stress ceases to bear a constant ratio to the deformation 
is often difficult to determine. For stresses near the elastic limit, 
there are frequently small deformations, which vanish slowly 
after the removal of the external force. On account of these 
temporary strains, the determination of the stress at which there 
is a permanent set is rendered somewhat uncertain. 

The point B, of Figs. 7 and 8, is the proportional elastic limit. 
From Table III, for unit stresses below 35,000 pounds per square 
inch, the increase in elongation in the gage length is seen to be 
about 13 divisions for each increment of 5,000 pounds per square 
inch. Between 35,000 and 40,000 pounds per square inch, the 
elongation in the gage length is 15.5 divisions. From 40,000 
to 42,000 pounds per square inch, the stretch is 6.5 divisions, 
which is equivalent to 16.2 divisions for a 5,000-pound increase 
of unit stress. Between 42,000 and 44,000 pounds per square 
inch, the elongation is 30 divisions, and the rate of increase is 
more than five times what it is below the proportional elastic 
limit. From these figures it is evident that the increase in 
deformation between 35,000 and 40,000 pounds per square inch 
is not due to an accidental error in measurement, but that there 
is a definite change in the rate of deformation at some stress 
slightly above 35,000 pounds per square inch. 

At C, at a unit stress of 46,000 pounds per square inch, the 
curve becomes horizontal. This is the yield point. Beyond the 
yield point the curve drops to a unit stress of about 45,000 pounds 
per square inch. Not only is there an increase of length with no 
increase of stress, but there is a considerable elongation with a 
diminished stress. In changing down to 45,000 pounds and back 
again to 45,500 pounds, the increase in length is nearly twice 
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as great as the entire elongation up to the yield point, and five 
times as great as the clongation from zero load to a stress of 
42,000 pounds per square inch. 

The unit stress at the yield point may be determined in rapid 
commercial tests without the use of delicate apparatus for 
measuring the elongation. Table III shows that the total elonga- 
tion in a gage length of 8 inches is about 140 inch at the unit 
stress of 44,000 pounds per square inch and is more than 149 
inch at the unit stress of 46,000 pounds per square inch. Since 
this increase of length may easily be measured by an ordinary 
scale, the yield point may be determined to within 1,000 or 
2,000 pounds per square inch without the use of an extensometer. 
Again, just beyond the yield point the elongation increases 
while the load diminishes. This point may be determined in 
rapid commercial tests in which the testing machine is kept 
running continuously. Before the yield point is reached, the 
poise on the beam of the weighing apparatus must be continually 
moved out to preserve the balance. At the yield point the 
“beam drops” while the elongation continues to increase. In 
order to balance the beam, the poise must now be moved back- 
ward to a smaller load. Specifications frequently state ‘“‘The 
yield point shall be determined by the drop of the beam of the 
testing machine.’’* Iron or steel which have not been machined 
or polished is usually covered with a coat of oxide. When the 
yield point is reached, flakes of this oxide fall from the test piece. 
Sometimes a portion of the bar reaches the yield point before 
the remainder. The oxide breaks loose frum this portion while 
it remains unchanged over the rest of the bar until the load 
‘becomes slightly greater. The stress-strain diagram of a rod 
which yields in this way shows steps which correspond with the 
yield points of the different portions. 

Since the yield point may be determined so easily by methods 
which were in use before delicate extensometers were available, 
the term elastic limit is sometimes applied to what is really the 
yield point. This confusion of terms is occasionally found in 
specifications. The present tendency is to employ the term 
elastic limit to mean the proportionality limit. The late Prof. 
J. B. Johnson suggested the expression true elastic limit, but this 
term has not come into general use. 


* American Society for Testing Materials, Standards, 1921, pages 77, 
83, 89, 95, ete. 
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Taste IV.—Speciricarions ror RoitiEp STEEL ADOPTED BY AMERICAN 
Sociery ror Testing Mareras, Sranparps, 1921 


er re 


Tensile Yield 
f . Elong. Elong. Reduction 
Material jee ee: in 8in., | in 2in., of area, 
ani qian per cent. per cent. per cent, 
Structural 55,000 0.5 tens.| 1,500,000 ae P 
to str. tens. str. 
Steel for bridges. aed 
Rivet 46,000 | 0.5 tens.} 1,500,000 
to str. tens. str. | 
56,000 | 
Rivet - 70,000 | 45,000 1,500,000 ae 40 
to tens. str. \ 
80,000 | 
Renceaeal -octa‘el Plates, shapes} 85,000 | 50,000 | 1,500,000 Bap 25 
BH and bars to tens. str. | 
4 100,000 
Eye-barsand} 90,000 52,000 20 20 35 
and pins, to 
annealed 105,000 
80,000 50,000 1,200,000 
Plain bars wee To . 
minimum tens. str. 
Rail-steel for con-|———___—_ a2 
crete reinforce-| Deformed 80,000 50,000 | 1,000,000 
ment bars. and hot- minimum tens. str. 
twisted bars 


17. Johnson’s Apparent Elastic Limit.—Since it is somewhat 
difficult to determine the proportional elastic limit accurately, 
especially in hard steel, where there is a wide range between this 
stress and the yield point, and in materials (such as cast iron) 
which have no yield point, the late Prof. J. B. Johnson pro- 
posed another point which he called the “apparent elastic lumit.’’* 
He defined the apparent elastic limit as “the point on the stress 
diagram at which the rate of deformation is 50 per cent. greater 
than at the origin.” It is that point on the curve at which the 
slope of the tangent from the vertical is 50 per cent. greater than 
that of the straight-line part of the curve. 

This term has not yet come into general use among engineers. 
In some investigations of the strength of materials, it has been 
found useful in comparing the results of different tests. fT 

* See Jounson’s ‘‘ Materials of Construction,” pages 18-20. 


ft See work of H. F. Moore in Bulletin No. 42 and Atsert J. Becker in 
Bulletin No. 85 of the University of Illinois Engineering Experiment Station. 
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/ 18. Calculation of the Modulus of Elasticity——The stress- 
strain diagram, when plotted to a sufficiently large scale, makes it 
easy to calculate the average value of the modulus of elasticity. 
If the straight line passes through the origin, the unit stress 
is read which corresponds with some convenient unit deformation, 
such as 0.001 or 0.0005. If the straight-line does not pass through 
the origin, the difference of unit stress is taken for some conven- 
ient difference of deformation. The modulus is then calculated 
by dividing the difference of unit stress by the difference 
of deformation. 


Problems 


1. From the curve of Fig. 8 find the unit stress which corresponds with the 
unit elongation of 0.0008 and compute # to three significant figures. 

2. From Fig. 8 find the unit elongation which accompanies the unit stress 
of 25,000 pounds per square inch and calculate the modulus of elasticity 
to three significant figures. 

8. From the data of Table III plot the stress-strain diagram up to the unit 
stress of 42,000 pounds per square inch to the seales 1 inch equals a unit 
stress of 5,000 pounds per square inch and a unit elongation of 0.0002 
inch per inch of length. Use paper ruled in 0.1-inch units. Draw the 
curve as a light line and solve Problems 1 and 2. 

4, From Table III calculate #, using intervals of 15,000 pounds per square 
inch. 


The stress-strain diagram affords a convenient means of finding 
a fair average value of the modulus of elasticity by a single calcula- 
tion. The diagram also makes it possibie to judge of the accuracy 
of the measurements by observing how nearly the points approach 
the straight line. 

If the modulus of elasticity is computed directly from the 
readings, and considerable accuracy is desired, it is best to use 
the average of several values taken with equal intervals of unit 
stress. Since the errors in reading the extensometer and setting 
the scale beam are practically constant, the relative errors are 
inversely proportional to the length of the intervals of stress and 
deformation ; for this reason, the intervals should be taken as large 
as convenient. Four intervals of 20,000 pounds per square inch 
may be obtained from Table III. These are: 
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El ion i i 
Interval ree |e Mice taae ere. 
0—-20,000 0.00535 29,900,000 
5,000—25,000 0.00520 30,800,000 
10,000-30,000 0.00535 29,900,000 
15,000-35,000 0.00510 31,400,000 
Average H 30,500,000 


It is not necessary to divide out for the unit elongation. The 
work may be indicated. 


0.00535 20,000 x 8 
8 ~~ 0.00535 


On the other hand, it is best to divide the total stress by the area 
(at least for the largest reading used) since it is desirable to know 
for what range of unit stress a given modulus of elasticity holds. 

19. Ultimate Strength and Breaking Strength.—The point F 
at the top of the curve of Fig. 7, representing a unit stress of a 
little more than 85,000 pounds per square inch, gives the ultz- 
mate strength of the steel under test. The rod at this stress was 
elongated 1.5 inches in the gage length of 8 inches, and the diame- 
ter was practically uniform throughout this length. Beyond 
this elongation, the rod began to “‘neck;” its diameter decreasing 
rapidly at one section, while the remainder was not changed. 
When the load had dropped to about 82,000 pounds per square 
inch, the minimum diameter at the neck was 0.904 inch, while 
that of most of the gage length was a little over 1 inch. It 
finally broke at a total load of 72,000 pounds, which, in terms of 
the original area, corresponds to a unit stress of 73,800 pounds per 
square inch. This is the breaking strength, the point G of Fig. 7. 

Most materials, such as wood, cast iron, concrete and hard 
steel, do not neck; the ultimate strength corresponds with the 
breaking strength. 

20. Percentage of Elongation and Reduction of Area.—In duc- 
tile materials, such as wrought iron and steel, the percentage of 
elongation is an important factor. In the tested bar of Table III 
and Fig. 7, the final elongation in 8 inches was 24.7 per cent. The 
greatest relative elongation is at the neck. To show the varia- 
tion in elongation, the gage length was subdivided by punch 
marks into l-inch spaces. After rupture, the two pieces were 


20,000 + 


= 29,900,000. 
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placed together as shown in Fig. 6, II, and these spaces were 
measured with the following results: 


Interval Elongation 
(peers eed tek hee Syne icine ereteriogs 0.17 inch 
1 aa Ae eee ene totnek ny he MeO ete nese cis 0.19 inch 
Dae estes statics Ser NEES cc Soe ro ae 0.31 inch 
BS ant stil Selle up neers ely Bereecty rd 8 0.54 inch; included neck 
AO eee S rae Pte BTS Pou Ney SOPOT eee 0.25 inch 
DaO descend OR atiny ice nk SE 0.19 inch 
Ga Te CAN Sa OR pete rete Rae 0.17 inch 
(Pah cy Aer tema: Pete tea 0.17 inch 


If the elongation is taken from the single inch interval 3-4, which 
included the neck, the result is 54 per cent. From the 4-inch 
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F1e. 9.—Tension test bar—8-inch gage length. 


interval, 0-4, the elongation is 30.2 per cent. From the other 
4-inch interval, 4-8, the elongation is only 19.5 per cent. In 
order to make the results of different tests comparable with each 
other, the Society for Testing Materials has adopted 8 inches as 
the standard gage length of test bars from most rolled stock. 
Figure 9 shows the dimensions of a standard test bar of this length 
as made from a plate. 


Fic. 10.—Tension test bar—2-inch gage length. 


From forgings, castings, and other material from which it 
is not convenient to take a test bar 18 inches in length, pieces of 
2-inch gage length are made, as shown in Fig. 10. The specifica- 
tions of Table IV sometimes give the percentage of elongation for 
both the 8-inch and the 2-inch gage length. 
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The percentage of reduction of area at the neck is also impor- 
tant. In the rod of Table III, the original diameter was 1.115 
inches and the final diameter at the neck was 0.821 inch. The 
final area of the neck 54.2 per cent. of the original area and 
the reduction of area was 45.8 per cent. 


Problems 


1. From the above measurements, find the percentage of elongation for 
the interval 2—5 and also for the interval 1-7. 
Ans. 87 per cent., 27.5 per cent. 
2. A rod of soft steel, originally 0.874 inch in diameter, was tested in tension. 
After a fracture under a final load of 23,400 pounds, the gage length of 
8 inches was found to be 10.98 inches and the diameter at the neck was 
0.499 inch. Find the percentage of elongation and the reduction of 
area. Ans. 37.2 per cent. elongation. 
67.4 per cent. reduction of area. 
3. The maximum load on the test bar of Problem 2 was 32,850 pounds. 
Find the ultimate tensile strength. 
Ans. 54,750 pounds per square inch. 
4. Does the steel of Problem 2 meet the specification for rivet steel for 
bridges as given in Table IV? 
5. From Table IV, what should be the relative elongation of structural 
steel for bridges if the ultimate strength is 62,500 pounds per square inch? 
Ans. 24 per cent. 
6. What should be the relative elongation of rail-steel deformed bars for 
concrete reinforcement to satisfy the minimum requirements of the 
specifications of the Society for Testing Materials, if the ultimate strength 
is 85,000 pounds per square inch? Ans. 11.8 per cent. 


21. Apparent and Actual Unit Stress.—The unit stresses of 
Table III were calculated by dividing the total load by the area 
of the cross-section at the beginning of the test. This is the 
usual custom and stresses are always so understood unless other- 
wise designated. Owing to the permanent reduction of area in 
a ductile material after passing the yield point, the actual unit 
stress, which is calculated by dividing the total load by the actual 
area of cross-section when loaded, may be much larger. In the 
bar of Table III, the actual diameter, when the load was 74,176 
pounds, was 1.083 inches, and the actual area of cross-section 
was 0.921 square inches. The actual unit stress was the quotient 
of 74,176 divided by 0.921 which is 80,540 pounds per square 
inch, while the apparent unit stress was only 76,000 pounds per 
square inch. 
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Problems 


1. From Table III calculate the actual unit stress at the neck for the last 
two loads. 

2. From Table III calculate the actual unit stress when the apparent unit 
stress was 66,000 pounds per square inch. 


Before necking begins the actual unit stress may be calculated 
from the apparent unit stress and the relative elongation. The 
volume of the gage length remains nearly constant. If A repre- 
sents the original area of cross-section, the volume of a portion 
1 inch in length is equal to A cubic inches. If A’ is the area of 
cross-section when the original inch length is stretched to a 
length 1 + 6, the volume is A’(1 + 6). 


/ fae A . 
A=A’(1+ 6), A Seen 
; 1 hwo 
Actual unit stress = SV Au + 6). 


Actual unit stress = apparent unit stress multiplied by (1 + 4). 


Problems 


3. From Table III, calculate the actual unit stress when the apparent unit 
stress was 76,000 pounds per square inch. Solve by means of the unit 
elongations and check by the measured diameter. 

4. When the apparent unit stress in Table III was 66,000 pounds per 
square inch, calculate the diameter by means of the unit elongation and 
compare with the measured value. 


Figure 11 shows the actual and apparent unit stress diagrams 
for a rod of soft steel. While the curve of apparent unit stress 
drops when the rod begins to neck, the curve of actual unit 
stress rises at all points except at the yield point. 

An apparent discrepancy may be noticed between the state- 
ments of this article and those of Article 14. Poisson’s ratio 
and the theory of Article 14 apply only to the temporary deforma- 
tions inside the elastic limit, while the statement that the volume 
remains constant applies to the permanent deformations beyond 
the yield point. While the bar is under load, there is also the 
elastic deformation superimposed on the permanent deforma- 
tion. The permanent deformation is much greater than the 
temporary deformation. In so far as the permanent deformation 
is concerned, the material beyond the yield point behaves as 
if Poisson’s ratio were one-half. 
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22. Curves of Various Structural Materials.——The curves of 
Figs. 7 and 8 give a fair average idea of the behavior of machine 
steel in tension. The apparent stress curve of Fig. 11 shows the. 
same for a sample of rather soft steel. This sample was not 
analyzed but it probably contained less than 0.15 per cent. 
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Fig. 11.—Actual and apparent unit stress. 


carbon. Its tensile strength was a little below the minimum 
requirement of structural steel for bridges. 

The modulus of elasticity of structural steel is about 29,000,000 
pounds per square inch and the yield point a little over one-half 
the tensile strength. 

Tool steel, with 1 per cent. or more of carbon, has a tensile 
strength of over 100,000 pounds per square inch and a modulus 
of elasticity of 30,000,000 pounds per square inch. Heat treat- 
ment and mechanical treatment may greatly change the ultimate 


34 STRENGTH OF MATERIALS [Arr. 22 


strength and the yield point of steel, but have little effect upon 
the modulus of elasticity. 

Table V and Curve II of Fig. 12 represent the behavior of 
cast iron in tension. The table is the mean of the tests of six 
bars* from the same heat. The figures show what may be 
expected from good cast iron. 


TaBLE V.—TENSION TrEstT or Cast IRON 


Diameter, 1.129 inches; area, 1 square inch; gage length, 10 inches. 


Elongation 
Load per square inch 
In gage length Per inch length 

Pounds Inch Inch 
1,060 0.00056 0.000056 
2,000 0.00112 0.000112 
3,000 0.00171 0.000171 
4,000 0.00236 0.000236 
5,000 0.00303 0.000303 
6,000 0.00374 0.000374 
7,000 0.00446 0.000446 
8,000 0.00526 0.000526 
9,000 0.00606 0.000606 
10,000 0.00691 0.000691 
11,000 0.00779 0.000779 
12,000 0.00871 0.000871 
13,000 0.00968 0.000968 
14,000 0.01061 0.001061 
15,000 0.01174 0.001174 
16,000 0.01283 0.001283 
17,000 0.01404 0.001404 
18,000 0.01544 0.001544 
19,000 0.01689 0.001689 
20,000 0.01851 0.001851 
21,000 0.02003 0.002003 
22,000 0.02182 0.002182 
23,000 0.02420 0.002420 
24,000 0.02626 0.002626 


* The six bars tested were specimens 8014, 8041, 8050, 8051, 8053, and 
8063, Watertown Arsenal, 1905. 
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The average ultimate load was 26,450 pounds per square inch. 
“The actual initial load was 1,000 pounds. The table is calcu- 
lated on the assumption that the elongation from 0 to 1,000 is 
the same as from 1,000 to 2,000. 
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UNIT DEFORMATION 
Fig. 12.—Stress-strain diagrams of steel, timber, and cast iron. 


The stress-strain diagram for this cast iron was plotted in 
Fig. 12 to the same scale as was used in Fig. 8, and part of the 
diagram of steel from Fig. 8 has been drawn for comparison. 
The broken line, which is tangent to the lower end of the diagram, 
shows the slope at the initial loads. The curve begins to bend 
almost from the start, and the elastic limit is difficult to locate. 
There is no yield point, and the material breaks suddenly without 

\necking. 
Problems 


1. From the slope of the broken line of Curve II, Fig. 12, calculate the 
modulus of elasticity of this cast iron. Check by means of the readings 
of Table V. 
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TasBLE VI.—CompreEssion TrEst or LONG-LEAF YELLOW PINE 


From Watertown Arsenal Report, 1897, page 420. 
Length of post, 10 feet. Dimensions, 9.75 inches by 9.77 inches. 
Area, 95.26 square inches. Gage length, 50 inches. 


Applied load | Deformation 


| 
Total igs Breve aes In gage length Unit per inch length 
Pounds Pounds Inch Inch 
9,526 100 0.0021 0.000042 
19,052 200 0.0044 0.000088 
28,578 300 0.0067 0.000134 
38, 104 400 0.0091 0.000182 
47,630 500 0.0116 0.000232 
7,156 600 0.0141 0.000282 
66,682 700 0.0165 0.000330 
76,208 800 0.0191 0.000382 
85,734 900 0.0215 0.000430 
95,260 1,000 0.0240 0.000480 
114,312 1,200 0.0290 0.000580 
133,364 1,400 0.0340 0.000680 
152,416 1,600 0.0389 0.000778 
171,468 1,800 0.0443 0.000886 
190,520 2,000 0.0495 0.000990 
209,572 2,200 0.0546 0.001092 
228,624 2,400 0.0601 0.001202 
247,676 2,600 0.0652 0.001304 
266,728 2,800 0.0705 0.001410 
285,780 3,000 0.0758 0.001516 
304,832 3,200 0.0811 0.001622 
323,884 3,400 0.0869 0.001738 
342,936 3,600 0.0932 0.001864 
361,988 3,800 0.1005 0.002010 
381,040 4,000 0.1077 0.002154 
400,092 4,200 0.1084 0.002168 
416,000 4,367 Ultimate strength 


Failed by crushing at end. 
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2. From Table V find Johnson’s apparent elastic linit for cast iron. Find 
the difference of elongation for each successive 1,000 pounds, and locate 
the unit stress at which this difference is 50 per cent. greater than at the 
beginning. 


Table VI and Curve III of Fig. 12 represent the behavior of 
long-leaf yellow pine in compression. Like that of steel, the 
stress-strain diagram for timber is a straight line up to a relatively 
large stress. There is no yield point and the elastic limit is 
poorly defined. The post represented by Table VI failed out- 
side the gage length. The ultimate deformation was, therefore, 
less than it would have been if the failure had occurred inside of 
this length. 


Problems 


3. Plot Table VI to the scale of 1 inch equals 1,000 pounds per square inch 
and 1 inch equals 0.0005 relative deformation. Find # and the propor- 
tional elastic limit. 

4. Find # and the elastic limit of yellow pine from the figures of Table VI, 
without using the stress-strain diagram. 

5. A spruce stick tested at the Bureau of Standards was 1.74 inches square 
and 125¢ inches long. When the load changed from 606 pounds to 
12,726 pounds, the compression in 8 inches was 0.0173 inch. Find E. 

6. The ultimate load on the stick of Problem 5 was 17,600 pounds. Calcu- 
late the ultimate strength in pounds per square inch. 

7. A 6-inch by 6-inch post, 5 feet long is made of yellow pine and is 
subjected to a vertical load of 72,000. If the material is the same as 
that of Table VI how much is the post shortened? What is the total 
work done by the load? If Poisson’s ratio is 0.3 what is the increase 
in breadth and what is the increase in the area of cross-section? 

8. A 6-inch by 6-inch block of long-leaf yellow pine is shortened 0.03 
inch in a length of 40 inches by a load parallel to its length. The 
work done is 648 inch-pounds. Find £ and the load. 
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Taste VII.—Compression Test or 1:214:6 Concrete; AcE, 90 Days 


Diameter of test cylinder, 8 inches; area, 50 square inches. Total length, 
16 inches; gage length, 10 inches. 


Applied load Deformation 
Total Per square inch In gage length Per inch length 
Pounds Pounds Inch Inch 
2,000 40 0.00013 0.000013 
4,000 80 0.00026 0.000026 
6,000 120 0.00038 0.000038 
8,000 160 0.00052 0.000052 
10,900 200 0.00068 0.000068 
12,000 240 0.00081 0.000081 
14,000 280 0.00099 0.000099 
16,000 320 0.00113 0.000113 
18,000 360 0.00136 0.000136 
20,000 400 0.00158 0.000158 
22,000 440 0.00180 0.000180 
24,000 480 0.00206 0.000206 
26,000 520 0.00232 0.000232 
28,000 560 0.00260 0.000260 
30,000 600 0.00295 0.000295 
32,000 640 0.00327 0.000327 
34,000 680 0.00377 0.000377 
36,000 720 0.00421 0.000421 
38,000 760 0.00473 0.000473 
40,000 800 0.90535 0.000535 
42,000 840 0.00609 0.000609 
44,000 880 0.00692 0.000692 
46,000 920 0.00796 0.000796 
48,000 960 0.00922 0.000922 
50,000 1,000 0.01058 0.001058 
52,000 1,040 0.01177 0.001177 
54,000 1,080 0.01323 0.001323 
56,000 1,120 0.01575 0.001575 
58,000 1,160 _ 0.01847 0.001847 


60,000 1,200 Failed 
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Table VII gives the results of a compression test of a concrete 
cylinder of rather inferior quality. Figure 13 presents a compari- 
son of this concrete and the yellow pine of Table VI. Curve I 
of this figure is the stress-strain diagram for the yellow pine. 
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Fig. 13.—Stress-strain diagrams of concrete and yellow pine. 


The unit deformations are represented on a scale twice as great 
as in Fig. 12, and the unit stresses are represented on a scale ten 
times as great. Curve II is the diagram for the concrete. 


Problem 
Find the modulus of elasticity of this concrete from Table VII. 


Table VIII gives specifications for a number of metals, which 
are largely used in engineering work. This table and Table IV 
for rolled steel represent some of the many specifications which 
have been carefully prepared by Committees of the American 
Society for Testing Materials, and later have been adopted by the 
Society. Each specification is based on numerous tests and 
wide experience in the manufacture and use of the material to 
which it applies. : 
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TasLE VIII.—SpeciricaTIons FoR Some Mrrats ADOPTED BY THE AMERI- 
can Society ror Testing Mareriars, STanparps, 1921 


Elonga- | Reduc- 
Yield Tensile a tion tion of 
: point, strength, age area 
Material Ib. per lb. per length 
sq. in. sq. in. 
Per cent. 
ree cise Hard wo amis 0.45 80,000 2 | 15.0 20 
castings Medium....... tensile 70,000 2 18.0 25 
Solti yes: coe strength 60,000 2 22.0 30 
Wrought-iron forgings........... 0.5 45,000 ot 22.0 30 
tensile 
strength 
Refined wrought-iron bars....... 25,000 48,000 8 | 22.0 
Diameter * 
1 inch or less. .} 31,000 62,000 2 25:0 
Over 1 inch to 
Neel see Fee a inoh cr Is 30,000 60,000 2 | 30.0 
purposes Over 2.5 inch 
to3.5inch....| 25,000 56,000 2 35.0 
Over 3.5 inch..| 22,000 54,000 2 40.0 
Copper bars for | Arsenical..... | ...... 31,000 2 35.0 
locomotive . 
staybolts Non-arsenical..| ...... 30,000 2 30.0 
Diameter, in. 
0.460 42,000 to 49,000 10 3.75 
Medium hard-|~ 0.229 48,000 to 55,000 10 a) 
GEE, SOOLTSE 0.114 50,000 to 57,000 | 60 1.06 
0.057 : 52,000 to 59,000_ 60 0.94 
0.040 53,000 to 60,000 60 0.88 
0.460 49,000 10h 3o ee 
Pees <— 0.229 59,000 10 1870) 
ara-arawn cop- = 7 
per wire 0.114 64,300 60 1029)" 
0.057 66,400 60 0.89 E 
0.040 67,000 60 0.85 
0.460 to 0.290 36,000 10 | 35.0 
. 0.289 to 0.103 ; 37,000 10 30.0 
Soft nelly ‘ : a 
a ae alla 0.102 to 0.021 38,500 10 | 25.0 
0.020 to 0.003 40,000 10 20.0 
7 to 8.5 per cent. copper 18,000 2 40) 


2.5 to 3 per cent. cop- 
Light aluminum | Per, 12.5 to 14.5 per f 

castings alloys |_ cent. zinc.............. 25,000 2 1.0 
2 to 2.5 per cent. copper, 
0.75 to 1.25 per cent. 


MANGANEesere seve sec 18,000 2 8.0 
Malleable-iron castings................ x 45,000 | 2 75 
Light castings........... 18,000 
Gray-iron cast-| Medium castings........ 21,000 - | 
ings 


Heavy castings......... 24,000 | ; 


* Diameter here means the diameter or thickness between parallel faces of the bar from 
which the test piece is taken. 
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23. Factor of Safety.—In Article 6, the allowable unit stress 
was said to be based on the judgment of some competent authority. 
These judgments depend on tests of materials, such as those of 
Tables III, V, VI and VII, and on experience in actual use. 

Working stresses should never exceed the elastic limit, and 
should be only a small fraction of the ultimate strength. The 
ratio of the ultimate strength of a material to the allowable 
working stress is called the factor of safety. If the ultimate 
tensile strength of a given grade of steel is 64,000 pounds per 
square inch and the elastic limit is 32,000 pounds per square 
inch, while the allowable stress is 16,000 pounds per square 
inch, the factor of ‘safety based on the ultimate strength is 4, 
and based on the elastic limit is 2. 


Problems 


1. If the steel of Table III is used with a factor of safety of 4, what is the 
allowable unit stress. 

2. With a factor of safety of 5, what should be the allowable unit stress in 
spruce such as that described in Problem 6 of Article 22? 

3. What is the safe load with a factor of 4 on a hard drawn copper wire 
0.229 inch in diameter, which meets the minimum requirements of the 
A. 8S. T. M. Specifications? 

4, Cast iron in tension is used with the allowable unit stress given in Table I. 
What is the factor of safety? 


The value of the factor of safety depends upon a great number 
of conditions. Some of these are: 

Repeated stresses slightly beyond the elastic limit will finally 
cause failure; therefore a body subjected to a variable load should 
have its allowable stresses well below that limit. The greater 
the variation of stress the smaller should be the allowable unit 
stress. 

The factor of safety must be sufficiently large to allow for 
any deterioration of the material during the time which it is to be 
used. This includes the decay of timber, the rusting of metal, 
injury from frost, and electrolysis. 

In deciding what factor of safety to use, the uniformity of the 
material must be taken into account. Structural steel which 
has an ultimate strength of 60,000 pounds per square inch on 
an average will seldom vary 5,000 pounds on either side of this 
figure; while the variation of timber sufficiently good to pass a 
reasonable inspection may be 50 per cent. of the average ulti- 
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mate strength. An engineer, in designing a concrete structure 
which he knows will be built under competent supervision, will 
use much higher unit stresses than he will risk where such 
inspection is wanting. 

The factor of safety must depend also upon the damage which 
would occur if the material should fail. A workman might use a 
plank with a small factor in a scaffold 3 feet above the ground, 
but would demand an ample factor if failure meant a fall of 
100 feet. 

The factor of safety must allow some margin for unexpected 
and unreasonable loads. That part of the factor of safety 
which makes allowance for lack of ordinary judgment in the 
persons using the machine or structure is called the ‘fool factor.” 


GAGE LENGTH 


Fic. 14.—Stress distribution in Fie. 15.—Abrupt change 
test bar. of section. 


¥ 24. Effect of Form on the Ultimate Strength.—In the discus- 
sion of stress, it has been assumed that the stress across any 
section is uniform. This is true in a rod of uniform cross-section 
at some distance from the surface at which the load is applied, 
provided the line of the resultant force coincides with the axis 
of the rod. In order to have the stress evenly distributed and 
the same at all sections, test bars are made of uniform section 
throughout a portion somewhat longer than the gage length. 
In Fig. 9, for instance, the gage length is 8 inches, while the 
parallel portion is not less than 9 inches. When the gage length 
is made of smaller sections than the ends of the bar, the change of 
section is gradual, as is shown in Fig. 14. The broken lines in 
Figs. 14 and 15 are intended to represent the flow of stress in 
the bar. At section C, there is a crowding of the lines near the 
surface. It the gage length extended to C at the beginning 
of the parallel portion, the measured elongation would be too 
high, since the stress at the surface’ 8 greater than the average 
of the section. Ifthe change in section were abrupt, as in Fig. 15, 
the error in elongation would be still greater. 
The ultimate strength of a rod, at a point at which the section 
changes, depends upon the ductility of the material. A rod of 
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cast iron or other non ductile material in the form of Fig. 15, 
will fail at section C, where there is a concentration of stress 
near the surface. The more abrupt the change of section, the 
greater is the concentration of stress and the easier the failure. 

If the rod is made of ductile material, such as structural 
steel, the strength at C is increased by material of the larger 
section to the left. A ductile substance necks before it fails. 
The material of the larger portion tends to prevent necking in 
the smaller portion for some distance to the right of C. Rods 
of ductile material with short reduced area, such as I and II 


I ne 


Fig. 16.—Reduced sections. 


of Fig. 16 will show a higher ultimate strength than a rod in 
which the minimum section is longer, as in III, Fig. 16. In 
rods I and II the portion with the minimum section is close to 
the larger sections which hinder the necking. In rod III, 
on the other hand, most of the portion of minimum section is so 
far removed from the larger sections that necking takes place 
without hindrance. 

It is not necessary to make test bars of the form shown in 
Figs. 9 and 10; any bar of uniform section will do, and many tests 
are made of such bars as they come from the rolls. There is this 
advantage in the standard form shown in Figs. 9 and 10—that it 
will fail inside the gage length on account of the resistance to 
necking for some distance from the larger section. A bar of uni- 
form section may fail outside of the gage length. 

It is hardly necessary to state that all changes in section should 
be gradual. The standard form of bar, as adopted by the Society 
for Testing Materials (Figs. 9 and 10) changes from large to 
small section on the arc of a circle tangent to the surface of the 
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smaller section. It is easier to make a taper from one size to the 
other, and the results are practically as good. 

25. Effect of Stresses beyond the Yield Point—In materials 
which are not ductile, any stress beyond the elastic limit pro- 
duces a permanent injury. In ductile materials, especially 
soft steel and iron, this is not the case. If a rod of soft steel, 
sriginally hot-rolled, is stressed beyond the yield point, there 
is some permanent deformation. 
If the load is partly or entirely 
released and again applied, it will 
be found that the yield point has 
been raised. Suppose a rod of 
steel which has a yield point of 
35,000 pounds per square inch is 
carried up to 50,000 pounds per 
square inch. When this rod is 
again loaded, the yield point will 
be about 50,000 pounds per 
square inch. The exact value of 
the second yield point will depend 
somewhat upon the speed at 
which the two loads are applied. 

When a high elastic limit and 
yield point are desired, soft steel 
is subjected to cold rolling. 
Figure 17 shows the effect of cold 
rolling. The middle rod is a piece 
of %<-inch cold-rolled shafting. 
The left one is an exactly similar 
Fra. 17.—Soft steel in tension; left, rod alter testing in tension. Its 

cold-rolled; right, annealed. ultimate strength was over 86,000 
pounds per square inch, its yield 
point was about 80,000 pounds per square inch, and _ its 
elongation about 10 per cent. On the right is a third rod, origi- 
nally like the others, which was annealed by heating to redness 
and slowly cooling to destroy the effect of the previous cold roll- 
ing. When tested in tension, its ultimate strength was found 
to be 60,000 pounds per square inch, its yield point was 40,000 
pounds per square inch, and its elongation 22 per cent. It will be 
seen from these tests that cold rolling raises the yield point to 
nearly the ultimate strength and that it increases the ultimate 
strength a considerable amount. 


Cuap. II] STRESS BEYOND THE ELASTIC LIMIT 45 


The fact that soft steel may be stressed beyond the yield 
point without injury, and with no change except aslight reduction 
of section and elevation of the yield point, is of great advantage 
in its use in structures. In a heavy structure made of many 
parts, there is always some adjustment when the loads are 
first applied. This may cause an overstraining of some parts. 
If these parts are made of soft steel, they can yield slightly, 
permitting other members to take part of the excess load. 


Miscellaneous Problems 


1. A bronze bar tested at Watertown Arsenal (1911, page 118) was 88 per 
cent. copper, 10 per cent. tin, and 2 per cent. zinc. The diameter was 
0.798 inch and the gage length was 10 inches. When the total load 
changed from 500 pounds to 5,500 pounds, the elongation in the gage 
length was 0.0080 inch. The ultimate load was 15,900 pounds. The 
elongation in the gage length was 1.04 inch. The diameter at the 
fracture was 0.77 inch. Find the modulus of elasticity, the ultimate 
strength, the per cent. of elongation, and the per cent. of reduction of area. 

2. A cast steel rod tested at Watertown Arsenal (1911, page 82) had an 
ultimate strength of 82,500 pounds per square inch, an elastic limit 
of 45,500 pounds per square inch, an elongation of 15 per cent. in a gage 
length of 2 inches, and a reduction of area of 24 percent. Did this steel 
meet the specifications of the American Society for Testing Materials? 


CHAPTER III 
SHEAR 


26. Shear and Shearing Stress.—When a body is subjected to 
a pair of forces which are in the same line and directed away 
from each other, tensile stress is produced. When the pair of 
forces are in the same line and directed toward each other, com- 
pressive stress is produced. If the forces are in parallel lines or 
planes, shearing and bending stresses are 
produced in the portion of the body 
between them. In Fig. 18, the block A 
is securely held by the clamp B and a 
horizontal force P is applied by a block 
C. The force P is parallel to the upper 
surface of B. The clamp B exerts a 
horizontal force on the block A. This 
Fic. 18.—Shear and bending. force is equal and opposite to the force 

P. The portion of the block A between 
the upper surface of the clamp and the lower surface HFG 
of the block C is subjected to a pair of equal, opposite, 
parallel forces. The material in this portion of the block is 
subjected to shearing and bending stresses. The shearing 
stresses depend upon the magnitude of the forces and 
the area of the section of A. The bending stresses depend upon 
these and also upon the distance of the forces apart. If the body 
C is brought very close to B, so that the distance between the two 
forces P and P’ becomes negligible, the unit bending stress be- 
comes small, while the unit shearing stress is unchanged. The 
average unit shearing stress is calculated by dividing the force P 
by the area of the cross-section HFG or the area of any section 
parallel to it. 

In tension and compression the unit stress is calculated by 
dividing the total force by the area of the cross-section perpen- 
dicular to it. In shear, on the other hard, the unit stress is 
calculated by dividing the total force by the area of the cross- 
section parallel to it. 


46 
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In Fig. 18, as in all cases of application of force, the line 
P represents the resultant of a set of forces distributed over 
an area. The resultant P’ must fall some distance below the 
upper surface of B and the resultant P must lie above the 
lower surface of (. It is, therefore, not practicable to secure 
shearing stress entirely free from bending or compressive stress. 
It will be shown later that the distribution of shearing stress, 
when combined with bending, is not uniform over the section. 
At present, however, no account will be taken of this variation, 
and the average shearing stress will be calculated by dividing 
the total force by the area in shear. 


TasBLE IX.—ALLOWABLE UNIT SHEARING STRESS 
(To be memorized) 


3 Pounds per 
Material square inch 


SceelawebsplatessOr brid Ges sieges eee ot) sans clases eae ie 10,000 
OW eTACUVENELLVC US set erle cietssare cee. tee aera dite olenoreler etree A 12,000 
ELA MUMELULV CITT VCUSMa ine ot < sdtrsTaahe eats Goonies aisles mi Suelo eee se 9,000 
higall Tapreushiin lxolleresh, Sot clo d aban nemne SC Ome omeO oe ace atc | 8,800 
Long-leaf pine parallel to grain.............0..000ecesee ess 120 


Fig. 19. 


Figure 19 shows the apparatus for testing rods for the ultimate 
shearing strength. The test bar rests on two parallel plates, 
which are about one inch apart and is pushed down by a movable 
plate, which passes between the two fixed plates. The apparatus 
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is arranged for a 34-inch bar, which rests in 34-inch hemi-cylindri- 
cal grooves at the upper edges of the fixed plates. There is a 
similar 34-inch groove at the lower edge of the movable plate 
where it rests on the bar. (The photograph shows a 1-inch 
groove at the top of the movable plate. To test a 1-inch rod, 
another pair of fixed plates, provided with l-inch grooves are 
fastened in the large block of steel and the movable plate is 
turned over.) To reduce the bending, the test bar is held down 
on each side of the fixed plates by horizontal plates, which are 
bolted to the large block. To make the test, the large block is 
placed on the weighing table of a testing machine and the mov- 
able plate is pushed down by the cross-head. 

The 34-inch bar in Fig. 19 had previously been tested at two 
places. The right end of the photograph shows the result of 
one test (the bar has been turned forward from the position in 
which it was tested). The deformation is 0.15 inch. While 
the load at this deformation was a few thousand pounds smaller 
than the ultimate load, the ductility of the metal is so great that 
the bar is still firmly held together at each shear plane. At 
the left end of the photograph, the deformation is 0.30 inch. 
The rod is still held together at one shear plane, but has failed 
at the other plane. The longer bar standing at the left of the 
photograph is the remainder of the test piece. 

The test bar shown on the apparatus of Fig. 19 is cold-rolled 
steel which has been annealed to remove the effects of cold rolling. 
It is equivalent, therefore, to soft, hot-rolled steel. The shorter 
bar standing at the left is a piece of the same cold-rolled steel, 
which has not been annealed. This bar failed in shear at one 
surface when the total deformation was only 0.04 inch. The 
ultimate shearing strength, however, was greater than that of 
the softer bar. 

While the test bar is held firmly in this apparatus, and the 
plates by which the load is applied are close together, there is 
still some bending. The shear failure is partly tension failure. 
The effect of tension beyond the yield point is shown at the top 
of the longer standing bar. For a short distance from the 
top, which was the shear plane (at the left end of the horizontal 
bar) the scale has broken off. The same effect is shown on the 
horizontal bar at the right of the second shear plane. 


Cuap. III] SHEAR 49 


Problems 


1. The soft steel rod of Fig. 19 was 34 inch in diameter. It failed in shear 
under a load of 30,200 pounds. Find the unit shearing strength of this 
steel. 

Ans. 34,180 pounds per square inch. 

2. The cold-rolled rod of Fig. 19 was 34 inch in diameter and failed under a 
load of 38,000 pounds. Find the ultimate shearing stress. 

Ans. 43,000 pounds per square inch. 

3. A 4inch by 4inch block has a notch cut in one side. The edge of the 
notch is 10 inches from the end of the block. A pull of 4,000 pounds is 
applied by means of a second block set in 
the notch. What isthe unit shearing stress? 
Is the construction safe if the block is yellow 
pine? : 

4. Steel rivets are made of material equivalent 
to that of Problem 1 and are power driven. 
What is the factor of safety? 

5. A 2-inch by 4inch yellow pine block, hung 
vertical and supported at the upper end, has 
a hole 1 inch square perpendicular to the 
4-inch faces. The lower edge of this hole is 
416 inches above the lower end of this block. 
If a load of 1,620 pounds is hung on a 
square bar passing through this hole, what 
is the shearing stress? (Fig. 20.) 

6. The head of a 1-inch bolt is 1346 inch 
thick. Find the unit shearing stress tending 
to strip the head from the bolt when there 
is a pull of 10,000 pounds. Fic. 20.—Shear in timber. 

Ans. 3,918 pounds per square inch. 

7. The load in Problem 6 is applied by means of a nut. The dimensions 
and threads are Franklin Institute standard. (See Cambria or Carnegie 
handbook.) Find the unit tensile stress in the net section. Find also 
the unit shearing stress in the threads if the nut is a perfect fit. 


27. Shearing Deformation.—In Fig. 18, a small portion of 
section D extends through the block A with its long dimension 
perpendicular to the plane which contains the resultants P and 
P’. The cross-section D is represented on a large scale by 
the rectangle HIJK of Fig. 21. When the shearing forces are 
applied as shown in Fig. 18, this rectangle is distorted to the form 
HI'J'K. If the lower line HK be regarded as fixed, the total 
displacement of any point in the upper line is JJ’ or JJ’. The 
unit shearing deformation, which may be represented by 6., 
is the ratio of this horizontal displacement IJ’ to the vertical 
distance HI. In linear deformation, the unit deformation is 
obtained by dividing the total deformation by a length in 
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the same direction as the deformation; in shearing deformation, the 
displacement is divided by a distance at right angles to the 
displacement. The unit displacement is the tangent of the angle 
THI’ or JKJ'. The effect of the shearing forces is to lengthen 
the diagonal HJ, and shorten the diagonal /K. 


Fic. 21.—Shearing deformations. Fig. 22.—Device for illustrating shear. 


Problems 


1. Two equal bars, AB and CD, Fig. 22, are hinged to a second pair of equal 
bars, AC and BD, to form a parallelogram. A sheet of rubber, 6 inches 
wide, has one edge securely clamped to AB and the other edge to CD. 
The length of AB, center to center of hinges, is 10 inches. What is the 
unit shearing displacement when B is displaced 0.2 inch to the right of 
the vertical? Ans. Unit shear, 6; = 0.02. 

2. A hollow circular shaft, 5 inches in diameter, is subjected to a twisting 
moment, and it is found that two sections, 10 feet apart, suffer a relative 
displaceinent of 2 degrees. What is the total shearing displacement of 
the fibers? What is the unit displacement? — 

Ans. Total displacement, 0.0873 inch. 
Unit displacement, 0.0007275. 


28. Modulus of Elasticity in Shear—The modulus of elasti- 
city in shear is obtained by dividing the unit shearing stress by 
the unit shearing deformation, just as the modulus of elasticity 
in tension or compression is computed by dividing the unit ten- 
sile or compressive stress by the corresponding unit deformation. 


The modulus of shearing elasticity is frequently called the 
modulus of rigidity. 

Forces applied as in Fig. 18 do not give pure shear. Even 
in Fig. 19, in which the plates which apply the parallel forces 
are as close together as possible, shear is combined with bending. 
Pure shear, free from bending or compression may be secured 
by torsion, as in Problem 2 of Article 27. 


» 
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Problems 


1. In Problem 2 of Article 27, if EZ, is 11,600,000 pounds per square inch, 
what is the unit shearing stress? Ans. 8,440 pounds per square inch. 
2. What is the maximum allowable unit shearing deformation, if the 
maximum allowable unit shearing stress is 10,000 pounds per square 
inch and the modulus of rigidity is 11,200,000 pounds per square inch? 
Ans. 0.000893. 
3. A 4inch shaft, 10 feet long, is subjected to a twisting moment. One 
end is fixed. How much may the other end move if the unit stress does 
not exceed 8,000 pounds per square inch in the outer fibers and EH, = 
11,000,000 per square inch? What will be the angle of twist in radians, 
and what will it be in degrees? : 


29. Shear Caused by Compression or Tension.—Figure 23 
shows a block subjected to a downward compressive force P in 
the direction of its length and an equal upward force at the 


Fic. 23.—Section normal to force. Fig. 24.—Section inclined to force. 


bottom. This block may be supposed to be cut bya plane BCDE, 
normal to its length, and then glued together. If the portion 
above this section be regarded as a free body in equilibrium, and 
if the weight of the portion be neglected, the downward force P 
must be equal to the upward reaction of the glued surface. If 
A is the area of the section, the unit compressive stress in the 
glue is given by 


so = 7 (1) 
Since the external force P has no horizontal component, the 
shearing force in the glue is zero. If the body were actually 
made of two portions, the upper portion would not slide on the 
lower portion, no matter how smooth the surface of contact. 

Figure 24 represents a body similar to Fig. 23, and loaded and 
supported in the same way. This body is assumed to be cut by 
a plane BC’D’E’, which makes an angle ¢ with the normal section. 
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The portion above the inclined section may be taken as the 
free body, and the external force P may be resolved perpendicular 
and parallel to this plane. The component of P normal to the 
plane is P cos ¢. The unit compressive stress is this component 
divided by the area of the section. If A is the area of the normal 
section, the area of the inclined section is A sec ¢. The unit 
compressive stress is given by 


= Fes $ _ FE cost ¢ = 37 (1 + 005 24). (2) 


Bee A en cae A 


The component of the force P in the direction of the line BG, 
. which makes the maximum angle with the normal plane, is P 
sin ¢. This component is resisted by the shearing stress in the 
section BC’D’E’. The unit shearing stress is obtained by 
dividing the component parallel to the section by the area of the 
section. 


ITP since -E— ae he 
CamecomT ee ee a 2h. (3) 


If the body were in tension instead of compression, Equation 
(3) would still give the unit shearing stress in the section, and 
Equation (2) would give the unit tensile stress (instead of the 
unit compressive stress) normal to the section. 


Problems 


1. A 6-inch by 4inch post is cut by a plane which makes an angle of 25 
degrees with the 4-inch faces and is normal to the 6-inch faces. What is 
the length of the intersection of this plane with the 6-inch faces? What 
is the area of the section? If a load of 7,200 pounds is placed on this 
post, what is its component down the inclined plane, and what is the 
component normal to the plane? What is the unit shearing stress 
along this inclined plane? What is the unit compressive stress normal 
to the plane? Solve without using Equations (2) or (3). 

2. Solve Problem 1 for the unit compressive and unit shearing stress by 
means of Equations (2) and (8). 

3. Show from Equations (2) and (3) that the shearing stress is zero and the 
compressive stress is a maximum when ¢ is zero. 

4. A 6-inch by 6-inch post is subjected to a load of 14,400 pounds in the 
direction of its length. Find the unit shearing stress and the unit com- 
pressive stress with respect to a plane which makes an angle of 20 degrees 
with the normal section. 

5. Solve Problem 4 if the plane makes an angle of 70 degrees with the 
normal section. Ans. s, = 47 pounds per square inch; 

8; = 129 pounds per square inch. 
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6. What is the area of the section in Problem 4, and what is the area in 
Problem 5? 

7. In a 4-inch by 4inch yellow pine post, the grain makes an angle of 10 
degrees with the direction of the length. Find the allowable load. Solve 
also if the grain makes an angle of 5 degrees with the direction of the 
length. Ans. 11,230 pounds; 19,200 pounds. 

8. Prove that the unit shearing stress produced by a single tensile or com- 
pressive load is a maximum at 45 degrees with the direction of the load, 
and that the maximum unit shearing stress is one-half of the tensile or 
compressive stress which produces it. 


30. Shearing Forces in Pairs.—If a body is subjected to pure 
shearing stress (with no tension or compression except that which 
is due to shear), there must be two sets of shearing forces to 
secure equilibrium and the unit shearing stresses which these 


B 
——————— Pp 
D 
Fic. 25.—Pair of shearing forces. Fig. 26.—Two pairs of shearing forces. 


forces produce must be the same in both. Figure 25 represents a 
rectangular block AB with two other blocks C and D glued to 
the top and bottom, respectively. There is a horizontal force 
P, toward the right, acting on the block C and an equal and oppo- 
site force acting on the block D. These two forces form a couple 
tending to rotate the system in a clockwise direction. To pro- 
duce equilibrium, a block F is glued to the left vertical face of 
AB (Fig. 26) and a block G is glued to the right vertical face. 
A downward force Q is applied to F and an equal upward force 
is applied to G. The breadth of AB is 6 and its height is h. 
Equilibrium will occur when the moments of the two couples are 
equal, that is, when 

Ph = Qb. (1) 


The force is transmitted from C and D to AB as a horizontal 
shear in the glue. Shearing stress is represented by an arrow 
with a single barb. The arrow in C, with barb above the shaft, 
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represents the shearing stress from C to AB. If it were desired 
to represent the opposite shearing stress from AB to C, the arrow 
would be placed in AB, would point toward the left, and would 
have the barb below the shaft. 

If 1 is the length of the block AB perpendicular to the plane 
of the paper, the top and bottom surfaces each have an area Ol, 
and 

Paes, (2) 


in which s is the unit horizontal shearing stress. 
The area of each vertical face perpendicular to the plane of the 
paper is hl and 


Q = s/Al, 
in which s’ is the unit vertical shearing stress. 
Since Ph= Qb, 
sblh = s‘hlb, (4) 
s= s’. Formula ITI. 


Formula {II applies to any portion of block AB cut out by hori- 
zontal and vertical planes perpendicular to the plane of the paper. 
Figure 27 represents one such block. 

Frequently, tensile or compressive stresses occur 
along with shearing stresses. Figure 28 represents 
a block which is supposed to be glued to the base 
and pushed toward the right by a force P applied 
near the top. To the left of the middle, the giue 


Equilibrium awe ¥ : : 3 ea 
in shear. is in tension; to the right of the middle it is in 


compression. All of the glue is in shear. A por- 


tion A of the block is in 
tension and shear, and a por- 
tion C is in compression and 
shear. The portion B at the 
middle isin shear only. The 
direction of the shear in A 
and C, for which the arrows 
are not shown, is the same as 
in B. 

If the tension in A is not Fie. 28.—Shear with tension and 
the same at the top and haha 
bottom, the vertical shearing stress will not be exactly equal on 
the two sides. Ordinarily, if A is small, the difference is slight. 


TENSION COMPRESSION 
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For a block of infinitesimal dimensions, the shearing stresses 
are practically equal on all sides, even if there are tensile and 
compressive stresses. The combination of shear with other 
stresses is considered at greater length in Chapter X. 

31. Compressive and Tensile Stress Caused by Shear.— 
Figure 29, I, represents a rectangular parallelopiped of breadth 
b, height h, and length 1, subjected to pure shearing stress. The 
shearing stress acts toward py pp 
the right parallel to the \*K 
breadth at the top and toward 
the left at the bottom. Asp 
shown in Article 30, there is 
also a shearing stress of the 
same intensity at the left 
surface acting downward and 
an equal shearing stress at the 
right surface acting upward. 
(If the direction of one of these shears is reversed, they must 
all be reversed to produce equilibrium.) Now consider the 
parallelopiped divided by the inclined plane containing the 
edges CD and GF, and treat the triangular prism to the left of 
this plane asa free body in equilibrium under the action of the 
forces at its surface. These forces are four in number: the 
shearing force H in the upper surface acting toward the right, 
the shearing force V in the left vertical surface acting downward, 
the compressive force N acting normal to the inclined surface 
(Fig. 29, II, which represents all the forces in the plane of the 
paper), and a shearing force 7’ along this surface parallel to 
the diagonal line CG. If s, is the intensity of the horizontal and 
vertical shear, 


Fia. 29.—Shear causing compression. 


c=) S,0l ame Var Sells 


Resolving normal to the inclined plane, 


N =H sin @ + V cos @, (1) 
N = s,bl sin 6 + s,hl cos 8, (2) 


in which 6 is the angle which the inclined plane makes with 
the horizontal surface. The unit compressive stress on the 
inclined surface is obtained by dividing N by the area of this 
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surface. If c is the length of the hypotenuse CG, the area of 
the inclined surface is cl. Dividing Equation (2), 


s,b sin 6 s;h COs 0 


3. = oe (3) 


C G 


b ; h 
Since cos 0 = . and sin @ = i 
S = 2s, sin 6 cos 6 = s, sin 20. (4) 


When 0 is 45 degrees, the compressive stress is a maximum and 
is equal to the shearing stress. 


So SG Formula IV. 


If the plane which bisects the parallelopiped be taken parallel 
to CD through A and £, an equation for the tensile stress is 
ee found similarto Equation (4). The maximum 


tensile stress is at right angles to the maxi- 
mum compressive stress. When a body is 
| . subjected to pure shear, there is a compressive 
‘a stress of equal intensity at an angle of 45 
— degrees with the planes of the shearing 

SHEAR . . . . 
F : stresses In one direction and a tensile stress of 

1G. 30.—Tension, ' : 

compression and the same intensity at an angle of 45 degrees 
Bhear. in the opposite direction. This is shown in 
Fig. 30. With the shearing stress toward the left at the bottom, 
as shown by the arrow, the maximum tensile stress is normal to 
a plane which makes an angle of 45 degrees to the left of the 
vertical upward, and the maximum compressive stress is normal 


to a plane which makes an angle of 45 degrees to the right of the 
vertical upward. 


Problems 


1. The unit shearing stress in a block is 120 pounds per square inch, and is 
directed toward the left at the bottom. Find the unit compressive stress 
across a plane which makes an angle of 20 degrees with the horizontal. 
Also find the unit compressive stress across a plane which makes an angle 
of 70 degrees with the horizontal. Ans. 77 pounds per square inch. 

2. A block 6 inches long, 4 inches wide, and 5 inches high is glued to a 
horizontal surface. A horizontal force of 4,800 pounds, directed toward 
the right, is applied to the left side near the top. Find the unit shearing 


stress in the block. Find the maximum unit compressive stress caused 
by shear. 
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32, Relation of Shearing to Linear Elasticity—The modulus 
of shearing elasticity may be calculated from the modulus in 
tension or compression if Poisson’s ratio is known. 

Figure 31 is the front elevation of a block of square section sub- 
jected to shearing forces. The unit shearing displacement is 
the tangent of the angle @ between the lines HJ and HI’ of 


I i ie eee Te J 


H = K “4H K 
I II 


Fie. 31.—Shearing deformation. 


Fig. 31, Il. In Fig. 31, III, the figure has been rotated an 
amount equal to one-half the angle of shear. In this position, 
the diagonals make angles of 45 degrees with the horizontal. 
The lengths of the diagonals are changed, while their directions 
remain the same as in Fig. 31, I. This kind of deformation is 
called pure shear. The deformation shown in Fig. 31, II, in 
which both length and direction of the diagonals are changed, 
while the direction of one pair of faces is unchanged, is called 
simple shear. 

To find the ratio of shearing deformation to linear deformation, 
it is necessary to find the relation of the diagonals HJ’ and I’K’ 


of Fig. 31, III, to the angle a The shearing forces lengthen the 


diagonal HJ to HJ’ and shorten the diagonal IK to I’K’. The 
half diagonals, HM and MK suffer the same relative deformation. 
If 6 is the unit deformation caused by unit tensile stress 
s, the unit elongation along HJ is 6(1+ 0). This elongation 
is made up of the elongation 6 caused by the tensile stress along 
this diagonal and an elongation o 6 caused by the compressive 
stress along the diagonal 7K. In a similar manner, the unit 
compression along the diagonal /K is found to be 6(1 +<¢). 


(7) 
In Fig. 31, III, the angle 5 


and the angle ¢. The tangent of ¢ is the ratio of the half diag- 
onal M’K’ to the half diagonal HM’ 


is the difference between 45 degrees 
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M'K’ MK[i1—4(1+o)]_ 1-60 +¢) (1) 


SSG FAT MME a aaa anes 
Cie tan 45° — tan @ _ 9 
an 2 1-+ tan 45° tan ¢ 61 + ¢). (2) 
For small angles tan @ = 2 tan 5 = 26(1 +0). (3) 
; pr nS - 2s(1 + g) 
Since, 6 = 7 tan 6 = Sea Ewe 
E,=* Ss s.H (4) 


Satan (0s 22sGl ee), 


At 45 degrees the unit tensile and the unit compressive stress 
caused by shear are each equal to the unit shearing stress: 
therefore, s = s, and equation (4) becomes 


E 
EE, =: 5 
2(1 + ¢) (5) 
Problems 
; nee 2E 
1. If Poisson’s ratio is 4, show that HE, = "eS 


2. If the modulus of elasticity of steel is 29,600,000 pounds per square inch 
and Poisson’s ratio is 0.27, what is the modulus of rigidity? 
Ans. EH, = 11,650,000 pounds per square inch. 
3. Landolt and Bornstein give the following values, in kilograms per square 
millimeter for cast steel: # = 20,400, EZ, = 8,070, E, = 14,600. Find 
Poisson’s ratio by means of equation (5), and also by means of equation 
(9), Article 14. 


Miscellaneous Problenis 


a 


Figure 32 shows a block which is subjected to horizontal tension and 
vertical compression. If the unit tensile stress is 200 pounds per square 


, 


18007 Py 2400" 


Fic. 32.—Shear caused by tension Fig. 33.—Stress due to shear. 
and compression. 


inch and the unit compressive stress is 120 pounds per square inch, 
what is the unit shearing stress at 45 degrees with the horizontal? 
Ans. 160 pounds per square inch. 
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2. 


If in Fig. 32, the unit compressive stress is equal to the unit tensile stress, 
show that the unit shearing stress at 45 degrees is the same as each of 
the others. 


. In Fig. 33, the block ABC is 6 inches long perpendicular to the plane 


of the paper. Find the unit shearing stress and the unit compressive 
stress in the glue at the base. 

Ans. 8;, 28 pounds per square inch. 

8-, 96 pounds per square inch. 


. If the ultimate shearing strength of the plate is 42,000 pounds per square 


inch, what force is required to punch a 1-inch hole in a 5¢-inch plate? 
Ans. 82,470 pounds. 


. In Problem 4, what is the unit compressive stress in the punch? 


Fie. 34.—Stresses in a truss. 


. In Fig. 34, A and B are short compression members or struts of yellow 


pine, joined together at the top by a bolt orpin and held from spreading 
at the bottom by being set into the notches in the bottom chord C. If the 
load P is 6,000 pounds, what is the unit compressive stress in A and B? 
What is the maximum unit tensile stressinC? What must be the length 
of the section d to avoid shearing, if C is made of yellow pine? 

Ans. Length of d, 10.8 inches. 


. A horizontal beam is 5 feet long and is hinged at the left end A. The 


beam carries a load of 1,200 pounds 3 feet from A and is supported by a 
steel rod at the right end B. The rod is attached to a point which is 6 
feet above the hinge. What should be the minimum diameter of 
the rod? ; 


. A beam similar to that of Problem 7 is supported by a rod which is 


fastened to the right end B and to a point which is directly over the 
hinge A. What angle should this rod make with the horizontal in order 
that its weight may be a minimum? 


CHAPTER IV 
RIVETED JOINTS 


33. Kinds of Stress.—Riveted joints afford an excellent 
illustration of tension, compression, and shear, and of the manner 
of transmission of stress. Figure 35 represents a pair of plates, 
each of breadth b and thickness ¢, transmitting a pull P in the 
direction of their length. The plates are united by means of a 
pin C, which fits tightly in a hole in the lower plate and passes 


Fia. 35.—Stress at a bolted joint. 


through a hole in the upper plate. The portion of the upper plate 
to the left of the pin is in tension. The intensity of this tensile 
stress is found by dividing the pull P by the area of the gross 
section bt. At the section HH in the plane of the axis of the hole, 
the stress is still tension. The area of this net section is smaller 
than that of the gross sections to the left and the unit stress is 
greater. If the hole is in the middle of the section and in the 
line of the pull, half of the total stress is transmitted by the section 
EF and half by the section GH. The stress which passes EF 
as tension passes PK as shear. The intensity of this shearing 


stress in the plate may be calculated by dividing the pull : 


by the section of length ’K and thickness t. At M, the surface of 
contact of the pin and plate, the stress is compression. The 
60 
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force is transmitted as shearing stress from the portion of the pin 
in the upper plate to the portion in the lower plate, and, finally, 
as compression from the pin to the lower plate. 

The stress may be regarded as flowing like an electric current. 
This is illustrated in Fig. 36. The circuit is completed through 
the bodies by which the force is applied. 

If the pin in Fig. 35 is slightly smaller than the hole, all of the 
bearing pressure is applied to a narrow strip of the plate at M. 
The entire shearing stress 
is then transmitted by two SHEAR 
sections extending from M Com 
to the edge of the ‘plate at 
N. In calculating the 
shearing stress in the space 
between a rivet or bolt and 
the edge of the plate, it is 
customary to consider the 
minimum distance instead 

‘of the distance PK. 


Fig. 36.—Flow of stress. 


Problems 


1. The plates in Fig. 36 are each 3 inches wide and 14 inch thick. The 
hole in the upper plate is 1 inch in diameter and that in the lower plate 
is % inch in diameter. The bolt is 74 inch in diameter and the total pull 
is*%,100 pounds. Find the unit shearing stress in the bolt and the unit 
tensile stress in the net section of each plate. 

s,, 8,480 pounds per square inch. 
Ans. } 8, 5,100 pounds per square inch, net section, upper plate. 
s,, 4,800 pounds per square inch, net section, lower plate. 

2. In Problem 1 find the unit shearing stress in the upper plate to right of 
the bolt if the center of the hole is 1.5 inches from the right edge of the 
plate. Ans. 5,100 pounds per square inch. 


34. Bearing or Compressive Stress.—In calculating the unit 
bearing or compressive stress at the surface of contact of the pin 
and plate, it is customary, among engineers, to regard the bear- 
ing area as the product of the thickness of the plate multiplied 
by the diameter of the pin. If d is the diameter of the pin and 
t is the thickness of the plate, the bearing area is td. In other 
words, it is the projection upon a plane parallel to the axis of the 
pin of that portion of the pin which is inside of the plate. 

Figure 37 shows a rectangular bar of thickness d, which is 
placed across the edge of a plate of thickness ¢t. If the bar crosses 
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the plate at right angles, it is evident that the bearing area is 
id. If, as in Fig. 38, the bar passes through a hole in the plate, 
the bearing area is the same; and, if the forces P; and P: are 
balanced with respect to the center of the plate, the bearing 
stress is uniform over the entire area. If the forces are not 
balanced, the area and the average bearing stress remain the same, 


Fig, 37.—Bearing. Fig. 38.—Bearing. Fie. 39.— Bearing. 


but the maximum bearing stress is greater. If there is force on 
the bar on one side of the plate only, the maximum bearing stress 
is much greater than the average. 

Figure 39 shows a round bolt or pin passing through a plate. 
The actual area of contact is the lower half of the surface of the 
cylinder of length ¢ and diameter d. 

The reactions Ri, Re, etc., are not all vertical, but are nearly 
normal to the surface of contact. If, as in the case of liquid 
pressure, these reactions were exactly normal and of equal inten- 
sity, the resultant of their vertical components would be the same 
as if that unit pressure were exerted on the horizontal projection 
of this cylindrical surface. 


Problems 


1. In Problem 1 of Article 33, what is the unit compressive stress of the pin? 
Ans. 11,657 pounds per square inch. 
2. Two }4-inch plates, each 4 inches wide, are united by a single 1-inch bolt. 
The unit tensile stress in the gross section of the plates is 4,000 pounds per 
square inch. | Find the unit shearing stress in the bolt and the unit bear- 
ing stress between the bolt and the plates. 
Ans. 8; = 10,186 pounds; s, = 16,000 pounds. 
8. Two steel plates, each approximately 4 inches wide aud 34 inch thick 
were united by three 7%-inch rivets in a single row lengthwise the plates. 
(Watertown Arsenal, 1911, page 129.) When tested in tension, the first 
slipping occurred at a load of 45,200 pounds and the joint failed by 
shearing the rivets at 89,200 pounds. Find the unit tensile stress in the 
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net section of the plate, the unit bearing stress between the plates and the 
rivets, and the unit shearing strength of the rivets. 
Ans. 8: = 38,060; S, = 45,300; s, = 49,448. 
4. A joint similar to the one of Problem 3 had 11¢-inch rivets. First slipping 
occurred at a load of 48,900 pounds, and the joint failed by fracture of 
one plate at the outer rivet hole under a load of 128,500 pounds. Find 
the unit tensile strength at the net section, the unit bearing stress, and the 
unit shearing stress. Ans. s; = 59,590 pounds per square inch. 


35. Lap Joint with Single Row of Rivets.—Figure 40 shows 
a lap joint with a single row of rivets. In any riveted joint the 
distance p from center to center of 
adjacent rivets in-a row is called the 
pitch. In solving problems, it is often 
convenient to consider a single strip of 
width equal to the pitch. The problem 
of a lap joint with a single row of rivets 
then becomes the same as that of Article 
33. This strip may extend from center 
to center of adjoining rivets, as is shown 
between the two lower rivets of Fig. 40. 
The tension is transmitted by the net 
section between the rivets,’ and the 
shear is equally divided between the 
upper half of the lower rivet and the 
lower half of the second rivet. The 
unit strip may be taken to include one 
rivet, as is shown at the third rivet from 
the bottom of Fig. 40. The shear is 
then carried by the single rivet, while the 
tension is divided. 

In the problems, unless otherwise *™ iain ean as as 
stated, the rivet will be considered as 
entirely filling the rivet hole. In practice, when rivet holes are 
punched and not reamed, it is customary to make some allow- 
ance for the material near the hole which is weakened by 
overstrain. This allowance will not be made in the problems 
which follow. It is assumed that all rivet holes are reamed or 
drilled, and that the finished rivets exactly fit. 

When the width of the plate is given, it is generally best to 
consider the entire plate as the unit. 
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Problems 


(Look up rivet areas in handbook) 


1. Two 14-inch plates, each 12 inches wide, are united by five 73-inch rivets 
in a single row to form a lap joint. The joint transmits a pull of 24,400 
pounds. Find the unit tensile stress in the gross section and in the net 
section of the plates, the unit shearing stress in the rivets, and the unit 
compressive stress between the rivets and the plates. 

st = 6,400 pounds per square inch in the net section: 
Ans s = 8,116 pounds per square inch; 

11,154 pounds per square inch. 

2. Two 3-inch boiler plates are united by a single row of 154¢-inch rivets 
to form a lap joint. The pitch is 23 inches. Find the unit tensile stress 
in the net section when the unit shearing stress in the rivets is 8,800 
pounds per square inch. Ans. 11,269 pounds per square inch. 


nH 
Q 
ll 


BUTT STRAP 


Fia. 41.—Single-riveted butt joint. 


36. Butt Joint.—A butt joint is made when the two principal 
plates are in the same plane, and are united by means of one or 
two additional plates called butt straps. A butt joint with a 
single butt strap is equivalent to a pair of lap joints placed 
tandem. 

Figure 41 shows a butt joint with double butt straps. Since 
the rivets are in double shear, the total shear transmitted by 
each rivet is twice as great as in a lap joint. 
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Example 


Two }4-inch plates are united to form a butt joint by two 5{¢-inch butt 
straps. There is one row of %-inch rivets on each side. If the allowable 
unit tensile stress in the plate is 10,000 pounds per square inch, and the 
allowable unit shearing stress in the rivets is 8,000 pounds per square 
inch, what should be the pitch? 

The area of one rivet is 0.6013 square inch, and each rivet is in double 
shear. The net cross-section which carries the tension equal to the shear 


in one rivet is ; (» _ a) so that, 


1 
5 (2 — 4) 10,000 = 2 x 0.6013 x 8,000, 


p— i = 1.924 inches, 
p = 2.80 inches. 


Problem 


1. Two 3-inch plates are united by two }4-inch butt straps to form a 
butt joint. There is one row of 34-inch rivets on each side. The pitch is 
214 inches. Find the unit tensile stress in the net section of the 3¢-inch 
plates and the unit bearing stress between these plates and the rivets 
when the unit shearing stress in the rivets is 6,000 pounds per square inch. 

Ans. s, = 8,079 pounds per square inch. 
s- = 18,850 pounds per square inch. 


Figure 42 represents a set of tests 
made at the Watertown Arsenal, to 
study the behavior of riveted joints. 
A plate of width 6 and thickness ¢ was 
planed down for a portion of its length 
to some convenient width and united < 
to a pair of plates, thus forming one- D 
half of a butt joint. Wrought-iron — 
rivets were used of nominal diameter Fic. 42.—Half of butt 
1¥¢ inch less than the diameter of the eas 
holes. In calculating it was assumed that the finished rivets 
entirely filled the rivet holes. 


+185, 
rc 
ef 


Problems 


2. In test piece No. 1,353 (Watertown Arsenal, 1885, page 867), the breadth 
b was 14.90 inches; the tested width, 14.39 inches; the actual thickness 
of the plate, 0.248 inch. There were five rivets in 1-inch drilled holes. 
The joint failed by tension along the line of the rivet holes under a pull of 
156,440 pounds. ‘The calculated results as published are: 
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Areas Square inches 
Grossisectional-ardaof platewen.s- me a eee eee ee eas 3.569 
Netisectionalareaofeplatey...2 i 0-2- eiee oeeae te eer erek 2.329 
Bearing-surfacesol rivets yw. come acces <> eiseee erst teieroiene 1.240 
ShearingvaresOlrivets pee sce ikon ale oe Ee Ie er air ee Le 


Pounds per 


Maximum stress on joint square inch 
Tensioniinveross section of platen...) ase 4-6 ys iss ol 43,830 
Tensiominnetisection of plates sodas shes eres 67,170 
Compression on bearing surface of rivets................. 126, 160 
Shearin gins Tivetse aw. suse Ls cis see ct nate  edlaedaye-ateeieuchararee 19,920 


Verify these results. 
3. In test piece No. 1,355 the results were: 


rested: wadthroteplatesesccs «cree one ratios Hetae 15 inches. 
Actual thickness........ Meo GER center) Shae 0.251 inch. 
Witimate loadshe es. oa ciice oc isso murach ron eee 167,200 pounds. 


There were five rivets in 1-inch holes. ‘‘ Fractured two outside sections 
of plate at edge along line of riveting; the two middle sections sheared in 
front of the rivets.”’ 


Compute all unit stresses as in Problem 2. 


Fia. 43.—Failure of riveted plate. 


Figure 43 is a copy of a photograph of this plate after failure. 
It shows failure by tension across the net section and shear in 
front of the rivets. It also shows elongation of the rivet holes 
due to bearing pressure on the plate, combined with shear. 

In order to compare the strength of the material in the net 
section of a riveted joint with the ordinary tension tests, two 
strips were sheared from each sheet of steel, one lengthwise, the 
other crosswise the sheet. These were planed to a width of 1.5 
inches and tested in the usual way. 
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From the sheet used in No. 1,353 two test pieces were taken. 
These gave as ultimate tensile strengths: 


Pounds per 

‘ square inch 
INO IE 21'S wlengthwisesctr isc rs crates cies eeoreicuek Gee 59,180 
UP 224NCTOSSWASOnrtpyac mee Gie crete Oita Gio boas 60,840 


Four test strips were taken from the sheets used for No. 
1,355: 


Pounds per 
square inch 


INO cal QA Men oblawise as, ses cisre nee lover oiaraeniecai tienes 58,680 
I-22 0slengthiwisesscacni- cect ie aa olor ree 62,300 
i 225 A CLOSSWASChi7ateis, adhe eel aera or members 61,230 
[RID G A CTOSSWISC decker ieee hie sees stt rea eas econ 60,890 


The ultimate strength of these test pieces was considerably 
smaller than the unit stresses in the net sections of the riveted 
plates which failed in tension. This difference is an illustration 
of Article 24. Since the net section of the riveted plate was 
relatively short, the material under the maximum stress was 
kept from necking by the material of the wider sections. 

These tension tests show no definite difference between the 
strength of the strips taken lengthwise the plate and those taken 
crosswise the plate. This is explained by the fact that the 
plates were rolled in both directions. When rolled metal is 
worked in one direction only, its tensile strength is greater in 
that direction. 


Problems 


4. In a test piece similar to Fig. 43 (Watertown Arsenal, 1886, page 1401), 
the following data are given; tested width, 13.11 inches; thickness, 0.630 
inch; five rivets in 1-inch drilled holes; failed by shearing the rivets under 
a pull of 295,500 pounds; rivet holes elongated 0.31 inch, 0.32 inch, 0.26 
inch, 0.25 inch, 0.24 inch. 

Calculate the unit stresses. 


Pounds per 
square inck 


iNensilemstress im net Sectlon..+ 0... lemas ote See 57,840 
PAGS ME WDC ATINGUSULCSS Ged ae chro Persist | howietevatetticlajcln stoke tne G 93,810 
Shearingestress|ON UNC TIVelSsmsaccs we iene etn nar 37,620 


5. In Problem 4, the butt straps were 0.384 inch thick. Find the unit tensile 
stress in the net section. 

6. Two plates, A and B, each approximately 4 inches wide and 1.5 inches 
thick, were united to form a butt joint with two 34-inch butt straps. 
There were three 11% rivets on each side arranged in a single row length- 
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wise the plate. When the joint was tested at Watertown Arsenal (1911, 
page 129) the first slipping occurred at a load of 124,500 pounds. The 
plate B scaled at 155,300 pounds. ‘The plate A fractured across the 
first rivet hole at 223,200 pounds. Find the shearing stress, the bearing 
stress, the ultimate tensile strength at the net section, and the yield point. 


Figure 44 is a copy of a photo- 
graph of a rivet which failed by 
shear as in Problem 4 (Water- 
-| town Arsenal, ‘Tests of Metals,”’ 
| 1886, page 1567). 

37. Rivets in More Than One 
Row.—Rivets are frequently 
arranged in two or more rows. 
| The rivets in the second row 
may be placed directly behind 
the rivets in the first row, or they 
may be arranged zigzag as shown 
~ | in Fig. 45. Two adjoining rows 
of zigzag rivets must not be placed 
too close together or the plate will 
fail along the diagonal line join- 
ing the rivets of the two rows. 
The Boiler Code of the American 
Society of Mechanical Engineers 
specifies that the minimum distance between rows of rivets 
(called back pitch) shall be twice the diameter of the rivet 
holes, when the pitch is not more than four times the diameter 
of the rivet holes, and the rivets are arranged as in Fig. 45.* 

In computing problems of two or more rows of rivets it is 
customary to regard the unit shearing stress the same in all 
rivets. 

Where narrow plates are united by several rows of rivets, it 
is best to take the entire width of the plate as the unit. 


Fig. 44.—Failure of rivet. 


Example 


Two 34-inch by 12-inch plates are united to form a lap joint by means of 
ten 1-inch rivets arranged as shown in Fig. 46. The joint transmits a pull 
of 60,000 pounds. Find the unit shearing stress in the rivets and the unit 
tensile stress in plate A at sections 1-1, 2-2 and 3-3. 


_ 60,000 
1 S10 C07 85408 7,639 pounds per square inch. 


* See Report of Boiler Code Committee, American Society of Mechanical 
Engineers, page 44, Edition 1918, for full specifications. 
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At section 1-1 the net area is (12 — 1)34 and 


60,000 
ay = ll x 3% = 7,273 pounds per square inch. 


i 


é Ss é 1” RIVETS 


aa 3 
© 


1 2 3 
Fia. 46.—Multiple-riveted lap joint. 


At section 2-2 the net width is 10 inches, but since one-tenth of the total 
pull has been transmitted by rivet 1 from plate A to plate B the total tension 
transmitted through this net section is only 54,000 pounds, and 

54,000 


> 10n05408 7,200 pounds per square inch. 
4 


St 
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At section 3-3 the net width is 8 inches, but three-tenths of the total pull 
has been transmitted to plate B through the rivets in sections 1-1 and 2-2 
so that the total tension in net section 3-3 is only 42,000 pounds. 


_ 42,000 
Stn 


St = 7,000 pounds per square inch. 


Problem 


1. Solve the above example if the plates aré 10 inches wide instead of 12 
inches. 
f At 1-1, s: = 8,889 Ib. /in.? 
Ans. ; At 2-2, s: = 9,000 lb./in.? 
At 3-38, ss = 9,333 lb. /in.? 
Notice that in Problem 1 the greatest tensile stress is at section 3-3, while in 
the example the greatest stress is at section 1-1. 


In wide plates, such as are used in boilers, it is not convenient 
to consider the entire width, but it is better to divide the width 
up into a number of equal units, each of which includes a group 
of rivets. Generally the width of such a unit is the pitch in the 
row having the fewest rivets. 

In Fig. 45, where the pitch of both rows is the same, the width 
of the unit is equal to the pitch. It may extend from center to 
center of two rivets in one row. The entire pull which is trans- 
mitted by a strip of the plate of width p may be regarded as 
carried by the whole of rivet 3, the shaded portion of rivet 2, and 
the shaded portion of rivet 1; or a strip of equal width may include 
all of rivets 4 and 5. In either case, one rivet in each row is 
included in the unit. All the stress which is transmitted by a 
strip of unit width passes through the net section of the lower 
plate between two rivets of the right row. Half of this stress 
is transmitted to the upper plate through 
the rivet of the right row, and the other 
half passes through the net section at the 
left row of rivets. The unit tensile stress 
in the net section at the right row in the 
lower plate and at the left row in the upper 
plate is twice as great as the unit stress in 
Fra. 47.—Rivets in three the left row in the lower plate and the right 

cows: row in the upper plate. 

Figure 47 shows three rows of rivets with twice as inany rivets 
in the middle row as in either of the others, The unit strip is 
taken as equal to the pitch in the outer rows. The unit strip 
may extend from the center of rivet 1 to the center of rivet 5, or 
it may include the whole of rivet 1 and none of rivet 5. In 
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either case it embraces two rivets in the middle row and one 
rivet in each of the others. 


Problems 


2. Two ¢-inch plates are united by 34-inch rivets to form a lap joint. The 
rivets are in three rows as in Fig. 47 with the long pitch 5 inches. The 
gross section of the plates transmits a pull of 2,720 pounds per inch 
of width. Find all the stresses. 


Pounds per 
square inch 


Sr eLT aul Ty CUS amen nas. ies: Mcpie Nowtighewrsens: ta eer ee 7,696 
ps catactens 3 acuity ee aA: ah igen om ieee 14,507 
Ans. { s right upper and left lower................. 10,240 
s: left upper and right lower................. 2,560 
SreA URI GLEITOWS xe yess syster totes stoie che ete o ers Lore 9,326 


1 


Fic. 48.—Double-riveted butt joint. 


3. A butt joint is formed of two }4-inch plates united by two 3g-inch butt 
straps. There are two rows of l-inch rivets on each side. The pitch 
of the inner row is 3 inches and that of the outer row is 6 inches. The 
unit stress in the gross section of the plate is 8,000 pounds per square 
inch. Find the unit tensile stress at the net section at each row of rivets 
in the 14-inch plates and at the inner rows in the butt straps. Find the 
unit shearing stress in the rivets and the unit bearing stress between the 
rivets and the 14-inch plates. 
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Pounds per 
square inch 


s, in 44-inch plates at outer rows............ 9,600 
s:in %-inch plates at inner rows...........-. 8,000 
Ans. 4s: in butt straps at Inner rows............... 8,000 
Spinal rivets! sccvtae-crh erate ee eee eet ceer eee 5,093 
s, between rivets and }4-inch plates.......... 16,000 


4, Solve Problem 3 if one of the butt straps includes only the two inner rows 
of rivets while the other butt strap takes in all the rivets, Fig. 48. 


Pounds per 
square inch 
s: in }4-inch plates at outer rows............. 9,600 
s, in %-inch plates at inner rows............. 9,600 
s: in wide butt strap at inner row............ 9,600 
Ans. {sin narrow butt strap at inner row.......... 6,400 
§,in) all rivet, SCCtIONS sew ee ce ete is BOW Lay 
Sh IN INNER TOWS ct. nce cate cee sea oer rs eC 19,200 
SIMVOULELTOW Stoo cret acct cretersota a rere 9,600 


38. Efficiency of a Riveted Joint.—The ratio of the strength 
of a riveted joint to the strength of one of the plates which it 
unites is called the efficiency of the joint. The efficiency may 
also be defined as the ratio of the unit stress in the gross section, 
when the joint is stressed to its allowed limit, to the allowable 
unit stress in the plates. If the joint is so designed as to make 
it at least as strong in shear and compression as it is in tension 
at the net section, the efficiency becomes the ratio of the net 
section to the gross section. 

The calculations for efficiency may be based upon either the 
ultimate strength or the allowable unit stress. The Boiler Code 
of The American Society of Mechanical Engineers specifies: 


Pounds per 


square inc 
Tensile'strength of steel plate..... .2....5e6.e6e ce 55,000 | 
Crushing strength of steel plate.........:.......... 95,000 —_ 
Shearing strength of steel rivets.................. . 44,000 | 
Shearing strength of iron rivets...................- 38,000 | 


The code further specifies that the strength of a rivet in double 
shear is twice its strength in single shear. 

With a factor of safety of 5, which is the one generally used in 
boiler design, the allowable unit stresses become: 


Pounds per 
square inch 


3; for steel) 2vdsawcew oe Aa ee eee 11,000 
sf foristeel, .evcsia vets See e ned ee ee 19,000 
S; for steels nant oe ee eee 8,800 


8, LOP ATOM. case se Soa ee ee eee 7,600 
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To find the efficiency of a riveted joint, calculate the strength 
of unit width in tension at the net sections, in shear at the rivets, 
in bearing between the rivets and the plates, and in all possible 
combinations of these and divide the smallest of these values 
by the tensile strength of the unit width at the gross section. 

The design of joints of maximum efficiency is discussed in 
Appendix A. 


Example I 


Two 3-inch steel plates are united by a double row of 34-inch steel rivets 
to form a lap joint. The pitch in each row is 234 inches. Using the 
ultimate strengths of the A. 8S. M. E. Boiler Code,* calculate the efficiency 
of the joint. 

The unit strip is 234 inches wide, and the net width between rivets is 2 
inches. 

Pounds 
Tensile strength of net section = 2 X 3¢ X 55,000... 41,250 
Shearing strength of rivets = 2 X 0.4418 X 44,000... 38,878 


Bearing strength = 2 X 3g X 34 X 95,000.......... 53,437 
Tensile strength of unit = 234 x 3g X 55,000....... 56,719 
ess SSe8 c 
Efficiency = 56,719 ~ 0.685 = 68.5 per cent. 


Problems 


1. Two 36-inch plates are united by a double row of 1-inch rivets to form a 
lap joint. The pitch is 444 inches. Find the strength of unit strip of the 
joint and the efficiency. 


Strength of 
unit strip in 


pounds 
Mensioneiuee ross SCCUlO Maw) cla. ner onyel yer 92,812 
ee MensionpineneIsectiONwc-.1.44 aomiaciee ornare: 72,187 
ME SINGAT 1M VIVOCS) ois s04 in cle/e vanes, tes ene ancl 69,115 
ISYeuiYd-cs 3.5 ce Re Ieee Om Otte ot uno 71,250 

NE IT CLOT C Vcapeer sy srorete: ¢ oiteie a erodon ata wis oe cle ane ewe omens 74.5 per cent. 


2. Two 14-inch plates are united to form a butt joint, with two rows of 
34-inch rivets on each side. The pitch of outer rows is 4} inches and 
that of the inner rows is 2}4 inches. Find the efficiency. 

Ans. Weakest in tension. Efficiency, 83.3 per cent. 

3. Solve Problem 2 if the pitch of the outer rows is 5 inches and that of 
the inner rows is 214 inches. 

Ans. Weakest in compression. Efficiency, 77.7 per cent. 

4, Solve Problem 2 if the thickness of the plates is 5¢ inch instead of 14 inch. 

Ans. Weakest in shear. Efficiency, 75.4 per cent. 


* Transactions of the American Society of Mechanical Engineers, 1914. 
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Example II 


In Fig. 48, the pitch of the outer rows is 5 inches, the pitch of the inner 
rows is 244 inches, the diameter of the rivets is 34 inch, the thickness of 
the plates is 3g inch, and the thickness of the butt straps is 5{ginch. Find 
the strength and efficiency of the joint. 

In a unit strip 5 inches wide there are two rivets in double shear and one 
rivet in single shear. 


Pounds 
Shearing strength of one rivet section = 0.4418  44,000......... 19,439 
Bearing of one rivet on plate = 3g X 34 X 95,000............... 26,718 
Bearing of one rivet on butt strap = 546 X 34 X 95,000......... 22,265 
iPotalishearing streng thao 19°43 ON ee ere et ee 97,195 
Tension in outer net section = 3 X 134 X 55,000............-- 87,656 
Tension in inner net section = 3 X 3 X 55,000...............- 72,187 
Tension in gross section = 3 X 5 X 55,000......... ce anweteee 103,125 


Dyas RSS Bwae Vv an 
ca EL festerteiires 
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Fria. 49.—Quadruple-riveted butt joint. 


The joint may fail by tension at inner section with shear or compyession at 
outer rivet. 


Tension at inner section and shear = C21 872 Fa) 9V43 0 Saree, con ae 91,626 


The joint may fail by compression at the two inner rivets and shear at the 
outer rivet. 


26,748 -X 2 =P 19MB9 8 se ae dale Se 72,875 
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Since the compressive strength of the outer rivet is greater than the shearing 
strength, it is not necessary to calculate the total strength in compression or 
the effect of tension at the inner section with compression at the outer rivet. 
Since the bearing strength of the butt strap against outer rivet is greater than 
the shearing strength of one rivet in single shear, it is not necessary to con- 
sider any combination of this bearing strength with the strength at the inner 
Tow. 

72,875 


Efficiency = 103.125 


= 70.7 per cent. 


Problems 


oa 


. Solve Example Il with 14-inch butt straps. 

6. Solve Example II with 54¢-butt straps but with 17-inch rivets. 

7. Figure 49 shows one of a series of quadruple-riveted butt joints designed 
by the Hartford Boiler Inspection and Insurance Co. The short pitch is 
41 inches and the rivet holes are 134 inch. Find the efficiency, using 
the unit stresses of the A. S. M. E. Boiler Code. 

_ Ans. 92.7 per cent. Joint fails by tearing the plate between rivet holes in 
the third row and shearing the rivets in the two outer rows. 


39. Circumferential Stress in Hollow Cylinders.—In a hollow 
vessel inclosing a liquid or gas under pressure, the pressure of 
the fluid develops stresses in the walls of the vessel. The pres- 
sure of a fluid at any point is normal to the surface. The result- 


Fig. 50.—Hollow cylinder with internal pressure. 


ant pressure on any portion of a curved surface in any given 
direction is equal to the pressure on a plane surface perpendicular 
to the given direction and equal in area to the projection of the 
curved surface upon its plane. Figure 50 represents a portion of 
the surface of a cylinder of diameter D, and of length / perpen- 
dicular to the plane of the paper. If P is the pressure on this 


surface in pounds per square inch, the total pressure on the 


edu! 
semicircular surface to the right of the plane AB is i the 


resultant pressure on this surface in the direction normal to AB 
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is PDI, since Dl is the area of the projection of the curved surface 
upon the vertical plane. There is an equal pressure in the 
opposite direction upon the curved surface to the left of AB. 
These two equal and opposite forces are resisted by the cir- 
cumferential tensile stresses in the sections at A and B. If ¢ 
is the thickness of the wall of the cylinder, the area in tension is 
2ti, and 


2tls, = PDI, (1) 
IPD) 

a ye Formula V. 
Problems 


1. A boiler shell 30 inches in diameter is subjected to a steam pressure 
of 150 pounds per squareinch. The plates are 3g inch thick. Find the 
unit stress. Ans. 6,000 pounds per square inch. 

2. A boiler shell 5 feet in diameter is made of %g-inch plates. The longi- 
tudinal joints have an efficiency of 80 per cent. The allowable unit 
tensile stress in the plates is 11,000 pounds per square inch. Find the 

/allowable pressure. Ans. 165 pounds per square inch. 


/ 40. Longitudinal Stress in a Hollow Cylinder.—The resultant 
pressure on the end of a hollow cylinder in the direction of its 
length is the product of the pressure in pounds per square inch 
multiplied by the area of cross-section of the cylinder. This is 
resisted by a longitudinal tensile stress in the shell. The cross- 
section in teusion is approximately the inner circumference 
multiplied by the thickness. 


2 
aD oe (1) 
4 
PD 
ie cr 2 


The longitudinal unit stress in a hollow cylinder is one-half the 
circumferential unit stress. 

Equations (1) and (2) apply also to hollow spheres subjected 
to internal pressure. 

Since the longitudinal tensile stress is only one-half the cir- 
cumferential unit stress, it is only necessary to have the efficiency 
of the circumferential joints which resist the longitudinal tension 
a little greater than one-half the efficiency of the longitudinal 
joints. 
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Problems 


1. A hollow cylinder, 4 feet in diameter, is made of 3£-inch plates. The 

pressure is 120 pounds per square inch. Find the longitudinal stress. 
Ans. 3,840 pounds per square inch. 

2. A sphere is 10 inches inside diameter and 10.2 inches outside diameter. 
The allowable unit stress is 10,000 pounds per square inch. What is the 
allowable internal pressure? 

3. A boiler 40 inches in diameter is made of 54¢-inch plates. The longi- 
tudinal joints are triple-riveted butt joints with an efficiency of 82 per 
cent. The circumferential joints are single riveted lap joints of 1-inch 
rivets spaced 3 inches apart. With the A. 8S. M. E. ultimate strengths 
and a factor of safety of 5, what is the allowable pressure? 


CHAPTER V 
TORSION 


41. Torque.—A shaft or rod subjected to a pair of equal oppo- 
site couples which are in parallel planes at right angles to its 
length is in torsion between these planes. Figure 51 shows a 
horizontal shaft which is supported by two bearings and carries 
two pulleys. A rope is wound a part of the way around each 
pulley and fastened to it. Each 
rope supports a load. The load P 
on the smaller pulley and part of 
the reactions of the bearings form 
a counterclockwise couple. The 
load W on the larger pulley and a 
part of the reactions form a clock- 
wise couple. If there is no friction 
at the bearings, these opposite 
couples are equal, provided the 
shaft is stationary or moving in 
either direction with constant speed. 
The moment of either couple is 

Ric. 61 the twisting moment or torque in 

the portion of the shaft between 

the two pulleys. Torque, which is represented in algebraic 

equations by T, is expressed in foot-pounds or inch-pounds. 

In order to distinguish torque and bending moment from work, 

some writers use pownd-feet and pound-inches for the first two, 

and reserve foot-pounds and inch-pounds to mean work or 
energy. This distinction, however, is not generally made. 


Problems 


1. In Fig. 51, the diameter of the smaller pulley is 36 inches. The load P 
of 400 pounds is hung on a 1l-inch rope. Find the torque. 
Ans. 7,400 inch-pounds. 
2. The load W of Fig. 51 hangs on a 1-inch rope and exactly balances the 
load of Problem 1. If the diameter of the larger pulley is 4 feet what is 
the weight of W? 
78 
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3. A horizontal shaft carries a crank which is 20 inches long frorn axis of the 
shaft to the center of the crank pin. A vertical force of 600 pounds is 
applied to the crank pin. Find the torque when the crank makes an 
angle of 30 degrees with the horizontal. 

4. A shaft carries a 6-foot pulley. A belt over this pulley exerts a pull of 
2,000 pounds at one point of tangency and 300 pounds at the other. Find 
the torque if the thickness of the belt is neglected. 


42. Deformation and Stress at Surface of Shaft.—Figure 52 
represents a shaft fixed at the lower end. DB and EF are lines 
in its surface parallel to the axis CO. If the cylindrical surface 


Fic. 52.—Portion of shaft in torsion. 


between the lines DB and EF is developed, it forms the plane 
rectangle DBFE. If a torque is applied to the snaft, twisting 
it in a counterclockwise direction, the point B is displaced to B’ 
and the point F is displaced to F’. The developed surface 
DBFE suffers a shearing deformation and becomes the parallelo- 
gram DB’F’H. Every point on the surface at the upper end 
is displaced the distance BB’. If a is the radius of the cylinder 
and @ (in radians) is the angle through which the top is turned 
with reference to the base, the displacement BB’ is equal to aé. 
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If J is the length of the shaft, the unit shearing deformation is 
given by 


Os = ye (1) 


and the unit shearing stress in the outer fibers is given by 


i \ ae (2) 
Problems 


1. A 6-inch solid shaft is twisted 3 degrees in a length of 15 feet. What is 
the unit shearing displacement at the surface? 


wv 
3.600 ~ 0.000873. 
2. If the modulus of rigidity of the material of Problem 1 is 11,500,000 
pounds per square inch, what is the unit shearing stress in the outer fibers? 
Ans. S; = 10,040 pounds per square inch. 
3. What is the angle of twist in a 10-foot length of 1-inch rod when the unit 
shearing stress in the outer fibers is 8,000 pounds per square inch, if 
modulus of rigidity is 11,000,000 pounds per square inch? 
Ans. 6 = 10 degrees nearly. 
4. A 14-inch rod is twisted 36 degrees in a length of 15 feet. What is the 
unit displacement in the outer fibers? 
5. How much is a 2-inch rod twisted ina 
length of 5 feet if the unit displacement is 
the same as in Problem 4? 


Ans. 5s = 


43. Relation of Torque to Angle of 
Twist.—Figure 53 shows the upper 
end of the shaft of Fig. 52. An 
element of area dA is at the position 
M at a distance r from the axis. 
When the shaft is twisted and the 
top is turned through an angle of @ 
radians, this area is moved to M’, 


Its displacement is ré and the unit shearing displacement is 
given by 


BOS 
Fie. 53.—Shear displacement 
of torsion. 


9 
8 = 7 (1) 
The unit shearing stress on dA is given by 
E.ré 


8; = 


Lan (2) 
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The part of the shaft between the radius 7 and the radius r + dr 
is a hollow cylinder of thickness dr, which may be developed into 
a rectangular solid of width 2rr and thickness dr. The area of 
cross-section of this hollow cylinder is 2rrdr. The shearing 
force required to deform this cylinder is the product of its cross- 
section multiplied by the unit shearing stress. 


Herd _ 20 E.8 
DS cae 


Shearing force = 2ardr X Tors (3) 
The moment of this shearing force with respect to the axis of 
the cylinder is the product of the force by the distance r. 
Resisting moment = re sae. (4) 
The entire shaft may be regarded as made up of a series of 
concentric hollow cylinders of thickness dr, and the total resist- 
ing moment, which is equivalent to the external torque, is the 
integral of Equation (4) between the limitsr = Oandr = a. 


_ 2rE 60 Ge a Bl ne. 
y ae i pre-e [74103 


ee 
=e : 


bu (5) 


4 
The expression > is the polar moment of inertia of the circle of 


radius a and is usually represented by J. Equation (5) becomes 


_ Et, 


r= = 6) 
f hich Ga— ab Formula VI 
rom whic Sey ; 


This theory applies rigidly to circular shafts only. In Fig. 53, 
the straight line OMB remains straight when the shaft is twisted, 
provided the sections are circular. When the sections are not 
circular, a straight line from the center to the surface does not 
remain straight when torque is applied. The unit stress is not, 
therefore, proportional to the distance from the axis, and the 
equations above are not valid. 
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Problems 


1. A 2-inch solid steel shaft is twisted 3 degrees in a length of 12 feet. If 
the modulus of rigidity is 12,000,000 pounds per square inch, what is 
the torque? 

Ans. 6,854 inch-pounds. 

2. Find the angle of twist in a 15-foot length of a 6-inch solid shaft, with a 
6-foot pulley, if the tension on the belt at the one point of tangency is 
3,500 pounds and at the other point of tangency is 300 pounds. The 
modulus of rigidity is 11,400,000 pounds per square inch. 

Ans. 0.819 degree. 

3. A hollow tube, 3 inches outside diameter and 2 inches inside diameter, 
is twisted 1 degree in a length of 40 inches by a force of 520 pounds at 
the end of an arm 5 feet in length. Find &;. 

Ans. E, = 11,205,000 pounds per square inch. 

4. A hollow tube of the same material as that of Problem 3 is 5 inches outside 
diameter and 3 inches inside diameter. How much would it be twisted 
in a length of 20 feet by a force of 2,080 pounds at the end of an arm 8 
feet long? 


44. The Relation of Torque to Shearing Stress.—From Equa- 
tion (6) of Article 43, 


T= (1) 


and from Equation (2) of Article 48, 


Hae, 


Ss = jog (2) 
from which a = mu (3) 
Substituting in (1) 
Sal 
Ae eee (4) 
Ta. 
S, = “= Formula VII. 


Formula VII may be derived by another method, which is 
not based on the formulas of the preceding articles. Figure 53 
shows that the element dA is displaced a distance 7@ when the 
shaft is twisted. The displacement is proportional to r.. The 
unit displacement, and, consequently, the unit stress is propor- 
tional to r, which is the distance of the element dA from the axis 
of the shaft. 

If s, is the unit shearing stress at unit distance from the axis, 
the unit shearing stress at a distance ris sr. The shearing stress 
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on an area dA is s;rdA and the resisting moment is SE ‘Eire 
total moment is given by 


= sf r°dA; (5) 
Since ip r°dA is the polar moment of inertia, which is represented 


by J, 
IS ~~ (6) 


Since s; is the unit stress at unit distance from the axis, the 
unit stress at a distance r from the axis is syr, and the unit stress 
at the surface at a distance a from the axis is given by 


Ss = 810; (7) 
from which 


(8) 


s, = aa 
a 

Substituting in Equation (6), 
T= 3J = . Formula VII. 


Problems 


1. A 2-inch solid shaft is twisted by a force of 240 pounds applied at the end 
of an arm 4 feet in length. Find the unit shearing stress at the surface 
of the shaft. 


Ans. S. = 1b20 x2 = 7,334 pounds per square inch. 


2. A 6-inch solid shaft exerts a torque of 30,000 foot-pounds. Find the 
maximum unit shearing stress. : 

Ans. Ss = 8,488 pounds per square inch. 

3. Solve Problem 2 if the shaft is hollow with inside diameter 2 inches. 
Find the unit shearing stress at the outer and at the inner surface. 

S; at outer surface = 8,594 pounds per square inch; 
s, at inner surface = 2,865 pounds per square inch. 

4. Solve Problem 2 if the shaft is hollow with inside diameter 2 inches and 
outside diameter such that the area of cross-section is the same as that of 
a 6-inch solid shaft. 

5. What is the ratio of the weight of a hollow shaft 2 inches inside diameter 
and 6 inches outside diameter to the weight of a solid shaft 6 inches in 
diameter? . What is the ratio of the polar moments of inertia? 

6. If a is the outside radius of a shaft and 6 is the inside radius, what is the 
expression for the shearing stress at the surface? 

2Ta 


Ans. Ss = wat — b4) 
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7. Derive an expression for the shearing stress at the surface of a solid shaft 
in terms of the diameter. 
167, 
ad 
45. Relation of Torque to Work.—To an arm of length R, 
measured from the axis of a shaft, a force P is applied which is 
perpendicular to the plane passing through the axis of the shaft 
and the point of application of the force. The torque is RP. 
When the shaft makes one revolution, the point of application of 
the force moves through a distance 27R. The work done by 
the force Pis27RP. Since PR is the torque, 


work = 2rRP = 2rT. 


Ans. Ss aes 


The work per revolution is 27 times the torque. This relation 
is true, whether the torque is due to a single force or to a number 
of forces. 

In problems relating to the work done by a rotating body, 
solve first for the torque. When this is obtained, it may be used 
in Formulas VI and VII. 


Problems 


1. A shaft transmits 720 horsepower at 200 revolutions per minute. Find 


the torque in foot pounds. Ans. 18,907 foot-pounds. 
2. What must be the diameter of the shaft of Problem 1, if the shearing 
stress is 6,000 pounds per square inch? Ans. 5.77 inches. 


3. How many horsepower may be transmitted by a hollow shaft, which is 
6 inches inside diameter and 12 inches outside diameter, when the speed 
is 120 revolutions per minute and the shearing stress is 6,000 pounds per 
square inch? Ans. 3,634 hp. 

4. If S, is the allowable unit shearing stress, N is the number of revolutions 
per minute, hp is the horsepower, and a is the radius of the shaft, show 
that 

roe 33,000 X 12 X hp. _ 40,123 hp. 
a? NS, NS; 


5. If the allowable unit shearing stress is 5,000 pounds per square inch, 
show that the diameter of a solid shaft should be approximately, 


= 4a /he, 
a= 4y/M 

46. Helical Springs——An interesting illustration of torsion 
is the elongation or compression of a helical spring, such as 


is shown in Fig. 54. A helical spring is made by winding a wire 
or rod on a cylinder (in a single layer, usually). The radius of 
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the coil of the spring is the sum of the radii of the wire and the 
cylinder about which it is wound. When the spring is to be used 
in tension, the ends of the wire are turned in to the center, in 
order that the force may be applied in the line of the 


axis. Figure 54, II, is a plan of the lower turn. 
The force P is normal to the plane of the paper. 
Any portion of the spring CBO may be considered 
as a free body. The section at O is perpendicular 
to the wire. The plane of this section passes 
through the center C. The force P at C has no 
bending moment with respect to the section at O. 
The effect of the force P acting on the arm CBO 
is independent of the form of the arm. As far as 
the stresses at O are concerned, CBO might be a 
IC 
ar 
One. 
© 
ist 


straight rod from C to O. The effect of the force 
P on the section at O is a torque PR. Since O 
is any point on the helix, the entire wire, except 
the portion CB and a similar portion at the top, is 
subjected to the torque PR. In addition to this 
torsion, there is a constant total shear P. Since 
the coils are not exactly horizontal, there is 
another slight correction. Both of these, however, 
are neglected in ordinary calculations. inaunee 
The total elongation of a helical spring is Helical spring. 
calculated by multiplying the angle of twist in the 
entire length of the wire by the radius of the coil. 


Problems 


1. A rod 0.2 inch in diameter is used to make a helical spring of 20 turns. 
The radius of the coil from the axis to the center of all sections is 1 inch. 
What is the elongation, due to a load of 3 pounds, if the modulus of 
rigidity is 12,000,000 pounds per square inch. 


T =3inch-pounds; J = one length of rod, 407. 
3 X< 407 X 2 


0 = (0.2 radian. 


~ 12,000,000 X 0.00017 
Elongation = 0.2 X 1 = 0.2 inch. 


2. What is the unit shearing stress in Problem 1? 


Ans. Ss = Wes 1,910 pounds per square inch, 


T 
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3. If the same rod were used to make a spring of ten turns, each of 2-inch 
radius, what would be the elongation due to a load of 3 pounds, and what 
would be the unit shearing stress? 

Ans. 0.8 inch, 3,819 pounds per square inch. 

4. At Watertown Arsenal, a steel rod 1.24 inches in diameter and about 
241 inches long was formed into a helical spring 7.64 inches outside 
diameter. A load of 5,000 pounds shortened this spring 4.64 inches. 
Find the modulus of shearing elasticity Ans. 11,460,000. 

5. In Problem 4 find the unit shearing stress under the load of 5,000 pounds. 

Ans. 42,740 pounds per square inch. 

6. If Ris ihe radius of the helix, r the radius a the rod, P the load, EH, the 

modulus of elasticity in ones and m the number of turns, prove that 


4P Rn 


Hiongation = Er 


7. If S; is the allowable unit shearing stress, find the elongation of a spring 
in terms of S,, Hs, R, r, and n. ' 

27S;R?n 
Bet 

8. Find the expression for the elongation of a helical spring in terms of 
S;, L;, R, r, and l, in which l is the length of the rod. 


Ans. Elongation = 


_ SR 


Ans. Elongatio ee 


47. Resilience in Torsion.—A force P at the end of an arm 
R twists a shaft of length / through an angle of @ radians. If 


there is no torque at the beginning, the average force is > 9? and 
the work of twisting is given by 
PRe_ T@ 
Work = ar ra U, (1) 
fa = 
Chie BT (2) 
If the shaft is circular and of radius a, 
y = 278 _ SSE 
~ 2aEJ ~ QarE, (3) 
For a solid circular shaft 
PAU ee) mS ; 
U = PW ene iy x volume; (4) 


SE 


and the energy per unit volume = U = ik 


Formula VIII.. 
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Since the modulus of rigidity of metals is much less than the 
modulus of elasticity in tension or compression, the energy of 
torsion. is relatively large. When Poisson’s ratio is one-fourth, 

. 2E 
E, is Re 
the result is 


When this value of H, is substituted in Formula VIII 


583 
eae ToL ©) 


The elastic limit in shear is semewhat smaller than the elastic 
limit in tension or compression. If the limits were the same, a 
solid cylinder in torsion would store more energy than a block 
under direct stress. With direct tension or compression, the 
force must be very large and the displacement must be very 
small. With torsion, as in ahelical spring, the displacement may 
be large and the force correspondingly small. 


Problems 


1. In Problem 4 of Article 46, find the work done by the load of 5,000 pounds 
in shortening the spring and the work per cubic inch. 
Ans. 11,600 inch-pounds; 
39.8 inch-pounds per cubic inch. 
2. Find the resilience per cubic inch in Problem 1 by means of Formula 
VIII and the answers of Problems 5 and 4 of Article 46. 
3. A spring at the Watertown Arsenal was made of 36 pounds of steel rod 
1.02 inches in diameter. The outside diameter of the coil was 4.30 inches. 
A load of 11,000 pounds changed the length of this spring from 20.63 
inches to 16.67 inches. After the load was removed the spring returned 
to its original length to within 0,02 inch. Find the energy per cubic inch 
and the energy per pound. Ans. 50.4 foot-pounds per pound. 
4. In Problem 3 what was the maximum shearing stress due to torsion? 
Ans. 86,580 pounds per square inch. 


Miscellaneous Problems 


1. Two 5-inch by 3-inch by 3-inch angles are placed with the backs of the 
5-inch legs against the opposite sides of a 34-inch plate, and all three 
pieces are fastened together by a single row of 1-inch rivets lengthwise 
the angles. The allowable tensile stress is 16,000 pounds per square 
inch, the allowable shearing stress in the rivets is 12,000 pounds per square 
inch, and the allowable bearing stress between the rivets and the plates 
is 24,000 pounds per square inch. How many rivets are required? 

2. A shaft coupling is made of two disks which are connected together by 
14-inch bolts arranged in the circumference of a circle 12 inches in diam- 
eter. The shaft is 4 inches in diameter and each disk is attached to a 
hub which is 6 inches in diameter. What must be the thickness of the 
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disk if the maximum shearing stress in it is the same as the maximum in 
the shaft? How many bolts are needed? 

3. An 8-inch shaft is united to a fly-wheel by means of two keys, each 1 inch 
wide. ‘The allowable shearing stress in the keys is 50 per cent. greater 
than the allowable shearing stress in the shaft. The allowable bearing 
stress is twice the allowable shearing stress in the shaft. Find the length 
of the hub and the thickness of each key. 


CHAPTER VI 
BEAMS 


48. Definition of a Beam.—A beam is-a rigid body which is 
subjected to parallel transverse forces. Figure 55 is the front 
view of a horizontal beam which is firmly held at the right 
end and carries a load P at the left end. The wall in which the 
beam is fixed exerts an upward pressure R,; and a downward 
pressure R2. These two reactions and the load P constitute the 


R, 1D 
Fig. 55. Fie. 56.—Beam supported at ends. 


set of parallel transverse forces. Figure 56 shows a second beam 
which is supported at the ends and carries a concentrated load P 
between the supports. In addition to the concentrated load P, 
and the reactions R; and R2, the weight of the beam itself fur- 
nishes another parallel transverse force. If the beam is uniform, 
this weight is a wnzformly distributed load. 


Fig. 57.— Cantilever. 


49. Kinds of Beams.—Beams may be classified according to 
the character of the support and the method of loading. Figure 
57 represents a beam fixed at one end and free at the other. 
This kind of beam is called a cantilever. Figure 58 is a beam fixed 
at both ends. Figure 59 is fixed at the right end and supported 
at the left. Figure 60 is a beam which overhangs its supports. 

89 
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A beam with three or more supports, as in Fig. 61, is a continuous, 
beam. 

The figures show different methods of loading and some of 
the ways of representing the loads and reactions in diagrams and 
drawings. 

Figures 55, 56, and 59, show a single concentrated load on each 
beam. In Fig. 58, there are two concentrated loads. In Fig. 57, 


Hi l 

ue Ry Ry 

Fia. 59.—Beam fixed at one end and Fie. 60.—Beam overhanging its 
supported at the other. supports. 


there is a uniformly distributed load over the entire length. In 
Fig. 60, there is a uniformly distributed load over half the 
length, and a concentrated load at the right end. In Fig: 61, 
there is a distributed load over part of the left half and another 
load of greater weight per unit length over the right half. 

A beam is not necessarily horizontal. A vertical fence post 

subjected to the horizontal force 

of the wind or the weight of a 

b lj 3 gate is a cantilever beam. A 

: * post at the end of a line of wire 

fence is a vertical beam which 

is supported (horizontally) at the top and partially fixed at the 
bottom, and has a concentrated load at each wire. 

50. Reactions at Supports.—The calculation of the reactions 
at the supports of a beam is a problem of the equilibrium of 
non-concurrent, coplanar forces. The general problem of non- 
concurrent, coplanar forces has three unknown quantities, and 
requires three independent equations. When all the forces are 
parallel, as in most cases of beams, there are only two unknowns, 
and only two independent equations are required. One of these 
equations must be a moment equation; the other may be either a 
moment equation or a resolution equation. It is best to solve 
by two moment equations, and then check by a resolution 
equation. In order to eliminate one unknown, the origin of 


moments for the first equation, at least, should lie‘on one of the 
unknown reactions. 


Fig. 61.—Continuous beam. 
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Example I 


A uniform beam 12 feet long, weighing 60 pounds, is supported at the ends 
and carries a load of 72 pounds 4 feet from the left support (Fig. 62). Find 
the reactions at each support. Remembering that the center of gravity of 
a uniform beam is at the middle of its length, take moments about a hori- 
zontal line perpendicular to the beam through the right support. 


Ry R} 


Load Arm Moment 

in in in foot- 

pounds feet pounds 
60 X 6 = 360 
(2 <a tS soo 
ite on LZ =4 936 


R, = 78 pounds. 


Taking moments about the left support: 


60 X 6 = 360 
72 X 4 = 288 
R. X 12 = 648 


R. = 54 pounds. 


Check by vertical resolutions. 


Loads Reactions 
60 54 
72 ; 78 

132 132 


Ry Re 
Fia. 63.—Beam overhanging left support. 


Example II 


A beam 20 feet long, weighing 30 pounds per foot is supported at the right 
end and 4 feet from the left end and carries a load of 80 pounds at the left 
- end (Fig. 63). Find the reactions, and check. 
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The total weight of the beam is 30 X 20 = 600 pounds. 
Taking moments about an axis through the right support. 


600 < 10 = 6,000 

80 X 20 = 1,600 

Ri X 16 = 7,600 
R, = 475 pounds. 


Taking moments about an axis through the left support, 


600 x 6 = 3,600 
80 x —4 = —320 
R2 X 16 = 3,280 
R, = 205 pounds. 


It will be noticed that in the first part of each example counter- 
clockwise moment is written positively and in the second part 
clockwise is written positively. This is done for convenience 
to avoid negative signs as much as possible. It makes no dif- 
ference which sign is given to a moment expression, provided the 
same convention is retained throughout one equation. When the 
moments are not all of the same sign, it is convenient to take 
as positive the rotation which has the greatest number of terms. 
The direction of a moment should always be determined by 
noting which way it tends to rotate about the axis of moments 
rather than by observing the mathematical sign of the forces 
and the arms. 

In the second.example, the moment of the left 4 feet of the 
beam is counterclockwise about the left support while that of 
the remaining 6 feet is clockwise. Some students would write 
these two portions separately taking 120 pounds with a moment 
arm of 2 feet and 480 pounds with a moment arm of 8 feet. The 
method used in the illustrative example, where the whole weight 
is treated as concentrated at its center of gravity 6 feet from 
its right support, is shorter. Again, some would write these 
moments in the form of an equation, the first part of the second 
example being 


600 X 10 + 80 X 20 = 16R,. 


This is sometimes convenient when there are factors which can 
be cancelled, but generally it is better to arrange the work as 
shown in the example. Where there are a large number of 
terms, several of which are negative, it is advisable to put the 
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positive moments in one column and the negative moments in 
another. 


Problems 


1. A uniform beam, 24 feet long, weighing 60 pounds per foot, is supported 
2 feet from the left end and 6 feet from the right end, and carries a load of 
480 pounds on the left end and a load of 320 pounds 8 feet from the left 
end. Find the reactions and check. 

2. A horizontal beam, which is 22 feet long and weighs 792 pounds, is 
supported at the left end and 4 feet from the right end. It carries a load 
of 360 pounds 6 feet from the left end and a load of 216 pounds on the 
right end. Find the reactions at the supports by two moment equations 
and check by a resolution equation. Check also by moments about the 
right end. 

3. A beam, 24 feet long, is supported at the left end and 4 feet from the right 
end. The beam weighs 60 pounds per foot and carries a load of 240 
pounds. ‘The left reaction is 648 pounds. Find the location of the 240- 
pound load and the reaction of the right support. Check. 

4. A uniform beam is 18 feet long and weighs 288 pounds. It issupported 
at the left end and 2 feet from the right end, and carries a single concen- 
trated load. The reaction of the left support is 262 pounds and the 
reaction at the right support is 346 pounds. Find the magnitude 
and position of the load and check. 

5. A beam 4 feet long, weighing 60 pounds, with its center of gravity at the 
middle, is hinged at the lower right corner (Fig. 64) and held horizontal 
by a horizontal pull 8 inches above the hinge. Find this horizontal pull 
(H), the horizontal component of the hinge reaction (C), and the vertical 
component of the hinge reaction (V). 

Ans. H, 180 pounds; C, 180 pounds; V, 60 pounds. 

6. The beam of Fig. 64 is hinged at the lower right corner and supported by 
a rope which is attached toa point 8 
inches above the hinge. This rope makes 
an angle of 10 degrees above the 
horizontal toward the right. Find the 
tension in the rope and the components 
of the hinge reaction. Solve also 
graphically. Fic. 64.—Beam supported by 

7. What should be the direction of the rope horizontal couple. 
of Problem 6 in order that the vertical 
reaction at the hinge may be zero? Solve geometrically. 


51. Shear ina Beam.—Figure 65 shows acantilever beam which 
is fixed at the right end and carries a concentrated load P near 
the left end. A section EFG across this beam separates the left 
portion asa free body. Figure 69 shows the front elevation of the 
same beam. The load P is at a distance a from the left end, the 
section EFG is at a distance x from the left end, and the weight 
per unit length is w. When the portion of the beam to the left 
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of the section HFG is considered as a free body, the external forces 
are the load P and the weight of the portion, which is wz. The 
portion of the beam is kept in equilibrium by the internal forces 
which the right portion exerts on the left across the plane HFG. 


Fie. 65.—Section of cantilever. 


Figure 66 shows the beam actually cut in two at the section 
FG. A cylinder, with its axis horizontal and perpendicular 
to the length of the beam, separates the two portions near the 
bottom, and a short horizontal chain connects them near the top. 


kal" 


w Pounds Per Foot 


Fig. 66.—Cantilever shear and Fic. 67.—Cantilever shear resisted by 
tension. friction. 


A vertical chain is attached to the right end of the left portion 
of the beam. 

The tension in each chain and the compression in the cylinder 
are calculated as a problem of the equilibrium of non-concurrent, 
coplanar forces. By a vertical resolution, the tension in the 
vertical chain is shown to be equal to the sum of the two vertical 
loads. This may easily be verified if the chain is supported by 
a spring balance. The horizontal resolution shows that the pull 
H of the horizontal chain is equal to the horizontal push C of the 
cylinder. 

In Fig. 67 the cylinder is replaced by a rectangular block. 
If the coefficient of friction is sufficiently large, the friction will 
exert a vertical force equal to the weight of the portion, and the 
vertical chain may be removed. This vertical force is trans- 
mitted across the rectangular block as vertical shear. 
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Figure 68 shows the same beam with the pieces glued together. 
The lower part of the glue is in compression, the upper part is 
in tension, and all of it is in shear. 

Figure 69 represents a similar beam which has not been cut. 
The material in it at any section is under the same stresses as 
the glue of Fig. 68. 


d 


Fia. 68.—Resisting shear and moment Fig. 69.—Shear and moment at 
at glued section. section. 


The vertical shear, V, of Fig. 69, is called the resisting shear. 
The resultant of all the forces parallel to the section which act 
on the portion of the beam on either side of the section is called 
the external shear. In a horizontal beam the external shear (for 
a section at right angles to the beam) is vertical and is called the 
total vertical shear. In formulas total vertical shear is represented 
by V. The resisting shear on one side of any section is equal and 
opposite to the external shear acting on the portion of the beam 
on the other side of the section. In Fig. 68 the external shear 
on the portion of the beam to the left of the section is P + wa 
acting downward and is equal to the resisting shear with which 
the portion to the right of the section acts on the glue. Since 
the entire beam is in equilibrium under the action of the external 
forces, the external shear on the portion to the right of the sec- 
tion must be equal and opposite to the shear on the left portion. 
In like manner, the portion to the left of the section exerts a shear 
equal and opposite to Vi upon the portion to the right. 

The magnitude of the vertical shear may be determined from 
the vertical resolution of all the external forces which act on 
either the left or the right portion of the beam. In Figs. 68 and 
69 it is convenient to use the left portion, since the external forces 
on this portion are given. In a cantilever fixed at the left end 
it would be better to consider the portion to the right of the sec- 
tion as the free body in equilibrium. 

The sign of the vertical shear is determined from the resultant 
of the forces which act on the portion to the left of the section. 
The vertical shear is positive when the resultant of the vertical 
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forces to the left of the section is upward. It is positive when 
the internal shear acting from the left portion upon the right 
portion at the section is upward. In Figs. 68 and 69, the verti- 
cal shear is negative. 


TEE 


10 0 
Ri Fe 


Fic. 70.—Beam supported at ends. 


Example 


A uniform horizontal beam, 10 feet long, weighing 12 pounds per foot, is 
supported at the ends and carries a load of 30 pounds 3 feet from the left 
end (Fig. 70). Find the total vertical shear at a section 2 feet from the left 
end and at a section 4 feet from the left end. 

The reactions are 81 pounds at the left support and 69 pounds at the right 
support. Using the left portion as the free body in equilibrium, at 2 feet 
from the left end, 

V, = 81 — 2 X 12 = 57 pounds. 


At 4 feet from the left end, 

V. = 81 — 4 X 12 — 30 = 3 pounds. 
Using the right portion as the free body, 

—V, = 69 — 6 X 12 = —3 pounds. 
Just before the load of 30 pounds is reached, the shear is 

V3. = V2 — 12 = 57 — 12 = 45 pounds. 
Just after the load is passed, the shear is 
Vs4 = 45 — 30 = 15 pounds. 


Problems 


1. Calculate the shear at every foot for the beam of Example I of Article 50. 
Find the shear at 6 feet and at 8 feet from the lett end by means of the 
portion to the right of the section. Why do you change the sign? 

2. Find the shear at every foot for the beam of Example II of Article 50. 


52. Bending Moment and Resisting Moment.—To calculate 
the compressive and tensile forces at any section one moment 
equation must be written. The moments are calculated with 
respect to an axis in the plane of the section YG (Figs. 71 and 
69) perpendicular to the external forces. (In Fig. 69 this axis 
is perpendicular to the plane of the paper.) Considering the 
portion of the beam to the left of the section (Fig. 69) as a 
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free body, the moment of the resisting shear is zero (since its 
line of action passes through the axis of moments) and the 
moment of the external forces to the left of the section must be 
equal and opposite to the moment of the forces, H; and (Cy, 
which act across the section from the right portion. It is ad- 
visable to take the axis through the center of gravity of the 
cross-section. This axis is the line AB of Fig. 71. The moment 


Fria. 71.—Moment of cantilever section. 


about this axis of all the external forces which act on the free 
portion of the beam is called the external moment, or the bending 
moment. In Fig. 71, the external moment is the moment of 
the force P and of the weight of the left portion of the beam with 
respect to the axis AB. The moment of the internal forces with 
respect to the same axis is called the reszsteng moment. In Fig. 
69, the resisting moment is the moment of the horizontal forces 
H, and C, about an axis through GF perpendicular to the plane 
of the paper. 

Since the resisting moment and the external moment are 
always equal, it is customary to speak of the moment at the 
section. 

When the external reactions and loads are all perpendicular 
to the length of the beam, and, consequently, are parallel to 
the section, the moment arms of all these forces may be measured 
from the plane of the section, instead of from some particular 
axis in this plane. When the external forces are perpendicular 
to the length, the internal forces are equal and opposite and, 
consequently, form a couple. The moment of a couple is the 
same for every axis perpendicular to the plane of the forces. 
For these reasons, the moment may be calculated about any 
axis in the plane of the section, provided the axis is perpen- 
dicular to the plane of the applied forces. It is customary, there- 
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fore, to speak of the “moment at a section” without reference to 
any particular line in that section. 

The bending moment is considered positive at any section 
when the portion to the left of the. section tends to turn the 
portion to the right in a clockwise direction, or when the resisting 
moment from right to left is counterclockwise. The bending 
moment is negative in Figs. 69 and 71 and is positive in Fig. 70. 


In the cantilever fixed at the 

—_— jefe ond ein Cathe meee 
NEGATIVE. MOMENT ment at all sections is nega- 
tive. The portion to the 

“A . ' right of F in this cantilever 

NEGATIVE tends to turn the portion to 

the left of F in a clockwise 

direction; consequently, the 

portion to the left of F tends 

- to turn the portion to the 

~—1 2 right of F in the opposite, or 

vA POSITIVE Re counterclockwise direction. 

: The moment, therefore, is 


, negative. Inthe beam which 

“if Py is supported near the ends, 
the portion to the left of P is 

Rilo Bs evidently bending the re- 


NEGATIVE POSITIVE NEGATIVE 


Fie. 72.—Positive and negative 
moment. 


mainder in a clockwise direc- 
tion. Between the load and 
the right support, the moment 
of the left reaction is positive while that of the load is negative. 
With the supports at the ends, as in Fig. 70, the moment of the 
reaction is everywhere greater than the moment of the load. 
The moment is, therefore, positive throughout the entire beam. 
This may be proved if the portion to the right of G is taken as 
the free body. The right reaction R, turns this portion counter- 
clockwise. The moment of the left portion must, therefore, be 
clockwise or positive. 

The beam which overhangs the supports has negative moment 
from the left end to a point A, which is some distance to the right 
of the left support, and from the point B to the right end. 
Between A and B the moment is positive. 

From the bent beams of Fig. 72 it is seen that with negative 
moment the beam is convex upward and that the center of curva- 
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ture is downward. With the positive moment the beam is 
concave upward. The most convenient method of determining 
the sign of the moment in many cases is by means of the center of 
curvature. If the center of curvature is on the positive side 
(above the beam) the moment is positive; if the center of curva- 
ture is on the negative side of the beam the moment is negative. 
When a beam is not horizontal, as in Fig. 73, the X axis is 
taken parallel to the direction of its length and the Y axis at 
right angles to the direction of the 
X axis in the counterclockwise 
direction from that axis. The 
moment is positive when the 
ordinate of the center of curvature 
is positive, and negative when the 
ordinate of the center of curvature Fic. 73.—Inclined beam. 
is negative. In Fig. 73, the 
moment is positive from A to B and negative from B to C. 
In formulas and equations, the bending moment is represented 
by M. : 


Example 


A uniform horizontal beam 10 feet long, weighing 24 pounds per foot, is 
supported at the ends and carries a load of 60 pounds 3 feet from the left 
end. Find the moment and shear at 2 feet from the left end and at 5 feet 
from the left end. 

The left reaction is 162 pounds and the right reaction is 138 pounds. 
At 2 feet from the left end the moment is that of the left reaction with an arm 
of 2 feet turning clockwise, and the weight of 2 feet of beam with a moment 
arm of 1 foot turning counterclockwise. 


Force Arm Moment 
162 x 2 = 324 
—48 x 1 = —48 
V = 114 pounds M = 276 foot-pounds. 


At 5 feet from the left end, 


: Arm P 2 
Force in pounds teat Moments in foot-pounds 


162 5.0 810 
2120.6 22215 —300 
= 600 2.0 = 120 
—180 —420 


Vs = —18 pounds. 5 = 390 foot-pounds. 


100 STRENGTH OF MATERIALS [Art. 52 


The point B of Fig. 73 is called a point of inflection, or a point 
of counterflecure. The moment at this point is zero and changes 
sign. 


Problems 


(In all problems of this kind, make a sketch of the beam, put in all the dimen- 
sions and loads. After the reactions have been calculated, put these on the 
sketch, preferably in parentheses to show that they are not part of the original 
data. Check every step.) 


1. A beam 12 feet long, weighing 60 pounds per foot, is supported at the 
ends and carries a load of 120 pounds 3 feet from the left end. Find 
the moment and shear at 2 feet from the left end, 3 feet from the left 
end, and 6 feet from the left end. 

Ans. V. = 330pounds; M, = 780 foot-pounds; 
Vs = —30 pounds; M, = 1,260 foot-pounds. 

2. A beam i2 feet long, weighing 20 pounds per foot, is supported at the 

ends. Find the moment at 3 feet from the left end and at the middle. 
Ans. M, =360 foot-pounds. 

3. In Problem 1, find the moment at 6 feet from the left end by means the 
portion to the right of the section as the free body. 

4. A beam of length / is supported at the ends and carries a load P at the 
middle. Find the moment at the middle, at one-fourth the length from 
the left end, and at three-fourths the length from the left end. 

Pl 


Ans. At the middle, M = 4 


5. A beam of length J is supported at the ends and carries a uniformly 
distributed load of w per unit length. Find the moment at the middle, 
at one-fourth the length from the left end, and at three-fourths the length 
from the left end. 


2 
Ans. At the middle, M = —- 


6. Solve Problem 2 by substituting in the answer of Problem 5. 

7. A beam 15 feet long weighs 40 pounds per foot. It is supported at the 
right end and at 3 feet from the left end, and carries a load of 100 pounds 
on the left end. Find the shear and the moment at 2 feet, 3 feet, 
4 feet, 5 feet, and 6 feet, from the left end. 

8. A beam 20 feet long, weighing 80 pounds per foot, is supported at the 
left end and 4 feet from the right end, and carries a load on the right 
end. Find this load if the moment at 3 feet from the left end is 300 
foot-pounds. 

9. Find the moment at the fixed end of a cantilever of length / which is due 
to a load P at the free end. Also find the moment which is due to a 
uniform load W. Find the shear in each case at the fixed end. 


Ans. Moments, —Pl, — oS shear, —P, —W. 


10. If an observer should pass from one side of a beam to the other (from 
front to rear), show that the sign of the shear as viewed from the new 
position will be reversed but the sign of the moment will not be changed. 
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53. Shear Diagrams.—It is often convenient to represent 
the total shear at all sections of a beam by means of a dia- 
gram. Figure 74 is the shear diagram for a uniform horizontal 
beam, which is 12 feet long, weighs 20 pounds per foot, and is 
supported at the ends. Each end reaction is 120 pounds. At 
any section of the beam, the shear is the algebraic sum of the 
left reaction upward and the weight of the portion of the beam 


1e-ft: 


Fie. 74.—Shear diagram for distributed load. 


between the left end and the section acting downward. Infi- 
nitely near the left support, the weight of the portion of beam to 
the left is negligible. The shear, therefore, is the left reaction of 
120 pounds. Infinitely near the right support, the shear is the 
reaction of 120 pounds minus the weight of practically all the 
beam, which is 240 pounds. The shear is, therefore, minus 120 
pounds. At one foot from the left end, the shear is 


V,; = 120 — 20 = 100 pounds. 


At 2 feet from the left end, the shear is 80 pounds. If the shear 
is calculated for every foot, and a line passed through each point, 
this line is found to be a straight line. The shear diagram may be 
constructed by constructing the points at the ends and joining 
these with a straight line. At x feet from the left support the 


shear is 
V, = 120 — 202, (1) 


which is evidently the equation of a straight line. 

Figure 75 is the shear diagram for a beam which is 10 feet long, 
weighs 60 pounds per foot, is supported at the ends, and carries 
a load of 200 pounds 3 feet from the left end. By moments about 
the right support, the left reaction A; is found to be 440 pounds. 
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By moments about the left support, the right reaction is found to 
be 360 pounds. ‘The sum of these reactions is 800 pounds, which — 
checks the total load. ; 
The shear is 440 pounds infinitely near the left support. 
It drops 180 pounds in the first 3 feet and is 260 pounds infinitely 
close to the left of the load of 200 pounds. Under this load, the 
shear diagram drops vertically 200 pounds. ‘The shear infinitely 


200 7F 


; ! 
(Goran a 


60 Per Foot 


10° 


Fie. 75.—Concentrated and distributed loads. 


close to the right of the 200-pound load is 60 pounds. Beyond 
the concentrated load, the shear drops at the rate of 60 pounds per 
foot for the remaining 7 feet. It is minus 360 pounds infinitely 
close to the left side of the right support. The right reaction of 
360 pounds raises the diagram to the initial line. The diagram 
crosses the initial line, or zero ordinate, 1 foot to the right of the 
concentrated load, which is 4 feet from the left support. 

The shear diagram of Fig. 75 is a vertical straight line at each 
support and at the concentrated load, and the discussion refers 
to points infinitely near the supports or the load. This method of 
treatment assumes that the loads and reactions act on mathe- 
matical lines. In reality, the surface of contact is a band of some 
width extending across the beam, and the actual shear diagram 
is something like that represented by the broken curved lines. 
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In Fig. 75, the shear decreases 60 pounds for every foot. 
With the origin of coérdinates at the left end, the equation of 
shear for the first 3 feet is 


V = 440 — 602. (2) 
For the remainder of the beam, 
V = 440 — 200 — 60x = 240 — 60z. (3) 


If the origin of coérdinates is taken at the concentrated load, 
the equation of the shear for the beam to the right of that load is 


V = 60 — 60z. (4) 


It is frequently desirable to locate the point at which the shear 
is zero. This may be done by means of the equation of the shear 
diagram. If Equation (2) were used, the result would not be 
the point desired, since this equation applies only to the part 
of the beam to the left of the load. Equation (8) gives the point 
4 feet from the left end and Equation (4) gives it 1 foot from the 
load of 200 pounds. ; 

Generally, it is better not to think of the equation of the line. 
At 3 feet the shear drops to 60 pounds. It continues to drop at 
the rate of 60 pounds per foot, in what distance will it become 
zero? 


Problems 


1. A horizontal beam is 12 feet long, weighs 50 pounds per foot, and is 
supported at the right end and 2 feet from the left end. It carries a load 
of 200 pounds 2 feet from the right end. Construct the shear diagram 
with 1 inch in the horizontal direction equal to 2 feet of length and 1 inch 
in the vertical direction equal to 100 pounds of shear. Calculate the 
position of zero shear ‘and compare with the diagram. 

2. A horizontal beam is 12 feet long, and weighs 20 pounds per foot. It is 
supported 4 feet from the left end and held down at the left end. It 
carries a load of 60 pounds per foot from the second support to the right 
end. Construct the shear diagram with abscissas as in Problem 1, and 
with ordinates of 1 inch equal to a shear of 200 pounds. 

3. A beam 20 feet long carries a load of 200 pounds per foot, including its 
own weight. It is supported at the ends and carries a load of 800 pounds 
5 feet from the left end and a load of 400 pounds 2 feet from the right end, 
Draw the shear diagram to a suitable scale. 

4. A beam of length / is supported at the ends and carries a load P at the 
middle. If the weight of the beam is neglected, draw the shear diagram. 

5. A beam of length J is supported at the ends and carries a load P/2 at a 
distance a from the left end and an equal load at a distance a from the 
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right end. Construct the shear diagram, neglecting the weight of the 
beam. Where is the shear zero? 

6. A beam of length / is supported at the ends and carries a load P at a dis- 
tance a from the left end and a load Q at a distance b from the right end. 
The loads and distances are such that Pa = Qb. Neglecting the weight 
of the beam, find the reactions and construct the diagram. 


Shear diagrams are usually made up of straight lines. These 
lines are horizontal from one load to the other when the loads 
are concentrated and the weight of the beam is neglected. With 
uniformly distributed loads, the lines slope downward from left 
to right. (With distributed loads pushing up, as in the bottom 


I 
Il 
Ill . Iv 
Fig. 76.—Shear diagrams. 


of a boat subjected to water pressure, the lines slope upward.) 
Where loads are distributed not uniformly, as in the case of the 
water pressure on a vertical dam, the shear diagram is curved. 

The student should become sufficiently familiar with the 
simpler shear diagrams to be able to recognize the character of 
the loading at a glance. 


Problem 


7. Describe the loading and the character of support which gives each of 
the shear diagrams of Fig. 76. 


54. Moment Diagrams.—Moment diagrams are constructed 
in the same way as shear diagrams. The abscissas represent 
horizontal distances in the beam, and the ordinates represent 
the external moments. In this book, positive moment is drawn 
upward. Some writers, however, prefer to draw the moments 
opposite to the method here used. 
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Since shear diagrams usually consist of straight lines, they are 
easy to construct. Moment diagrams are curved, except when 
all the loads are concentrated. 

Figure 77 shows the shear and moment diagram for a beam 
supported at the ends and carrying a load P at the middle. The 


Dh ih j Distributed Load 40+ Per Foot 
aaa [ad TTT TTT TIT TTT TTT TTT TTT tr 


MOMENT DIAGRAM MOMENTS 
Fig. 77.—Singly concentrated Fie. 78.—Uniformly distributed 
load. load. 


weight of the beam is neglected. The end reactions are - The 


: : ei a 
moment at any section at a distance x from the left end is re 
provided z is not greater than one-half of the length. Under the 


load the moment is Et The moment diagram for the left half 


4 
P 
of the beam is a straight line through the points (0, 0) (Gs ed 


Beyond the concentrated load, the moment caused by the Seer 
at the left end is diminished by the moment caused by the load 
at the middle. At a distance x from the left end, when z is 


greater than - 
ie S oe 
Moment = mm P(a -5)- =i - aD) 


This also is a straight line. The last of the expressions for the 
moment may be obtained directly by using the portion to the 


; Ee 
right of the section as the free body. The right reaction is 2 


and its moment arm is! — z. 


106 STRENGTH OF MATERIALS [Arr. 54 


Figure 78 gives the shear and moment diagrams for a beam 
which is supported at the ends and carries a uniformly distributed 
load. The moment diagram is a parabola with the vertex at 
the top. 


Example 


A beam 12 feet long weighs 20 pounds per foot. It is supported at the. 
left end and 2 feet from the right end, and carries a load of 100 pounds 2 feet ° 
from the left end and a load of 80 pounds at the right end. Construct the * 
shear and moment diagrams to the scale of 1 inch horizontal equals 2 feet ~ 
of length, and 1 inch vertical equals 100 pounds shear and 100 foot-pounds 
moment. * le ti 


, 


y on f/ , / , 3 
8 


One 2 
MOMENT IN FOOT POUNDS 


Fig. 79.—Shear and moment diagrams. 


Figure 79 shows the curves for this example. Under the load 
of 100 pounds, the shear diagram drops from 120 pounds to 
20 pounds and the moment diagram has an abrupt change of 
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curvature. At the right support, the shear diagram rises verti- 
cally and the moment diagram has a still more abrupt change of 
curvature and direction. The shear diagram crosses the X axis 
3 feet from the left end, at which point the moment is a maximum. 
The shear again crosses the X axis at the right support, where 
the moment is a minimum. 


Problems 


1. A beam 10 feet long is supported at the ends and carries a distributed 
load of 600 pounds per foot, which includes its own weight. A concen- 
trated load of 2,000 pounds is applied 3 feet from the right end. Con- 
struct the shear and moment diagrams to the scale of 1 inch horizontal 
equals 2 feet and 1 inch vertical equals 1,000 pounds shear and 2,000 
foot pounds moment. Find the position of zero shear algebraically, 
and compare with the diagram. 

2. Construct the shear and moment diagrams for a beam of length 1, which is 
supported at the ends and carries a load P at six-tenths the length from 
the left end. Neglect the weight of the beam. Compare with Fig. 77. 

8. Construct the moment diagram for Problem 5 of Article 53. 

4. Write the equation of the moment curve of Fig. 78. 

5. Write the equation of the moment curve for a beam of length 1, which is 
supported at the ends and carries a uniformly distributed load of w 
pounds per unit length. 

wle war wa 

2 g oN 

6. In Problem 5, how far from the ends is the moment one-half as great as 
the moment at the middle? 

7. Write the equation of the moment curve of the example, Fig. 79, in 
terms of the distance from the left end. 

M = 160x — 10z?, from 0 to 2 feet. 
Ans. ;M = 60x + 200 — 10x?, from 2 feet to 10 feet. 
M = 320x — 2,400 — 10x?, from 10 feet to 12 feet. 

8. Find the moment at 2 feet from the left end by both the first equation 
and second equation of Problem 7, and find the moment at the right 
support by the second equation and third equation. 

9. Solve the second equation of Problem 7 for the position of which the 
moment is zero. There are two solutions of the algebraic equation. 
Which one should be taken? Why? What is this point called? 

10. Apply the mathematical condition of maximum and minimum to the 
second equation of Problem 7 to find the position of maximum moment. 


Ans. M = 


ane 


55. The General Moment Equation.—In the examples which 
have been given, the origin of codrdinates has been taken at 
the left end of the beam. But it is often desirable to be able 
to write the moment equation with any point as the origin. 
Figure 80 represents a beam of indefinite extent with the origin 
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of codrdinates on a vertical line through O. To the right of the 
origin, at distance a1, dz, etc., there are concentrated loads Pi, 
P,. etc. There is also a uniformly distributed load of w per unit 
length. There may be any number of vertical loads and reac- 


Fic. 80.—General case of loading. 


tions to the left of the origin, but all the vertical loads may be 
replaced by their resultant Q at some definite distance b from 
the origin, and all the vertical reactions by a single reaction R 
at a distance c from the origin. Writing the moment with respect 
to a section at a distance x from the origin, 


Moet iC 2) — )(b - 2) =F (ara i 

P2(% — ae) — =, (1) 
M = Re — Qb+ (R — Q)ax — Pi(x — ay) — 

P2(x — ae) = (2) 


Re — Qb is the moment at the origin, which may be represented 
by Mo, and R — Q is the shear at the origin, which may be 
represented by Vo. 


ave 


Mo= Mo ct Vee — Pi@ = 63)s> Pa @i atalino (3) 
: wx? 
“7M = M+ Vow — P(x — a) — “92 Formula IX. 


in which 2P(x« — a) represents the sum of the moments of all the 
concentrated loads between the origin and the section considered. 
When any point on a beam is taken as the origin of coérdinates, 
the moment at any section at a distance x to the right of the origin 
is the moment at the origin, plus the shear at the origin multi- 
plied by the distance of the section from the origin, plus the mo- 
ment with respect to the section of each load and reaction between 
the origin and the section. 
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Example I 


For the beam of Fig. 79, find the moment at 6 feet from the left end by 
means of the general moment equation, taking the origin of codrdinates 
infinitely close to the right of the load of 100 pounds. 


M, = 280 foot-pounds; V>) = 20 pounds. 
M = 280 + 20 X 4 — 80.X 2 = 200 foot-pounds. 


Problems 


1. For the beam of Fig. 79, with the origin of codrdinates as in the above 
example, find the moment at 8 feet, at 10 feet, at 11 feet, and at 12 feet 
from the left end. 

2. Solve Problem 1 with the origin 
of coérdinates 3 feet from the 
left end. 


Example II 


A cantilever of length J and 
weight w per unit length is fixed 
at the left end. Take the origin 
of coérdinates at the fixed end and ; 
derive the expression for the moment at a distance x from the origin by 
means of the general moment equation. 

The entire beam to the right of the origin (Fig. 81) must be taken as 
the free body to find My and Vo. 


Fia. 81.—Cantilever fixed at left end. 


2 
Vo = wil. 
M = ay se 2a)? 
2 2 2 : 


The last form of the moment may be checked by means of the portion of 
the beam to the right of the section as the free body. The weight of this 


portion is w(l — x) and its moment arm is 5) =. This last method is the 


one which would generally be used for a problem of this kind. The general 
moment equation is applied chiefly to continuous beams, such as those in 
Chapter IX. 


Problems 


3. A beam 24 feet long, which weighs 60 pounds per foot, rests on three 
supports, spaced 10 feet apart, and overhangs the left support 4 feet. 
By methods of Chapter IX, the shear infinitely close to the right of 
the left support is found to be 285 pounds. Write the equation for the 
moment for sections between the first and second support. Find the 
moment at 5 feet from the left support and also over the second support. 

4. In the beam of Problem 3, write the moment equation for the span 
between the second and third support with the origin of coédrdinates 
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infinitely close to the right of the left support. Represent the unknown 
reaction at the middle support by Ry. Calculate the moment over the 
right support by this equation and solve for Ro. 


56. Relation of Moment and Shear.—Differentiate the general 
moment equation with respect to x. 


wx? 
M = M, a Vox 4 Pe 4 1) —= Pla — (2) — oon (1) 
Ry Pe wok (2) 
dx 


The right member of (2) is recognized as the shear at a distance 
x from the origin. 


—— = /. Formula X. 


The derivative, with respect to the length, of the moment equation 
of a beam gives the shear in the beam. 

In Fig. 79, there is an abrupt change in the slope of the moment 
curve at the concentrated load and at the second support. 
At the concentrated load, the shear changes from 120 pounds to 
20 pounds and there is an equivalent relative change in the slope 
of the tangent tc the moment curve. The shear at this point 
may be said to have any value between 120 pounds and 20 pounds. 
The derivative of the moment is not s¢ngle-valued and Formula X 
does not hold. It does hold, however, infinitely close to this 
point on either side. 

In reality, no load can be concentrated at a point or on a line 
extending across the beam. A so-called concentrated load is 
actually distributed over an area. If this distribution were 
known, the shear at any point would have a single value and 
Formula X would be found to be valid at all sections. 


Since 
dM 
Y= ae 
i Vdx = if dM: 
f Vax = M, —M;. Formula XI. 


The integral of Vdx between any two values of x gives the difference 
of the moments at the corresponding points. 

Figure 82 is part of the shear diagram for a beam which is sup- 
ported at the left end, weighs w pounds per foot, and carries a 
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load P at a distance a from the left end. The element of width 
dz at a distance x from the left of the diagram extends from the 
X axis to the line BC. The area of this element is Vdx. The 
integral of Vdx between the limits x; and x2 represents the area 


Fie. 82.—Relation of area of shear diagram to moment. 


which is bounded by the shear diagram, the X axis, and the 
ordinates x; and 22. Since if Vdx =M2— M,, the area of the 


shear diagram between two points ts the difference between the 
moments at these points. When the shear is negative, the area 
is below the X axis, and, therefore, is negative. 

At the ends of a beam, if all the loads and reactions are per- 
pendicular to the length, the moment is zero. It follows, 
therefore, that the moment at any section is the entire area of 
the shear diagram from the end of the beam to the section. 


Example 


In Fig. 79, find the moment at 2 feet, 3 feet, 4 feet and 7 feet from the left 
end by means of the area of the shear diagram. 

At 2 feet, the moment is the area of the trapezoid the base of which is 2 
feet, and the altitude is 160 units on one side and 120 units on the other side. 
160 + 120 

2 
At 3 feet the moment is the moment at 2 feet plus the area of the triangle 
20 units high and 1 foot wide. 
M; = 280 + 10 = 290 foot-pounds. 
At 4 feet the negative triangle is subtracted from the moment at 3 feet. 
M, = 290 — 10 = 280 foot-pounds. 


M,=0+ xX 2 = 280 foot-pounds. 
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At 7 feet, the negative triangle has a base of 4 feet and an altitude of 80 
units. 


M, = 290 ox ae 130 foot-pounds. 
Problems 


1. In Fig. 79, find the moment at 5 feet, 9 feet, 10 feet and 12 feet from 
the left end by means of the area of the shear diagram, assuming that the 
moment at 3 feet is known. 

2. In Problem 1 of Article 54, find the moment at 2 feet, 3 feet, 4 feet, 7 
feet and 10 feet from the left end by means of the shear diagram. 

3. A cantilever of length / is fixed at the right end and carries a load P 
at the left end. Calculate the moment at the right end by means of the 
shear diagram. 

4. A cantilever of length / is fixed at the right end and carries a load of 
w per unit length, uniformly distributed. Find the moment at the right 
end by means of the area of the shear diagram. 

5. A beam of length J is supported at the ends and carries a load P at the 
middle. Find the moment at one-fourth the length from the left end, and 
also at three-fourths the length from the left end by means of the shear 
diagram. 

6. A beam of length J, which is supported at the ends, weighs w pounds per 
unit length. Find the moment at the middle and at a distance x from the 
left end by means of the area of the shear diagram. 

7. Find the moment for any point between the loads for the beam of Problem 
5 of Article 53. 

8. Find the moment at any point on the beam of Problem 6 of Article 53 
by means of the shear diagram. Draw the moment diagram. 

9. In Fig. 82 write the expression for the moment at a distance x’ from the 
left end, where x’ is greater than a. and show what areas on the figure 
represent the terms of the result. 


57. The Dangerous Section.—A section in a beam where the 
moment has a maximum numerical value is called a dangerous 
section. The mathematical condition for a maximum or mini- 
mum value of M is that the derivative with respect to the length 


eet aee. 
shall be zero. But since aa the shear, this means that there is 


a dangerous section at every point where the shear becomes zero 
In Fig. 79 the shear diagram crosses the X axis at 3 feet from the 
left end. This is one dangerous section. 

The shear may pass: through zero when the moment equation 
does not fulfill the mathematical condition that the slope of the 
tangent to the curve is zero. At the right support in Fig. 79, 
the slope of the moment curve changes abruptly from negative 
to positive. The negative moment at this point has the maxi- 
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mum numerical value. This is evident from the shear diagram. 
The shear changes from negative to positive at the support. 
A positive area must, therefore, be added to the negative moment 
after the support is passed. 

When the loading of a beam is given, always find the dangerous 
sections by means of a sketch of the shear diagram. If the danger- 
ous section does not come at a support or under a concentrated 
load, its exact position may be found algebraically. 


Problems 


1. Find the moment at the dangerous section of Problem 1 of Article 54. 

2. A beam .16 feet long, weighing 120 pounds per foot, is supported 3 feet 
from the left end and 1 foot from the 
right end. It carries 300 pounds on the 
left end, 660 pounds on the right end, and 
1,080 pounds 5 feet from the left end. 
Draw the shear diagram and locate each 
dangerous section. Find the moment at 
each dangerous section algebraically and 
check by the area of the shear diagram. 
Write the equation of moments for the 
portion between the left support and the 
load of 1,080 pounds and solve for the 
position of zero moment. The equation 
has two roots. Which one should be 
taken? Why? Write the equation and 
find the other position of zero moment. 

3. A beam 12 feet long, weighing 60 pounds 
per foot, is supported at the ends, and 
carries a load of 240 pounds 3 feet from 
the left end and a load of 720 pounds 2 
feet from the right end. Find the mo- 
ment at the dangerous section. 

4. Find the moment at the dangerous 
section for a cantilever 10 feet long, 
which carries a distributed load of 20 
pounds per foot, including its own weight. 


~1000 Foot Pounds 


5 Fie. 83.—Cantil fixed at 
Figure 83 shows the moment and ~“ rey RSENS ie ae 


shear diagrams for a_ cantilever. 

If there are no horizontal forces, the area of the shear diagram 
inside the wall must equal the area outside. The form of the 
diagram inside the wall is not known. If all the downward 
forces were concentrated at B, and all the upward force at A, the 
shear diagram would be the figure CDEF. Since the pressures 
are distributed, the shear diagram is that shown by the dotted 
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lines, and the dangerous section is at C’, a little back of the face 
of the wall. 

The actual moment diagram inside the wall is something like 
that shown by the dotted lines. 


Miscellaneous Problems 


1. A cantilever of length 1 is fixed at the right end and carries a uniformly 
distributed load of w per unit length. Draw the moment diagram. By 


integration find the area of the moment diagram. 
3 
Ans. Area of moment diagram = =. 
2. A cantilever of length 1 is fixed at the right end and carries a load of w 
per unit length over a length a measured from the free end and no load 
over the remainder. Draw the shear diagram. Draw the moment 
diagram. Find the moment at the fixed end and check by the area of 
the shear diagram. 
8. Solve Problem 2 if a is one-half the length. 


ani 2 
Ans. Moment at the wall = BL 


8 

4. A beam of length 1 is supported at the ends and carries a load P at the 
middle. Draw the positive moment triangle for the moment of the left 
reaction, and the negative triangle for the moment of the load. Combine 
these graphically and compare with Fig. 77. 

5. A beam of length J is supported at the ends and carries a distributed load 
of w per unit length. Draw the positive triangle for the moment of the 
reaction and the negative parabola for the moment of the distributed 
load. Combine these diagrams graphically and compare with Fig. 78. 
Find the area of the entire moment diagram. 

6. A horizontal cantilever of length / is fixed at the right end, and carries 
a load which increases uniformly from no load al the left end to a maxi- 
mum at the right end, and is w pounds per unit length at unit distance 
from the left end. Draw the moment diagram and the shear diagram. 
Calculate the area of the moment diagram. 


2 73 
Ans. Shear = = Moment = aoe Area of moment diagram = 
ul4 
aie 


7. A beam of length / is supported at the ends and carries a load which 
increases uniformly from the left to the right end, and is w pounds per 
unit length at unit distance from the left end. Write the shear equation 
and draw the shear diagram. Write the moment equation and draw 
the moment diagram. Find the moment at the dangerous section in 
terms of u and also in terms of the total weight W. 


L . 2Wl 


Maximum moment, at 2 = — ;,—— 


3" * 9V3" 
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8. 


10. 


11. 


12. 


13. 


How does the maximum moment in a beam which is loaded as in Prob- 
lem 7, compare with the maximum moment if the same load were 
uniformly distributed? 


. A beam of length / is supported at the ends and carries a load which 


increases uniformly from the middle to each end. Find the moment at 
the middle in terms of the total load W. Compare with Carnegie 
Pocket Companion. 

A cantilever of length / is fixed at the right end and carries a distributed 
load over one-half the length from the free end and no load over the 
remainder. Write the moment equation for each half of the beam 
with the origin of coordinates at the free end. Draw the moment and 
shear diagrams. 

A beam of length / is supported at the ends and carries a uniformly 
distributed load over the left half and no load over the remainder. 
Draw moment and shear diagrams. Find the moment at the danger- 
ous section by means of the area of the shear diagram and also from 
the definition of moment. 

A beam supported at the ends is 20 feet long. It carries 120 pounds per 
foot over its entire length, 600 pounds per foot additional over the 12 
feet adjacent to the left support, 800 pounds 6 feet from the left end, 
and 400 pounds 5 feet from the right end. Draw the moment and 
shear diagrams. Find the moment at the dangerous section. 

A beam, 25 feet long, is supported 3 feet from the left end and 2 feet 
from the right end. It carries 200 pounds per foot uniformly dis- 
tributed, 600 pounds 1 foot from the left end, 800 pounds 7 feet from the 
left end, and 1200 pounds 6 feet from the right end. Draw the shear 
diagram and find the moment at the dangerous section. 


CHAPTER VII 
STRESSES IN BEAMS 


58. Distribution of Stress.—At any section of a bent beam, 
there is tension across the part adjacent to the convex surface 
and compression across the part adjacent to the concave surface, 
and there is usually shear parallel to the section. The method 
of finding the total vertical shear has been given in Chapter VI. 
The method of determining the unit shearing stress will be given 
later in Chapter X. The problem of the total tension and com- 
pression and of the unit tensile and compressive stresses will now 
be considered. 

If the external forces have no components parallel to the length 
of the beam, the resultant compressive stress across any section 
is equal to the resultant tensile stress, and these two forces form 
a couple, the moment of which is equal to the product of either 
force multiplied by the distance between them. This moment is 
equal and opposite to the bending moment. 

To calculate these forces (H and C of Figs. 64 to 69) it is only 
necessary to know the bending moment and the distance between 
the forces. This distance is easily measured in Figs. 64 and 66. 
In Fig. 67 the compressive stress is distributed over the small 
_ block, and its law of distribution must be known in order to 
locate its resultant. 

In Fig. 69, the tensile stress is distributed over the entire upper 
portion and the compressive stress is distributed over the entire 
lower portion. In order to find the moment arm of the couple, 
it is necessary, therefore, to know the law of distribution of these 
stresses. 

The fibers on the convex side of a bent beam are elongated 
and those on the concave side are shortened. Between these 
there is a surface in which the fibers suffer no deformation in 
the direction of the length of the beam. This surface is called 
the neutral surface of the beam. The intersection of the neutral 
surface with any transverse section of the beam is called the 
neutral axis of that section. 

116 
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It is customary to assume that the unit stress at any section 
varies directly as the distance from the neutral axis. The reasons 
for this assumption and the conditions under which it is valid, will 
be given in Article 63. Figure 84 represents graphically the 
variation of unit stress in a beam, the upper part of which is in 
tension. 

Figure 84, I, shows the forces from left to right and also the 
forces from right to left. Figure 84, II, shows only the forces 
with which the portion of the beam to the right of the section acts 


F 


co. 
I II Ill 
Fig. 84.—Stress variation in a beam. 


on the portion to the left. It will be noticed that both sets of 
forces tend to turn the left portion clockwise about the neutral 
axisat O. Figure 84, III, shows a convenient method of drawing 
the diagram to show the magnitude of the unit stress at any 
distance from the neutral axis. 

Since the unit stress varies as the distance from the neutral 
axis, it may be represented by two wedges cut from the beam by 
two planes which pass through the neutral axis. One of these 
planes should be normal to the length of the beam, and, therefore, 
represent the section considered, and the other may make any 
convenient angle. Figure 84, III, may be considered as represent- 
ing two such planes. The volume of each wedge may be regarded 
as giving the total stress across its corresponding part of the 
section, and the distance between the center of gravity of the 
two wedges, measured parallel to the section, gives the moment 
arm of these total stresses. 

59. Fiber Stress ina Beam of Rectangular Section.—TFigure 85 
shows the wedges representing the stress distribution of a rec- 
tangular beam section of breadth b and depth d. Since the total 
tension H is equal to the total compression C, the two wedges 
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which represent the total tension and compression must have 
equal volume. Since the slope and width of the wedges are the 
same and their volumes are equal, their heights must be equal, 


A d 
and the neutral axis BB’ is at a distance 3 from the top or bottom 


of the section. If S is the unit tensile stress in the outer fibers 


Fia. 85.—Solids representing stress in a rectangular beam. 


2% 


Sy ; 
at the top of the beam, 3 is the average tensile stress over the 


upper half of the section. The total tension is the average stress 
multiplied by the area above the neutral axis. }. | 


SOO S OG. 
Ben ga ee | 
Problems 


2 


1. A beam of rectangular section is 4 inches wide and 12 inches deep. The 
unit stress in the outer fibers at the convex surface is 1,000 pounds per 
square inch. What is the total tension? 

Ans. 500 X 4 X 6 = 12,000 pounds. 

2. The flange of a T-beam is 5 inches wide and 2 inches high. The thickness 


of the stem is 1 inch and the net height is 10 inches. The neutral axis <~- 


is 4 inches from the top of the flange or 8 inches from the bottom of the 
stem. The tensile stress at the bottom of the stem is 1,200 pounds per 
square inch. What is the compressive stress at the top of the flange? 
What is the average compressive stress in the flange? What is the total 


Cuap. VII] STRESSES IN BEAMS 19 


tension in the lower 8 inches of the stem? What is the total compression 

in the remainder of the section? 
Ans. Total tension = 4,800 pounds. 
3. A hollow box girder is 10 inches wide and 12 inches high outside, and is 
6 inches wide and 8 inches high inside. The maximum unit stress in the 
top and bottom fibers is 1,200 pounds per square inch. Find the total 

tension in one half. 

Ans. 26,400 pounds. 


The line of application of the resultant tension H of Fig. 85 
passes through the center of gravity of the wedge. Since 
the center of gravity of a triangle, and, consequently, of a tri- 
angular wedge is two-thirds the height from the vertex, the dis- 

d 


Dy 
tance of H from the neutral axis is 3 x : asa In like manner 


the total compression C is located at a distance : below the neu- 
tral axis. The total moment arm of the couple made up of the 


forces H and C is as 


Problems 


4. What is the moment about the neutral axis of the forces of Problem 1? 
Ans. 12,000 X 4 + 12,000 X 4 = 96,000 inch-pounds. 
5. What is the moment about the neutral axis of the forces of Problem 3? 


Ans. (36,000 x 4 — 9,600 x ) 2 = 236, 8004nch=pounds: 


6. Find the total moment about the neutral axis of the forces of Problem 2. 
To find the moment of a trapezoidal wedge, subtract the moment of one 


triangular wedge from the moment of another. 
Ans. M = 25,600 + 14,400 = 40,000 inch-pounds. 


The total resisting moment of a rectangular section is 


M= Bod x ao Be Formula XII. 
4 3 6 

By means of Formula XII, the maximum fiber stress in a beam 
of rectangular section may be calculated when the loads are 
known, or the load may be calculated for any given allowable 


stress. 


Example 


A 4-inch by 6-inch cantilever carries a load of 240 pounds on the free end. 
Find thé unit stress in the top and bottom fibers at a section 5 feet from the 
free end. 
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Horizontal dimensions are given first. A 4-inch by 6-inch beam is 4 
inches wide and 6 inches deep. Since unit stresses are required in pounds per 
square inch, the moment must be in inch-pounds. 


Sbd? 


M=~% 


5 


6M _ 6 X 14,400 


aa baie 4 xX 36 


= 600 pounds per square inch. 


Problems 


7. A 6-inch by 10-inch beam is 15 feet long. It is supported at the ends and 
carries a load of 2,400 pounds at the middle. Find the unit stress in the 
outer fibers at the dangerous section caused by this load. 

Ans. 1,080 pounds per square inch. 

8. In Problem 7, what is the total tension in the lower half of the beam at 
the dangerous section? 


Ans. 16,200 pounds. 

9. An 8-inch by 12-inch beam is 20 feet long. It is supported at the ends 

and ecarries’a load at the middle which makes the maximum unit stress 

at the middle 1,000 pounds per square inch. What is the moment at the 
middle and what is the load? 


60. Fiber Stress in a Beam of Any Section.—The methods of 
Article 59 are not convenient to apply to sections other than 
rectangles. There isageneral 
method, however, which 
apples to sections of any 
form. The moment of inertia 
and the center of gravity of 
plane figures are important 
factors in this method. As 
these are given in handbooks 
for many geometrical figures, 
a great saving of labor is gained by their use. 

Figure 86 may be regarded asrepresenting a section of any form. 
BB’ is the neutral axis. An element of area dA is at a distance 
v from the neutral axis. (The letter » will be used to represent 
distance from the neutral axis in a section, and y will be reserved 
to represent deflection of the axis from its original position.) 
The area dA may be infinitesimal in two dimensions or it may 
extend entirely across the section parallel to the neutral axis as 
shown by the dotted lines. 

Since the unit stress varies as v, it may be represented by ku, 
in which k is the unit stress at unit distance from the neutral 


‘Se 


Se 
Fig. 86.— Beam section. 
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axis. The total stress on the element dA is the unit stress times 
the area. . 


Total stress = kodA. (1) 
The moment of this stress on dA about the neutral axis, 
dM = kv?dA. (2) 


Since v? is positive when »v is positive or negative, the sign of 
increment of moment is the same whether the element is above 
or below the neutral axis. 


= hf vdA Skee (3) 
in which J is the moment of inertia of the section with respect to 


the neutral axis. Since 
8 


cS= bi, k= ” (4) 
which substituted in (38) gives 
M= = Formula XIII. 


Formula XIII gives the unit stress at any distance from the 
neutral axis. The most important stress is the stress in the 
extreme outer fibers where v is a maximum and the unit stress is 
the greatest. If this maximum unit stress be represented by S 
and the distance to the outer fiber from the neutral axis be repre- 
sented by c, the formula becomes 


M =—) 


This formula is so important that it is desirable to memorize it 


also in the form: 


Ss = a Formula XIV. 


61. Location of the Neutral Axis——The values of J and ¢ in 
Formula XIII depend upon the location of the neutral axis. This 
is found from the condition that the total tensile stress across the 
part of the section on one side of the neutral axis is equal to the 
total compressive stress across the part of the section on the other 
side of the axis. On anelement dA, 


total stress = kudA. Cl) 
Total stress on entire section = k f vaA. = 0, (2) 
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The constant k is not zero when the beam is bent, consequently 
f vdA must be zero. 
The center of gravity of a plane area is given by 


— Sd | 
Ca A (3) 
ail = {| vdA = 0. (4) 
Since A is not zero 
v = 0. (5) 


The neutral axis of a beam of any section passes through the center 
of gravity of the section. 


rig! OE: : d 
62. Section Modulus.—The expression .) in which c is the 


distance from the neutral axis to the extreme outer fiber, is 
called the section modulus or modulus of the section. If the section 
modulus is represented by Z, Formula XIV becomes 


S = unit stress in outer fibers = —- (1) 


The values of the section moduli of rolled shapes are given in 
the handbooks of the steel companies. ‘These handbooks also 
give the moduli for the principal geometric sections. (See 
“Elements of Sections” in Carnegie, and “ Properties of Various 
Sections” in Cambria. In Carnegie, the section modulus is 
represented by S, and stress in the outer fiber by /.) 


: bd d 
For a rectangular section, J = 12 and ¢ = 9) 
Te sbe 
Z= ai eas (2) 
When this value of Z is substituted in Formula XIII, 
Sbd? 
M = 6 
which is Formula XII. 
Problems 


1. Look up in the handbook the section modulus of a 10-inch, 25-pound I- 
beam. Check by dividing the moment of inertia given in the table by 
the distance from the neutral axis to the extreme fiber. 


Cae evan ‘STRESSES IN BEAMS 123 


2. 


10. 


ilk, 
12. 
13. 


14. 


15. 


A 12-inch, 35-pound I-beam with its web vertical is subjected to a load 
which makes the unit stress in the outer fibers 12,000 pounds per square 
inch. Find the bending moment in inch-pounds. 
Ans. M = 38 X 12,000 = 456,000 inch-pounds (Cambria). 
M = 37.8 X 12,000 = 453,600 inch-pounds (Carnegie). 


- What is the section modulus of a triangle of which the base is 6 inches 


and the altitude is 8 inches? 
Ans. Z = 16 in. 


. A 15-inch, 50-pound I-beam is 20 feet long. It is supported at the 


ends and carries a load of 16,000 pounds 8 feet from the left end. Find 
the fiber stress in the outer fibers at the dangerous section caused by this 


load. 
Ans. S = 14,288 pounds per square inch. 


. Solve Problem 4 with the weight of the earn included. 
. Find the section modulus of an I-beam for a span of 20 feet to carry 1,200 


pounds per foot, including its own weight, and a load of 6,000 pounds 

4 feet from the rent support, if the allowable fiber stress is 16,000.pounds 

per square inch. 

Ans. Maximum moment = 871,200 inch-pounds. Z =54.45. The 
section modulus of a 15-inch, 42-pound I-beam is 58.9. 


. An I-beam, 24 feet long, is supported at the left end and 4 feet from the 


right end. It carries a load 600 pounds per foot including its own 

weight, a load of 4,800 pounds 5 feet from the left end and a load of 

1,200 pounds 16 feet from the left end. Find the [-beam required if the 
allowable fiber stress is 16,000 pounds per square inch. 

Ans. 12-inch, 31.5-pound I-beam (Cambria): 

12-inch, 27.9-pound I-beam (Carnegie). 


. Solve Problem 7 if an additional load of 6,000 pounds is placed on the 


right end of the beam. 


. Find the total safe load, uniformly distributed, on an 8-inch by 10-inch 


white oak beam, which is 12 feet long and is supported at the ends. Use 
the allowable unit stresses recommended by the American Railway 
Engineering Society. 

What should be the depth of a beam of long-leaf yellow pine which is 
15 feet long and 8 inches wide, is supported at the ends, and carries a 
load of 2,400 pounds at the middle? 

Solve Problem 4 of Article 59 by means of Equation (1). 

Solve Problem 5 of Article 59 by means of Equation (1). 

A 15-inch, 50-pound I-beam has a 14-inch by }%-inch plate riveted to 
the lower flange. Find the distance of the center of gravity of the 
combination from the center of the I-beam section, and find the 
moment of inertia and section modulus with respect to the horizontal 
axis through the center of gravity. _ 

The beam of Problem 13 is 20 feet long, is supported at the ends, and 
carries a uniformly distributed load. Find the total load if the allowable 
unit stress is 15,000 pounds per square inch. Where is a beam of this 
kind used? 

An 18-inch standard I-beam weighing 55 pounds per foot, has a pair of 
5-inch by 4inch by 14-inch angles riveted on opposite sides of the web. 
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The upper surface of one leg of each angle is 12 inches below the top of 
the I-beam. Find the section modulus of the combination. Find the 
total safe load, uniformly distributed, if the beam is 24 feet long and 
the allowable unit stress is 15,000 pounds per square inch. 


as 

re 

17. A solid rectangular beam is b wide and d high. With the same unit 
stress, show that the ratio of the load with d vertical to the load with b 


vertical is the ratio of d to b. 


16. Show that the section modulus of a circular section of radius a is 


REACTION 


dag 
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Fig. 87.—Deformation of a bent beam. 


63. Relation of Stress to Deformation.—F igure 87 represents a 
bent beam with the concave side upward (the amount of bending 
is exaggerated). HFG is a plane section with neutral axis BB’. 
The broken lines K’M’, M’'N’ indicate the position, before the 
beam was bent, of a plane section parallel to HFG at a distance 
Al from that section. The section HYG may be regarded as 
fixed in position and direction, and the parts of the beamon 
both sides of ‘HFG may be considered as bent upward. The 
plane K’M’'N’ is rotated about its neutral axis CC’ through an 
angle Aé to the position KMN. (There is also a slight shift 
upward, but this does not affect the problem.) Since there is no 
elongation in the neutral surface, the distance between the 
neutral axes BB’ and CC’, measured along the curved surface, 
remains unchanged. 
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It is assumed that a plane section in a beam remains plane 
when the beam is bent, therefore the section KMN is a plane. 
A filament of cross-section dA extends from the plane EFG 
to the plane KMN, at a distance v from the neutral surface. 
When the beam is bent, and the plane KMN is turned through 
the angle Ad, this filament is shortened an amount vA@. A 
similar filament below the neutral surface will be elongated vAQ@. 
The unit deformation of the filament is given by 

vAd 
= Th (1) 

Under the condition that the deformations are such that no 
stress exceeds the proportional elastic limit, the unit stress 
varies as the unit deformation, and since the unit deformation 
varies as v, the unit stress varies as the distance from the neutral 
axis, aS Was assumed in Article 58. 

Since unit stress is equal to #6, the unit stress above the neutral 
surface is given by 


Ad 
so = Ev rh (2) 
Below the neutral surface 
A@ 
She ae Bw (3) 


In most cases it is assumed (and is practically true) that the 
modulus of elasticity is the same in both compression and ten- 
sion. With this assumption, 
oe Bis (4) 
is the expression for the unit stress in the beam, at any element 
of area. 
On an element of area, 


total stress on dA = Eva. (5) 


The moment of this stress with respect to the neutral axis BB’ 
is the product of the total stress on dA by the moment arm 1; 
Aé Aé 
zest lees Sener} 
dM = Ev area Ey dA. (6) 
The total moment of all the filaments which make up the beam 
is the integral of dM over the section HFG. Integrating over 


y Aé : 
this area, Ay Temains constant and 


re 40 
M= Pa, ‘ ydA = arene (7) 
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in which ¢y, ¢2 are the distances of the lower and upper surfaces of 
the beam from the neutral surface, J is the moment of inertia of 
the cross-section EFG or KMN with respect to its neutral axis, 
and Aé is the change in slope of the normal to the beam, or the 
change in slope of the tangent to the beam, in the length Al. 


Example 


A 6-inch by 6-inch wooden beam rests on two supports, which are 50 inches 
apart, and overhangs each support 30 inches. Equal loads are placed on 
each overhanging end at 20 inches outside the supports. It is found that 
two sections between the supports, which are 40 inches apart and were parallel 
to each other before the beam was loaded, make an angle of 1 degree with 
each other after the loads are applied. Find the bending moment between 
the supports and find the loads, if # is 1,500,000 pounds per square inch. 


1,500,000 x 108 X = 


180 x 40 
; ; cet : Seger Tk ur 
The deformation at the top fibers is 60 and the unit deformation is 2,400" 


1,500, 0007 
2,400 
inch. The average compression in the upper half of the section is one-half 


1 ; 1 
ee A = 17,671 pounds. The 


moment arm of the tctal compression is 2 inches. The total moment of the 
tension and compression is 17,671 X 4 = 70,684 inch-pounds. 


M = = 22,5007 = 70,686 inch-pounds. 


The unit stress at the outer fibers is = 1,963.5 pounds per square 


of this and the total compression is 


Problems 


1. In the example above, find the stress in the outer fiber by means of the 
moment and the section modulus. 

2. Through what angle may a length of 3 feet cf a steel plate 0.08 inch in 
thickness be bent, if the unit stress may not exceed 40,000 pounds per 
square inch? 

3. A steel hack-saw blade, 0.023 inch thick, was bent 45 degrees in a length 
of 4 inches by a constant external moment. Find the stress in the outer 
fibers. Ans. 67,700 pounds per square inch. 


Some idea of the magnitude of the quantities involved may 
be obtained from Fig. 88. This represents a beam 6 inches wide, 
8 inches deep, and about 7 feet long, supported at two points 
about 80 inches apart. An extensometer (not shown) is attached 
at two points, F and M, 40 inches apart and 1 inch below the 
top of the beam. A second extensometer is attached at G and N, 
1 inch from the bottom. Two loads of 4,000 pounds each are 
applied 16 inches from the supports. If the beam is made of 
timber, the deflection at the middle is about 0.08 inch. (This 
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deflection is too small to show in the drawing unless the scale is 
exaggerated.) The upper extensometer shows a shortening of 
about 0.0180 inch in the original length of 40 inches, and the 
lower extensometer shows an equal elongation. If the tension 
and compression are exactly equal, the neutral surface is midway 


Fic. 88.—Arrangement for measuring linear deformation of a beam. 


between the extensometers. If the readings are unequal, the 
location of the neutral surface may be found from the similar 
triangles, such as MCM’, NCN’ (Fig. 87), with MM’ and NN’ 
known from the extensometer readings, and the distance between 
the instruments equal to MN. In case the readings are each 
0.0180 inch, showing that the neutral axis is at the middle of 
the section, 4 inches from the top, the compression in the top 
fibers is four-thirds as great as at M. The compression at 1 
inch from the neutral surface is 0.0060 inch; and at a distance v 
it is 0.0060v. The unit deformation at a distance v from the 
neutral axis is 0.00015. 

It will be noticed that measurements are taken along the chord 
instead of along the arc, so that the readings are in error the 
amount of this difference. It may be shown, however, that the 
error is beyond the limits of the extensometer readings, and, 
therefore, makes no difference in the result. 

An arrangement similar to Fig. 88 is largely used in the study 
of reinforced concrete beams. The beam is supported near the 
ends and two equal loads are applied at equal distances from the 
supports. If the weight of the beam is neglected, the moment 
is constant between the two loads. Measurements of elongation 
and compression, as described above, make it possible to locate 
the neutral axis. Frequently the loads are placed at the ‘‘third 
points,” that is, at one-third the length from supports. Some 
experimenters place the loads near the ends and put the supports 
between the loads, as in the example above. This arrangement 
brings the tension fibers at the top, and makes it easier to study 
the fractures. In either case, the moment is constant for a 
considerable length of the beam. Measurements of elongation 
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and compression, combined with measurements of deflection 
on beams supported in this way, have amply verified the theory 
and proved the validity of the assumptions of this article. 


Problems 


4, A beam is tested as shown in Fig. 88. The points / and M are 40 
inches apart and 6 inches above the similar points G and N. The 
compression reading on the upper instrument is 0.0198 inch, and the 
extension on the lower instrument is the same. What is the unit stress 
4 inches above and 4 inches below the neutral surface, if # equals 1,500,- 
000 pounds per square inch? Ans. 990 pounds per square inch. 

5. In Problem 4, what is the unit stress at a distance unity and at a distance 
v from the neutral surface? 

6. In an experiment similar to Problem 1 the upper extensometer shows a 
shortening of 0.0180 inch, and the lower extensometer an elongation of 
0.0220 inch. The beam is 10 inches deep and the extensometers are 1 
inch below the top and 1 inch above the bottom, respectively. How far 
is the neutral axis from the top of the beam? Ans. 4.6 inches. 


Fra. 89.—Stress distribution in a rectangular section. 


64. Graphic Representation of Stress Distribution.—The unit 
stress in a beam, provided it does not exceed the proportional 
elastic limit, varies as the distance from the neutral axis. It may 
be represented by the straight line GE, Fig. 89,1. This straight 
line is really a part of the stress-strain diagram for the material 
in both tension and compression, with the vertical line DF as the 
X axis. If the unit stress is carried beyond the elastic limit, it 
may be represented by the line KG’E’L, which is also a stress- 
strain diagram with one scale changed. 

In a beam of rectangular section, the total stress on any area 
dA, extending across the section, is proportional to the unit 
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stress. The shaded area of Fig. 89, I, may represent the total 
stress in a rectangular section as well as the unit stress in a sec- 
tion of any form. It is often convenient to represent total stress 
in a rectangular section by a figure similar to the shaded area in 
Fig. 89, II. This is really the same as Fig. 89, I, with oblique 
axes. The line EF represents the breadth of the section and also 
the total stress in the extreme outer fibers. It is evident, from 
the similar triangles, that the total stress on the area dA, extend- 
ing across the section at a distance v from the neutral axis, will 


II 
Fia. 90.—Stress distribution solids for a rectangular section. 


be to the total stress at the top, as the length WN is to the length 
EF. ‘The actual stress over the entire section is equal to a uni- 
form stress of intensity equivalent to that in the outer fibers over 
the shaded area. If the cross-section is drawn to full scale, the 
area of the shaded triangle OEF gives the total stress above the 
neutral surface when the maximum stress is 1 pound per square 
inch. Likewise, the area OGD gives the total stress below the 
neutral surface. These triangular areas are equal in magnitude 
and opposite in sign, making the sum of the total stress zero. 
The shaded triangles of Fig. 89, II, may be regarded as solids 
of uniform thickness. Figure 90, I, represents the distribution of 
stress in the same rectangular section by the method used in 
Article 59, but with both tension and compression on one side 
of the vertical plane which represents the section of the beam. 
It will be noticed that in Fig. 90, II, the width of the wedge varies 
as the distance from the neutral axis while the thickness, S, is 
constant; while in Fig. 90, I, the width is constant and equal to 
that of the section while the thickness varies as the distance from 
the neutral axis. From either figure the volume of one wedge is 
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ue and its center of gravity, which is the location of the resultant 


force in that half of the section, is : from the neutral axis. The 
2 


ais) 
moment of each wedge about the neutral axis is = and that of 


the two wedges representing tension and compression in a section 
. Sbd? 
re 
section. It may be called the stress-distribution solid. The 
shaded area of Fig. 89, II, represents a portion of the area of a 
section on which, if a uniform stress be applied equal to the unit 
stress in the outer fibers, the total stress and the moment with 


Figure 90, I, shows the actual distribution of stress in a 
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Fie. 91.—Stress distribution Fie. 92.—Distribution in a 
in an I-beam. T-section. 


respect to the neutral axis will be the same as that of the actual 
distribution. This is called the stress-distribution diagram 
or modulus figure. * 

Figure 91 is the stress-distribution diagram for an I-beam sec- 
tion. For the rectangular part of the flange this diagram is 
drawn like Fig. 89. For a small area dA in the web, the length 
of dA is projected to the top of the section. The ends of the 
projection are the points J and K. Straight lines are drawn 


*Goopman’s “‘Mechanics Applied to Engineering,” uses this name, and 
gives the figures for a great variety of sections. 
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from O to J and K respectively. The part of dA between these 
lines represents the total stress. 

To get the stress on the triangular portion of the flange, con- 
sider the portion S7' drawn (for convenience) in the lower flange. 
Project S and 7 on the lower line and connect the center O 
with the points thus found by means of the dotted lines. The 
portion S’T’ between these lines measures the total stress. A 
number of these lines will give the curved area required. 

Figure 92 is the stress-distribution diagram for a T-section. 
The lower portion is constructed in the same way as Fig. 89. 
Above the top of the section is a line CF, which is as far from 
the neutral axis as the lowest fibers of the stem. The stress 
at the top of the flange is to the stress at the bottom of the stem 
as the distance v2 is to the distance v;. Lines drawn from a 
center on the neutral axis to the projections of the ends of the 
flange on CF enclose the stress-distribution diagram of the flange. 
The lines which enclose the diagram for the portion of the stem 
above the neutral axis are extensions of the lines below the neutral 
axis. Thestress in this diagram is expressed in terms of the stress 
in the bottom fibers. It might be expressed in terms of the unit 
stress in the top fibers. For that diagram, lines would be drawn 
to the center from the ends of the upper edge of the flange. 
To draw the diagram for the stem a horizontal line would be 
drawn at a distance v2 below the neutral axis. Below this hori- 
zontal line, the distribution diagram would extend beyond the 
sides of the stem. 


Problems 


1. Draw a stress-distribution diagram, similar to Fig. 92, for the T-section 
of Problem 2 of Article 59. Also draw a diagram which gives the stress in 
terms of the unit stress at the top of the flange. Show that the area of 
the upper portion is equal to the area of the lower portion. Multiply 
the area by the given unit stress to get the total stress. Find the moment 
of each area about the neutral axis, multiply by the unit stress, and com- 
pare the sum with the answer of Problem 6. 

2. Construct the stress-distribution diagram for a 6-inch by 4-inch by 1-inch 
angle section for the neutral axis parallel to the 6-inch leg. 


65. Stress beyond the Elastic Limit.—In the discussion of 
beams, it has been assumed that the unit stress is proportional 
to the unit deformation. This assumption is correct for allow- 
able stresses, since these stresses are always considerably below 
the elastic limit. However, in order to know the factor of safety, 
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and to interpret correctly the results of tests in which beams are 
loaded to destruction, it is necessary to study the stresses and 
resisting moments in a beam when the stress in part of the fibers 
exceeds the elastic limit. 

In Fig. 93, the horizontal lengths represent the unit stresses 
in a beam, while the vertical lengths represent unit deformations 
and distances from the neutral axis. The curved line from G 
to H is really a stress-strain diagram with the X axis vertical 
and the Y axis horizontal. Since the total stress in a rectangle 
varies as the unit stress, the shaded area of Fig. 93 may also 


B GeE 
Fie. 93.—Stress distribution Fie. 94.— Actual and calculated unit stress. 
diagram beyond the elastic 


limit. 
represent the stress distribution, or modulus figure, for a rectangu- 
lar section. The triangles of Fig. 93 may represent the stress 
distribution in a beam of rectangular section, in which the 
stress in the outer fibers is below the elastic limit. The shaded 
areas may represent the distribution in another beam, which 
has the same cross-section, the same deflection and unit deforma- 
tion, the same modulus of elasticity for small stresses, but has a 
lower elastic limit. For about one-half the distance from the 
neutral axis to the outer fibers, the two diagrams coincide and the 
unit stress is the same for both beams. In the extreme outer 
fibers, the unit stress in the first beam is CF and in the second 
beam is CH. With the same deflection, the total stress and 
the total moment are greater in the first beam than in the second. 
Figures 93 and 94 give comparisons of two beams which have 
equal sections and equal moduli of elasticity at small loads. 
In one beam, represented by the triangle, the elastic limit is 
above the unit stress in the outer fibers. In the other, repre- 
sented by the shaded area, the stress in a considerable portion 
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of the beam is above the elastic limit. In Fig. 93, the unit 
deformations are the same for both beams, while the total stress 
and the moment represented by the triangle are greater than 
those of the shaded area. In Fig. 94, the unit deformations are 
different, while the resisting moment of the curved area OMKHC 
is equal to that of the triangular area OFC. From the center of 
the section to the point K, the curve lies outside of the straight 
line. The unit stress in the fibers near the neutral surface is 
greater than if the modulus were constant. In the outer fibers, 
the unit stress is less than if the modulus were constant and the 
resisting moment were the same. The moment of the dotted 
area OMK (or the shaded area ONL) is equal to the moment of 
KFH or LGE. 

Figure 94 might apply to two steel beams which have the 
same section, the same modulus of elasticity of 30,000,000 
pounds per square inch, but different elastic limits and unit 
deformations. The unit deformation in one of these beams may be 
0.003 in the outer fibers and the elastic limit be above 90,000 pounds 
per square inch. The length would then represent the unit 
stress in the outer fibers and the triangle OFC would be the dis- 
tribution diagram for a rectangular section. The curve OMKH 
would represent the unit stress in the other beam for which the 
elastic limit is about 30,000 pounds per square inch.. The unit 
deformation in the outer fibers of this beam would be over 0.004. 
At about one-fourth the distance from the neutral axis to the 
outer fibers, the stress would be proportional to the unit deforma- 
tion and would be one-third greater than that of the first beam. 
At the extreme outer fibers, the stress in this beam would be to 
the stress in the first beam as the length CH is to the length CF. 

66. Modulus of Rupture.— When a beam is broken by bending, 
the stress-distribution diagram for a rectangular section, OMKH 
(Fig. 94), is similar to the complete tension or compression curve of 
the material. The actual unit stress in the outer fibers is less 
than that obtained from the equation 

= = Formula XIV. 
in the ratio of CH : CF (Fig. 94). The calculated value of the 
stress in the outer fibers computed from Formula XIV is called 
the modulus of rupture, or the transverse ultimate strength of the 
material. It is also called the extreme fiber stress in bending. 
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Another factor which makes the calculated modulus of rupture 
different from the actual unit stress is the shifting of the neutral 
axis. In sections which are not symmetrical with respect to the 
axis, the remote fibers on one side reach the elastic limit before those 
on the other. Figure 95 represents a T-section. Figure 95, IT, 
shows part of the stress-strain diagram for both tension and 
compression. Figure 95, III, shows the distribution of stress for 
small deformation which produces no stress beyond the propor- 
tional elastic limit. The neutral axis passes through the center 


NY axis Bes oO. AXIS TY ___ 
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Fie. 95.—Displacement of the neutral axis. 


of gravity of the section. Figure 95, IV, shows the distribution 
when the deformation is doubled, on the assumption that the 
neutral axis is not shifted. The lower half of the stem has passed 
the elastic limit and the unit stress in it is not proportional to the 
distance from the neutral axis. The shaded area below the axis 
is smaller than that above (which is equal to the triangle OBE) 
and consequently the neutral axis cannot pass through the point 
O, but must be moved upward away from the center of gravity of 
the section. Figure 95, V, is the actual diagram with the axis 
shifted. The area above the axis is diminished and that below 
increased. With a still greater deformation the upper fibers 
will also pass the elastic limit, and it may happen that, with some 
forms of stress-strain diagrams, the neutral axis may move back- 
ward toward the center of gravity of the section. 

The neutral axis may be shifted in a symmetrical section, 
if the tension and compression curves are not alike. In cast iron, 
for instance, the stress-strain diagram for tension differs greatly 
from the diagram for compression. The compressive strength 
of cast iron is three or four times as great as the tensile strength. 
Beams of this material should be made of T-section or equivalent, 
and so loaded as to bring the stem in compression and the flange 
in tension. The remote fibers on the compression side should be 
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two or three times as far from the center of gravity of the section 
as those on the tension side. 

While the modulus of rupture does not give the actual unit 
stress in the outer fibers, it makes it possible to compare stresses 
in similar sections. If the modulus of rupture of a given material 
is obtained from tests of beams of rectangular section, this modulus 
may be. used in computing the ultimate strength of beams of 
this material of any rectangular section. The results may also 
be used with little error for beams of other shapes, provided they 
are symmetrical with respect to the neutral axis. With unsym- 
metrical sections, such as angles, it is better to make tests and 
obtain the modulus of rupture for each shape. 

The student will remember, however, that these statements 
apply to the stress beyond the elastic limit. Since allowable 
stresses are below the elastic limit, Formula XIV is strictly cor- 
rect for allowable loads. The change in the stress-distribution 
diagram when the stress passes the elastic limit affects the factor 
of safety only. 

Strictly speaking, ductile materials, such as soft steel, have no 
modulus of rupture, since beams of such material may be bent 
double without breaking. 


Problems 


1. A spruce beam, 134 inches square, tested at the Bureau of Standards, 
was supported at points 24 inches apart and loaded midway between the 
supports. The beam broke at the middle under a load of 1,071 pounds. 
The deflection at the middle was 0.335 inch when the load was 1,012 
pounds. Find the modulus of rupture. 

Ans. 7,194 pounds per square inch. 

2. A rectangular bar of cast iron, 1.04 inches wide and 0.80 inch thick, was 
placed on supports 12 inches apart and was broken by a load of 1,635 
pounds midway between the supports. Find the modulus of rupture. 

3. Anash beam, 2.51 inches square, which was tested at Watertown Arsenal, * 
was supported at points 24 inches apart, and failed under a load of 3,550 
pounds at the middle. Find the modulus of rupture. 

4. Another ash beam, 2.50 inches square, tested in the same way as that of 
Problem 3, failed under a load of 5,253 pounds. Find the modulus of 
rupture. Ans. 12,103 pounds per square inch. 

5. A beam of short-leaf yellow pine, tested by Prof. A. N. Talbot at the 
University of Illinois, had the following dimensions: breadth, 7.12 
inches; depth, 16.25 inches; distance between supports, 13 feet 6 inches. 
Two equal loads were applied at points 4 feet 6 inches from the supports, 
making the bending moment constant and the shear zero between these 


*Tests of Metals, Etc. 1915, page 70. 
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points (if the weight of the beam is neglected). The beam broke by 
tension in the outer fibers between the loads when each load was 27,500 
pounds. Find the modulus of rupture. 
Ans. 4,739 pounds per square inch. 
6. A beam of long-leaf yellow pine 7 inches wide and 14 inches deep, sup- 
ported and loaded as in Problem 5, broke under a total load of 37,300 
pounds. What was the ultimate bending strength of this timber? 
Ans. 4,400 pounds per square inch. 
7. A second beam of long-leaf yellow pine 7.0 inches by 12.1 inches, sup- 
ported and loaded as above, broke under a total load of 52,900 pounds. 
What was the ultimate bending strength of this timber? 
Ans. 8,362 pounds per square inch. 
Problems 5, 6 and 7 are from Bulletin No. 41 of the University of Illinois 
Engineering Experiment Station. 


Professor C. B. Upton has devised a method by which the actual 
unit stress in a beam of rectangular section may be computed 
from the curve which gives the load and deflection of the beam. 
(See Upton’s “Materials of Construction,” page 78.) 


| 


Fig. 96. 


67. Neutral Axis for an Unsymmetrical Section.—If the 
sections of a beam are not symmetrical with respect to some verti- 
cal plane through their centers of gravity, the beam will not bend 
directly downward under a vertical load. Figure 96 shows two 
methods of drawing the stress-distribution diagram for an angle 
section, which is assumed to be bent in a vertical plane. Figure 
96, I, is the usual method, with the center O at the middle of 
the vertical leg on the horizontal line through the center of 
gravity of the section. In Fig. 96, II, there are two centers for 
the upper portion. One center O lies in the vertical line through 
the center of the vertical leg and the other center O’ lies in the 
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vertical line through the center of gravity of the portion of the 
horizontal leg which lies to the right of the vertical leg. Each 
method gives the total stress in terms of the unit stress in the fibers 
at the bottom of the beam, and each shows the true distance of 
the resultant forces from the horizontal axis. The true position 
C of the resultant force in the upper portion is at the center of 
gravity of the triangular and the trapezoidal areas of Fig. 96, 
II. Itis at the center of gravity of the upper wedge of the stress 
distribution solid of Fig. 96, III. 

The forces H and C perpendicular to the plane of the paper 
form a couple, which is the resisting moment. The plane of 
this couple is not vertical. To bend the beam in a vertical 
plane the external moment must lie in the same plane as the 
resisting moment. A vertical load 7 
will not bend a beam of this form in 
a vertical direction. If there were 
two equal angles fastened together B . 
with their vertical legs back to back, | 
then the combination would be : 
symmetrical with respect to a vertical - 
axis, and the neutral axis for vertical | 
loads would be horizontal. 

In Fig. 97, ABCD is a rectangular 
section with diagonal horizontal. It te. 97—Rectangular beam 
may be regarded as the end of a ee ee perpendicular to 

: iagonal. 
cantilever perpendicular to the plane 
of the paper. Ifa vertical load Pis placed on the end of this 
cantilever, the deflection will not be vertically downward, but 
the section will be displaced into a position such as shown in the 
figure. 

68. Bending Moment Not in Plane of Principal Moment of 
Inertia.—Figures 96 and 97 are special cases of the general prob- 
lem in which the bending moment does not lie in the plane of 
one of the two principal moments of inertia. If an axis perpen- 
dicular to the plane of the bending moment is an axis for which 
the moment of inertia of the section is a maximum or a minimum, 
then the beam will bend around this axis and the deflection will 
be in the direction of the applied forces. For instance, when 
an I-beam is placed with the web vertical or a rectangular beam 
is placed with the long sides of the rectangle vertical, the axis of 
maximum moment of inertia is horizontal, and a vertical load 
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will deflect the beam vertically downward. When the section 
of a beam is a square, an equilateral triangle, or any other plane 
figure with all sides equal and all angles equal, the moment of 
inertia is the same for all axes through the center of gravity, 
and the neutral axis is always perpendicular to the plane of the 
applied forces. 

The method of finding the unit stress when the bending mo- 
ment is not in the plane of a principal axis of inertia is very simple. 
Resolve the bending moments or the applied forces into two compon- 
ents perpendicular to the two principal axes of inertia, and compute 
the stress separately for each component. The actual stress at 
any point is the algebraic sum of the stresses caused by the two 
components. 


Example 


A cantilever beam of rectangular section is 4 inches by 3 inches and is 5 
feet long. The beam is placed with the 4-inch faces at 30 degrees with the 
horizontal and a load of 120 pounds is put on the free end. Find the unit 
stress at each corner, and find the direction of the neutral axis. 

The load of 120 pounds is resolved into 103.9 pounds perpendicular to the 
4-inch faces and 60 pounds perpendicular to the 3-inch faces. From the 
first component, the stress in AB and in CD of Fig. 98 is 


Sis 108 x0 = 1,039 pounds per square inch. 


From the second component, 


~—— = 450 pounds per square inch. 


At B both stresses are tensile and at D 
both are compressive. The unit stress at 
these corners is 1,039 + 450 = 1,489 pounds 
per square inch. At A the stress caused by 
the 60-pound component is compressive, 
while that caused by the other component 
is tensile. The tensile stress at A and the 
compressive stress at C are 1,089 — 450 = 
589 pounds per sauare inch. 

The location on the line CB of the point 
F at which the stress is zero is found by 
dividing the distance from C to B in the ratio of 589 to 1,489. 


Fig. 98. 


589 X 3 __ 1,767 
589 + 1,489 2,078 


CH = = 0.850 inch. 


At G@ on the line AD at a distance of 0.850 inch from A, the unit stress is 
zero. The line GF through the center of the section is the neutral axis. 
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The angle @ between the neutral axis GF and a line parallel to the 4-inch 
faces is given by 
0.65 


tan 0 = 7 Ae 0.525; 6 = 18 degrees, nearly. 


The neutral axis makes an angle of 12 degrees with the horizontal. 


Problems 


1. A rectangular cantilever, 6 inches by 10 inches, is 6 feet long. The 10- 
inch faces make an angle of 20 degrees with the vertical. The beam 
carries a load of 1,200 pounds 
on the free end. Find the unit 
stress at each corner and the 
angle which the true neutral 
axis makes with the horizontal. 
Ans. 1,304 pounds per square 

inch; 320 pounds per square 
inch; 25 degrees, 16 minutes. 

2. A rectangle of sides b and d is 
placed with one diagonal hori- 
zontal andsubjected to a vertical 
load. Find the fiber stress at Fig. 99.—Rectangular beam. 


the corners A and C, Fig. 99. 
6M~+/d?2 + $2 
ba? oa 

3. Show that the result of Problem 2 is the same as would be found if the 
neutral axis coincided with the horizontal diagonal DB. 

4. In Problem 2 find the unit stress at the corners B and D, and the direc- 
tion of the neutral axis. 

5. A 6-inch by 6-inch by 1l-inch standard angle, 
10 feet long, is used as a beam supported at 
the ends. ‘The angle is placed with legs hori- 
zontal and vertical and a load of 1,000 pounds is 
applied at the middle, over the center of gravity 
of the section. Find the unit stress at the 
corners. Here the principal axes are 1-1 for 
which the moment inertia is 14.78, and 2-2 for 

Fria. 100.—Angle section. which the moment of inertia is 56.14. The 

bending moment for each axis is 15,000/2. 


2 X 1.86 2 ; 
Unit stress at H = We ve x“ x V2 = ahs Mos fae 


Ans. S = 


Ans. Unit tensile stress at C = 3,329 + 1,336 = 4,665 pounds per 
square inch. 


69. Bending Moments in Different Planes.—It frequently 
happens that a beam is subjected to forces which are not all 
parallel. If the beam has a circular or square section so that the 
moment of inertia is the same in all directions, the resultant mo- 
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ment may be calculated at any section and this moment may be 
used to find the fiber stress. If the two principal moments of 
inertia are not equal, the forces or moments should be resolved in 
the directions of the principal axes, and the stress at any point 
calculated as in Article 68. 


Example 


A horizontal cantilever 5 feet long carries a load of 120 pounds per foot 
and is subjected to a horizontal pull, perpendicular to its length, of 400 
pounds at the free end. Find the expressions, in inch-pounds, for the mo- 
ment at any section. 

Ans. M, = 5x?; M, = 400x; Resultant M = 52+/z? + 6,400, 
in which M, is the moment in the vertical plane and M, is the moment in 
the horizontal plane. 


Problems 


1. In the example above, find the direction and magnitude of the resultant 
moment at the fixed end. 
Ans. 30,000 inch-pounds in a plane at an angle of 36 degrees 52 minutes 
with the horizontal. 
2. If the cantilever of Problem 1 is of circular section, 4 inches in diameter, 
find the maximum fiber stress. Ans. 4,775 pounds per square inch. 
3. In Problem 1 find the magnitude and direction of the resultant moment 
at 30 inches from the free end. 
Ans. 12,816 inch-pounds at angle of 20 degrees 34 minutes with the 
horizontal. 


* |60 oh Be 


V PLANE 
180# 24#per Foot 160 # 
“112 #<- -—10 0- -—>| 494 
H PLANE 


rate 


r<-—9' 0%} 160# 


Fie. 101.—Beam with horizontal and vertical loading. 


4. A horizontal! shaft 10 feet long, weighing 24 pounds per foot, is supported 
at the ends and carries a vertical load of 60 pounds 2 feet from the left 
end and a vertical load of 40 pounds 3 feet from the right end. A hori. 
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zontal force of 160 pounds, perpendicular to the shaft, is applied 3 feet 
from the left end. Find the- resultant moment at 3 feet from the left 
end and at the middle. 
Ans. 501 foot-pounds at 3 feet: 484 foot-pounds at 5 feet. 
5. Write an expression for the moment in each plane and for the resultant 
moment between 3 feet and 7 feet from the left support. Differentiate 
the expression for the resultant moment to derive an equation for finding 
the position of maximum moment. 


Figure 101 shows the diagrams for the moment in the vertical 
and horizontal planes for Problem 4. The maximum moment in 
the vertical plane is at 5 feet, and the maximum in the horizontal 
plane is at 3 feet. The maximum resultant moment is between 
3 feet and 5 feet. The resultant moment at any section may 
be determined graphically from the diagonal of the right-angled 
triangle, the legs of which are the horizontal and vertical moments. 


Problem 


6. A horizontal shaft 12 feet long, supported at the ends, carries a vertical 
load of 600 pounds 3 feet from the left end, and a horizontal pull of 400 
pounds perpendicular to its length at 6 feet from the left end. Find the 
location of the maximum resultant moment. 


TaBLE X.—ALLOWABLE UNIT BENDING STRESSES 
Unit stress in pounds 


Material per square inch 
Strucounalestcelanmemmeit eye clea 16,000 
VRVTRO LEE ath HRB » weey SHA Oey MO Con Be 12,000 
Wastesteel enw epi: oasis eis ele tyere 16,000 
(CARH INRIA hel WeMHO. ... bognououenouoode 3,000 
Cast iron in compression.............. 15,000 
Concrete in compression: 

TSEC Be. eee Sey Sie nen rk eae a eee 650 
{PORIOG. wid Blo donee Neo eR eee es Ae 450 
Long-leaf yellow pine...............-- 1,200 
IDYOUPAINEE: 11: oc do oho foe ed Oman ene ee 1,100 
NW Wihtteroa koma wtarc sir iiueisietrowyecnieianis 9 tics 1,100 
INO WieiVa DING Baga. eee cust satexevere:< eiiere) ole coers 900 


Miscellaneous Problems 


1. A 4-inch by 6-inch beam, 18 feet long, is supported at the left end and 
3 feet from the right end, and carries a load of 60 pounds per foot and 
a load of 360 pounds on the right end. Find the maximum moment, 
the maximum fiber stress, and the location of the point of zero moment. 
2. Solve Problem 1 if the load at the right end is 60 pounds instead of 360 


pounds. 
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3. In Problem 1, what is the unit stress at 5 feet from the left end at 1 inch 
from the tau? 

4, A 15-inch, 42-pound I-beam is 20 feet oe and is supported at the ends. 
It carries a load at the middle which brings the unit stress at the middle 
section at a point 2 inches from the top to 11,000 pounds per square inch. 
Find the load. 

5. The safe load at the middle of a 6-inch by 8-inch beam, which is 15 feet 
long and is supported at the ends, is 1,200 pounds. What is the safe 
load on a 6-inch by 6-inch cantilever of the same material which is 5 
feet long and carries the load on the end? 

6. How does the strength of a 4inch by 6-inch beam compare with the 
strength of a 6-inch by 8-inch beam of the same material and the same 
length? Solve without writing. 

7. What should be the size of a square beam of long-leaf yellow pine, which 
is 12 feet long, is supported at the ends, and carries a load of 1,800 pounds 
at the middle? 

8. An 18-inch, 55-pound I-beam is 20 feet long and is supported at the ends. 
It carries a load 6 feet from the left end and an equal load 6 feet from the 
right end. When these loads are applied, a length of 40 inches at the 
lower surface is stretched 0.0244 inch. Find the loads. 

9. A 12-inch, 31.5-pound l-beam rests on two supports which are 10 feet 
apart and overhangs the right support 3 feet and the left support 4 feet. 
A load of 12,000 pounds is placed on the right end and a load of 9,000 
pounds is placed on the left end. If the beam is horizontal midway 
between the supports, what angle does it make with the horizontal at 
each support? Neglect the weight of the beam. 

10. A 10-inch, 25-pound I-beam, 10 feet long, is supported at the ends and 
carries a load of 6,000 pounds including its own weight, uniformly 
distributed. A horizontal push of 240 pounds, perpendicular to the 
length of the beam is applied 4 feet from one end. Find the unit stress 
at the extremities of the flanges at the middle. 

11. Two 10-inch, 15-pound channels are placed parallel in a horizontal 
position. They are supported on a wall at one end and held up by an 
eye-bar which is placed between them at the other end and connected 
by a pin. The channels are 10 feet long from the wall to the center of 
the pin. ‘The eye-bar makes an angle of 45 degrees with the horizontal. 
A load is placed on the channels 6 feet from the wall. The allowable 
bending stress is 12,000 pounds per square inch, the allowable shearing 
stress is 10,000 pounds per square inch, and the allowable bearing 
stress is 16,000 pounds per square inch. Find the size of the eye-bar 
and the pin. Would it be necessary to rivet plates to the webs of the 
channels at the pin? If so, how thick should each plate be? 

12. A square section with diagonal vertical has its section modulus increased 
by chamfering the top and bottom corners. What must be the dimen- 
sions of the triangular sections cut away, in terms of the sides, in order 
that section modulus may be a maximum? Ans. One-ninth the side. 


CHAPTER VIII 
DEFLECTION IN BEAMS 


70. Relation of Moment to Curvature.—In Article 63, the 
relation of moment to change of curvature was found to be 


Ad dé 2 

M = ET = ET (1) 

for infinitesimal lengths measured along the neutral surface 
of the bent beam. The angle dé is the change in slope of the 


tangent to the neutral surface in the length di. In Figs. 102 


Fie. 102.— Curvature of beam. 


and 87, two lines FG and MW are drawn perpendicular to the 
neutral surface at a distance dl apart. The broken line which 
intersects MN at the neutral surface is parallel to FG. The 
lines FG and MN make an angle dé with each other, since they 
are normal to the neutral surface, and intersect at some point 
beyond the drawing, at a distance p from the neutral surface. 
This distance p is the radius of curvature of the neutral surface. 
By geometry: 


odo = dl, (2) 
dé 1 
Gees © 
Substituting in (1), 
M il EI 
ie ea o 


If M is constant, or if J varies as M, p is constant, and the curve 
of the beam is an arc of a circle which may be computed by 


trigonometry. 
143 
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Problems 


1. A 3-inch by 1-inch steel beam, 10 feet long, rests on two supports, each 
30 inches from an end, and carries a load of 200 pounds on each end. 
(Fig. 103.) If the weight of the beam is neglected, what is the bending 
moment for the portion between the supports? If the modulus of elas- 
ticity is 30,000,000 pounds per square inch, what is the radius of curva- 


200 * \ | 200 # 


Fic. 103.—Curvature constant. 


ture? How much is the middle of the beam deflected upward above the 
supports? Solve for the deflection by geometry, assuming that the chord 
is equal to the are. Solve also by trigonometry. If tables do not give 
the cosine with sufficient accuracy, calculate it by the series. 
Ans. M = 6,000 inch-pounds; p = 1,250 inches; y = 0.36 inch. 
2. A steel plate, 1 inch wide and 0.1 inch thick, is bent through an angle 
of 45 degrees in a length of 30 inches by a constant moment. If £ is 
30,000,000, what is the moment, the radius of curvature, and the deflec- 
tion at the middle of the 30 inches? 
Ans, M = 65.45 inch-pounds; p = 388.2 inches; y = 2.90 inches, 


71. Change of Slope in Rectangular Codrdinates.—When 
Equation(1) of Article 70 is integrated with @ and / as the vari- 
ables, the integral gives the change of slope in radians. For most 
purposes, it is desirable to express the slope in rectangular coér- 


i BEAM 1 
l > 


EUTRAL SURFACE 
CTION EXAGGERATED 


Fia. 104.—Slope and deflection. 


DEFLE dx dy 


dinates. The curved line of Fig. 104 represents the neutral 
surface of a bent beam with the deflection greatly exaggerated. 
In a floor beam, for instance, the deflection should not be more 
than 1 inch in 30 feet. A deflection as great as would be per- 
missible in an engineering structure would not be noticeable in 
a drawing. For this reason, in the discussion of deflection which 
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follows, a beam has been drawn in each figure as it would appear 
to the eye, and then a heavy line has been drawn below to repre- 
sent the position and slope of the neutral surface with all vertical 
distances magnified. 

In Fig. 104, di is a small length measured along the neutral 
surface, and dz is the projection of this length on the horizontal. 
dx = dl cos 6, in which @ is the slope of the tangent to the beam. 
With the small deflections allowable in an engineering structure, 
cos 6 is nearly unity and dz is practically equal to dl. For 
instance, if the slope were one part in 100 (which is relatively 
large) a triangle could be drawn with a base of 1 unit and 
an altitude of 0.01 unit. The hypotenuse of this triangle 
is ~/ 1.0001, which is 1.00005, and the error in the assumption that 
dx equals dl is one part in 20,000. When dz is substituted for 


dl, Equation (1) of Article 70 becomes 
dé 


Mapes (1) 


Since @ is a small angle, its value in radians is practically equal 
to its tangent: 


i _ dy, 
6 = tan 6 = Hie (2) 
do d’y. 
ds da 8) 
dy 
VM = iT es Formula XV. 


This formula may be derived in a slightly different manner, 
which will show the magnitude of the approximations. From 
the calculus, the reciprocal of the radius of curvature is 

d?y 

dx? 


dy 36 
Gi a Gar ye 
When this expression is substituted in Equation (4) of Article 
70, the result is 


(4) 


(5) 


Oy 


dy is small, (ay is much smaller and may be neglected. 


When Ae 
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The denominator of the second member of Equation (5) then 
becomes unity, and Equation (5) is equivalent to Formula XV. 
Mathematically, Equation (5) is reduced to Formula XV by 


multiplying by sec%@ or dividing by the cos*@, when tan@é = oy. 

In some problems in which the deflections are large, the exact 
formula of Equation (5) is required. The application of this 
equation will be considered in Appendix D. For all ordinary 
problems of beam and column deflection, Formula XV is ample. 
In the application of the formula the X axis is taken parallel to 


the unbent beam, and the deflection is so small that (2) is 


negligible compared with unity. 

72. Solution of the Differential Equation of Defectont — 
Before solving Formula XV for the deflection of a beam or column, 
all the factors must be expressed in terms of x, y, and constants. 
The modulus of elasticity is constant, provided the unit stress 
does not exceed the proportional elastic limit. The formulas: 
for deflection are valid only below this limit. For beams of 
uniform section, J is constant; for beams of variable section, it is 
expressed as a function of x. The moment is expressed as a 
function of x and y. In beams it is usually a function of z only, 
as in equations of Article 54. 

When the expressions for M and J do not depend upon the 
deflection y, Formula XV becomes 


d*y : 
ae function of x. (1) 


The first integration of Equation (1) gives @ as a function of 


x with the addition of an integration constant. If 2 is known 


for any one value of x, these values may be substituted in the 
integral and the integration constant determined. 

The second integration gives the deflection y as a function 
of « with the addition of a second integration constant. If 
y is known for some one value of w, these values may be substi- 
tuted in the second integral and the second integration constant 
determined. The final integral with the integration constants 
given in terms of the loads and dimensions of the beam is called 
the equation of the elastic line. 
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dy . 3 i 
if <4 is not known for any one value of z, the first integration 


dx 

constant must be carried through the second integration, and the 
value of y must be known for two values of x to complete the 
solution. 

78. Cantilever Loaded at Free End, by Double Integration.— 
Figure 105 represents a cantilever beam fixed at the right end 
and loaded at the left end. The beam was horizontal before the 
load was applied and remains horizontal at the wall when loaded. 


Fic. 105.—Cantilever with load on free end. 


‘The origin of codrdinates is taken at the position of the left 
end before the load was applied. The moment at any distance 
x from the origin is — Px. The differential equation is 


d?y 
f eaeee 1 
ETT Wy: (1) 
dy Px 
1 {§— == — —_——_ . 2 
Ee pet (2) 
At the wall, where x = 1, the beam is horizontal and = (); 
Pile 
=e 3 
Oe (3) 
dy Pat Pie 
iy eee IS Sa oe : 4 
1 Cap ae (4) 
3 P 2 
Ely = <= + + Ce (5) 
At the wall x =l,y = 0; 
ee : 
0= — 7% + 2 aCe, 
3 
C2 = ae (6) 
DDO call id iat ie a a hd 
= — — ie "i 
_ Je one 2 3 8 


148 STRENGTH OF MATERIALS [Arr. 73 


The maximum deflection is at the free end, where x = 0; 


ae Formula XVI. 
Ss ATE 
If « = kl, in which k is a fraction less than unity, 
PE 
= — (2 — si 9 
y ear (2 — 38h + #") (9) 
Problems 


1. Find the slope of the beam at the free end, and at one-fourth the length 


from the free end. - 
Ly een dy _ 15P17_ 
Ans 7 ony OO de one 
2. Find the deflection at one-fourth the length and at one-third the length 
from the free end. 


3. A 4-inch by 6-inch wooden cantilever, 10 feet long, is deflected 1.2 inches 
at the end by a load of 240 pounds on the end. Find # and the maxi- 
mum fiber stress. 

Ans. E = 1,600,000 pounds per square inch; S = 1,200 pounds per 
square inch. 

4. In Problem 3, find the deflection 30 inches from the free end. 

Ans. y = 0.759 inch. 

5. A cantilever with a load on the end is deflected 0.4 inch at the middle. 
Find the deflection at the end. 

6. A 7-inch, 15-pound I-beam as a cantilever 5 feet long is deflected 
0.136 inch at the end by a load of 2,000 pounds on the end. Find # 
and the maximum unit stress. 

7. If His 1,600,000 and the maximum allowable unit stress is 1,000 pounds 
per square inch, what is the maximum deflection on a beam 6 feet 
8 inches long and 4 inches deep if the load is on the end and the 
sections are symmetrical with respect to a horizontal line through their 
centers of gravity? 

8. A 15-inch I-beam as a cantilever 10 feet long is deflected 0.256 inch at 
the end by aload on the end. If # is 29,000,000 pounds per square inch, 
what is the maximum fiber stress? 

Ans. 11,600 pounds per, square inch. 

9. A cantilever of length / is fixed at the left end and carries a load P at the 
right end. With the origin of codrdinates at the fixed end and with x 
positive toward the right, find the equation of the elastic line. (See 
Fig. 81.) 

Ans. M = —P(l—~2); 
OP IME Ie 
ee: oes om 
EB cee 2) 35 oP paral 
mmr Cae Gy 
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10. Find the slope at the free end and at one-fourth the length from the 
free end by means of the results of Problem 9. 

11. Find the deflection at the free end, at one-fourth the length from the 
free end, and at one-third the length from the free end by means of the 
results of Problem 9. Compare with Problem 2. 

12. In Problem 9, write the moment M = —Pl + Px and integrate for 
the equation of the elastic line. How do the integration constants 
differ from those of Problem 9? Solve Problems 10 and 11 by means of 
these integrals. 


74. Cantilever with Load at Any Point.—Figure 106 shows a 
cantilever, which is fixed at the right end and carries a concen- 
trated load P at a distance a from the left end. The portion to 
the left of the load remains straight (if the weight of the beam 


Fia. 106. 


is neglected). The portion to the right of the load is a cantilever 
of length | — a which is loaded at the end. The deflection of this 
portion is 

Pe Ay 


The additional deflection of the portion to the left of the load is 
y, = —a sin 6, in which @ is the slope at the load. For a small 
angle, sin = tan 0 = zh From Equation (4) of Article 73, 
the slope under the load is 


dy _P@—a) @) 
dx 2HI © 

ene cll 0) 
You DEI ) 


PG)? Pol = 0)? » 
ree = BRT 2EI 


I 


e a (213 — 31a +48). (3) 
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Problems 


1. A cantilever of length J has a load P at one-fourth the length from the 
free end. Find the deflection at the end. 
27Pi8 
> 7 128eT 

2. A cantilever of length J has a load P at one-third the length from the free 

end. Find the deflection at the free end. 

3. A 4inch by 6-inch cantilever, 6 feet long, carries 200 pounds 1 foot from 
the free end and 120 pounds 2 feet from the free end. Find the deflec- 
tion at the free end and the deflection under the load of 200 pounds if 
E is 1,500,000. Find the maximum fiber stress. 


Ans 


75. Application of Maxwell’s Theorem.—The deflection caused 
by several loads is equal to the sum of the deflections which would 
be produced by the loads acting separately. This statement, 
which is called Maxwell’s theorem, may be regarded as an axiom 
which has been amply substantiated by experiment and by the 
theoretical investigations of special cases. From this theorem, 
an important proposition has been derived. This is: If A and 
B are two points on a beam, the deflection at A which is caused by 
a given load at B is equal to the deflection at B which is caused 
by the same load at A. (The proof of this proposition is given 
later in Chapter X VI.) 

If x is substituted for a in Equation (3) of Article 74, the 
equation becomes identical with Equation (8) of Article 73. 
This identity verifies the proposition above for a cantilever with 
a concentrated load. 


Problem 


1. Compare the deflection of Problem 2 of Article 73 with that of Problem 1 
of Article 74. 


w per unit length 
CITTITT TT TTT TTT TTT 


WY YY 
ld YY 

ae Yj 
rte orate COME j i, 


Fia. 107.—Cantilever with distributed load, fixed at right end. 


76. Cantilever with Uniformly Distributed Load, by Double 
Integration.— igure 107 shows a cantilever which is fixed at the 
right end and carries a load of w per unit length. The origin 
of codrdinates is taken at the position of the free end before the 
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beam was bent. The moment at any section at a distance x 


from the free end is — ee 
d?y wx? 
pode 1108 (1) 
dy wax 
ET. i pre, sea (2) 
dy we? wis 
Ee oe eM TE (3) 
wer wis 
Bliyes FAG HE a “FCs, (4) 
cE apa ah i hs 
Lae sri eal BF ©) 
w 4 3 


which is the equation of the elastic line. At the free end, 


in 


wit wi : 
Ymax = SET = yi Formula XVII. 


which W = wl is the total distributed load. 


Problems 


. Find the slope at the free end and at the middle. 


wl Twi 


AUS rT Aah 


. Find the deflection at one-fourth the length and at one-half the length 


from the free end. 
pee eee 
2048E1’ ¥ 384ET 


Ans. y = 


. A 6-inch by 8-inch wooden cantilever, 10 feet long, is deflected 1°49 


inch at the end by a load of 80 pounds per foot. Find # and the 
maximum unit stress. 


. What would be the deflection and stress for the beam of Problem 3, 


if the 6-inch faces were vertical? Solve without writing. 


. A given cantilever is deflected 1 inch at the end by a load of 1,200 pounds 
uniformly distributed. How much would it be deflected if the same load’ 


were placed on the free end? Solve without writing. 


. A cantilever, uniformly loaded, is deflected 1 inch at the end when the 


maximum unit stress is 1,000 pounds per square inch. What would be 
the deflection if a load were placed on the end which would make the 
same maximum unit stress? Solve without writing. 
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7. A cantilever with uniformly distributed load is fixed at the left end, as 
in Fig. 108. Derive the equation of the elastic line with the origin of 
coérdinates at the left end. Show that 


— 2 
hee _ wil : 2) (7) 
dy _wil—z)*_ wi*, 
Ele on ee (8) 
wil —x)* wiz wl 
ae 24 6 neo (9) 


e—_____—__—~ l sae 
‘ 4 
Fie. 108.—Cantilever with uniformly distributed load. 


8. Find the deflection at the free end, at one-fourth the length from the 
free end, and at one-half the length from the free end by means of Equa- 
tion (9) and compare with Problem 2. 

9. Solve Problem 1 by means of the results of Problem 7. 

10. Expand the expression for the moment in Problem 7 and integrate for 
the slope and the equation of the elastic line. 

11. Ifx = kl, in which k is a fraction less than unity, show that the equation 
of the elastic line is 


We. 


w Pounds Per Unit Length 


wl ‘wl 


1 2 fae 
Fie. 109.—Supports at ends, load uniformly distributed. 


77. Beam Supported at the Ends and Uniformly Loaded, by 
Double Integration.—In a beam supported at the ends and uni- 
formly loaded, the end reactions are each one-half the total load 
wl; the moment at a distance x from the left support is 

ALE aa 
Qe asd 


5) 
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and the differential equation becomes: 
dy wilt wat 


ae? aoe (1) 
dy  wix? wax 


From symmetry it is evident that the maximum deflection is 
at the middle 


dy _ eee 
ee 0 when x = 33 
wl3 
Orme ye (3) 


ce is the slope of the elastic line at the left support. ) 


dy _ wir? wx? wi> 


roe area ee (4) 
ce ie ee 
Ateoe— ONY 220s =. 0; (6) 
Biy = SE 3 ge @ 
When x = A the deflection is a maximum, 
Blumes = “io(3 — 35 ~ 4) = ~38H 
Ymax = a = — ans - Formula XVIII. 


Substituting « = / in Equation (7), the deflection at the right 
support is found to be zero. This condition might have been 
used to determine one of the constants. 

This beam might be regarded as fixed at the middle where the 


. , l ‘ 
slope is zero, and to consist of two cantilevers of length 9 which 


are bent downward by the distributed load and bent upward by 
the end reactions. The deflection at one end is: 


Wel 

a 4 3(5) pate: lhe 

eo GOT. 1 198 RT 
Wr ls3 

F ae oe 

wees ASH? 


; wh OW 
total deflection upward, 33467 8 — 3) = 384 FI 


154 STRENGTH OF MATERIALS [Arr. 78 


The deflection at any point, measured upward from the middle, — 


may be calculated in a similar way. 


Problems 


. A 2-inch by 12-inch floor joist is 15 feet long between supports. If # 


is 1,200,000 pounds per square inch, find the deflection which is caused 
by a load of 90 pounds per foot. Ans. 0.296 inch. 


. A 24-inch, 80-pound I-beam supports the middle of the floor of a room 


which is 30 feet square. The total floor load is 100 pounds per square 
foot. If His 29,000,000 pounds per square inch, find the deflection at the 
middle of the beam. Find the fiber stress at the dangerous section. 


. An 8-inch, 18-pound I-beam rests on two supports which are 10 feet apart 


and overhangs one support 5 feet. When a load of 12,000 pounds is 
uniformly distributed over the portion between the supports, how much 
is the free end elevated and how much is the point midway between the 
supports depressed? Ans. 0.262 inch; 0.164 inch. 


. A beam of length / and depth d has its neutral surface midway between 


the top and bottom. The beam is supported at the ends and carries a 
uniformly distributed load which makes the maximum stress equal to S. 
Find the deflection at the middle. 

5S? 


Ans. Deflection = 4d 


. If # is 29,000,000 and S is 16,000 pounds per square inch, find the maxi- 


mum allowable deflection in a 12-inch I-beam which is 15 feet long. 


. What is the equation of the elastic line in terms of k, if x = kl? 


__ wht -y _ ons 4 48 Wek va 
aaeT ieee 'y Mh ~ogg7 pair 


78. Beam Supported at the Ends with Load at the Middle by 


Ans. y = 


Double Integration.—If P is the load at the middle, each reac- 


a IY og ; ; 
tion 1s 9’ and the moment from the left end to the middle is 


ae 
2 


(See Fig. 77.) For the portion of the beam between the left 
end and the middle. 


Gy” Ps 
ntl. rede ee 
At the middle, from the symmetry of the sides, 2 = 0; 
Wein 
Cy ay 16 (3) 
dye foe PP. 
rE: 4-16 4) 
Pie 
Blij is sa dae ance) 


12 te aoe 
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At the left support, where xz = 0, y = 0: 
ete mele ee 

Ce ae @) 

At the middle, where x = & 

pele Jade ie 


Ymax = 06 = 32BT = 48h Formula XIX. 


Since the moment equation applies only to the left half of 
the beam, the formulas derived from this equation are not valid 
beyond the middle. From the middle to the right end, the mo- 


aad 
ment is 3 (1 — x). 
Ch ate et 


Oman Aaa De me eiab 

Ely = 7 +[os=-F (9) 
pean en Pr 

Ely 2 + 16 + C4. (10) 

; PE 
At the right support, where x = l, y = 0; C4 = ae 

See ae alee pigs 

ee 16 Ie ae 


A beam supported at the ends and loaded at the middle may 


. l ; 
be regarded as two cantilevers, each of length 9 which are bent 


: 12 
upward by reactions om 


Formula XIX is largely used in the determination of the modu- 
lus of elasticity. 


Problems 


1. Find the slope at the left end and the slope at the right end and compare 


the results. 
2. Find the deflection at one-fourth the length from the left end and at 
three-fourths the length from the left end. 


3. Find the deflection at one-third the length and at two-thirds the length 
from the left end. 
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-4. A spruce beam tested at the Bureau of Standards was 1 34 inches square. 


The beam was supported at points 24 inches apart and was loaded at 
the middle. When the load changed from 30 pounds to 208 pounds, 
the deflections at the middle increased 0.0472 inch. Find £. 

Ans. EH = 1,390,000 pounds per square inch. 


. A second spruce beam was 1.75 inches by 1.78 inches. The span was 


24 inches and the load was applied at the middle. The deflection at 
the middle was measured by a dial which read in ten-thousandths of an 
inch. When the load was 31 pounds the dial reading (not the deflection) 
was 0.0314inch. At loads of 251, 471, 691 and 911 pounds, respectively, 
the dial readings were 0.0839, 0.1342, 0.1882, and 0.2700 inch. The 
beam broke under a load of 973 pounds. Find # and the modulus of 
rupture. 


. A 15-inch, 50-pound I-beam rests on two supports 20 feet apart and 


overhangs the left support 6 feet. Find the deflection at the middle of 
the span and the elevation of the free end when a load of 6,000 pounds is 
placed midway between the supports, if H is 29,000,000 pounds per 
square inch. Ans. —0.1233 inch; 0.1102 inch. 
If S is the allowable unit stress in a beam, d is the depth, and / is the 
length, and if the neutral surface is midway between the top and bottom, 
what is the expression for the maximum allowable deflection when 
the beam is loaded at the middle. By means of this formula find the 
maximum allowable deflection in a stee! beam 20 feet long and 18 
inches deep. 
A selected beam of red vak, 1.75 inches wide and 1.25 inches deep, was 
placed on two supports 12 inches apart and a load applied at the middle. 
When an addition of 607 pounds was made to the load, the deflection at 
the middle was increased 0.050 inch. Find 2£. 

Ans. 1,534,000 pounds per square inch. 


. In the beam of Problem 8 an addition of 721 pounds produced a deflec- 


10. 


ul. 


tion of 0.059 inch. Find #. 

In Problem 8 how much would the last significant figures of the value of 

E be changed if the deflection readings were incorrect 0.0005 inch? If 

the breadth were incorrect 0.005 inch? If the depth were incorrect 

0.005 inch? If the load were incorrect 1 pound? How much would # 

be changed if all these errors occurred at once in the same direction? 

Ans. An error of 0.005 inch in the depth would change the result 1.2 per 
cent., a change of 18 in the significant figures, 

The beam of Problem 8 broke under a load of 2,315 pounds. Find the 

fiber stress at rupture. 


79. Beam with Constant Moment, by Double Integration.— 
Figure 110 shows a beam which is supported at two points at a 
distance | apart, overhangs each support, and carries a load on 
each end. The moment at the left support is—Pa and the 
moment at the right supportis —Qb. IfPa = Qb, the left reaction 
is equal to P and the right reaction is equal to Q. The loads and 
reactions then form two equal and opposite couples, and the 
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“moment in the beam between the supports is constant and is 
equal to —Pa (or —Qb). With the origin of codrdinates at 
the left support, 


ET = —Pa; (1) 
di 
(Dies = —Par + (;; (2) 
2 
Ely = — Cur On (3) 


Fig. 110. 


At the left support, where x = 0, y = 0, hence C,’= 0. 
At the right support, where x = l, y = 0. 


Pale 


0 = =a Th + Crt 
Pal 
ee 
When this value of C; is substituted in Equation (2). 
Oy Pal. 


At the point of maximum deflection, _ = 0 and z = 5 The 


maximum deflection is at the middle of the span. 
The equation of the elastic line is 


peed Par 2s Paz “< 
Pal? 
ymax = ST 2) 


If P and Q are equal and a and 6 are equal, it is evident that 
the elastic line is symmetrical with respect to the middle of the 


ie , dy . 
span. Under these conditions, it could be assumed that S is 
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zero when z is y and the value of C; could be obtained from the 


first integral. If P and Q are not equal, but the product Pa 
equals Qb, the symmetry is not self-evident, and it is better to 
determine both constants from the second integral. 


Problems 


1. A board, 6 inches wide and 1 inch thick, rests on two supports 80 inches 
apart. A load of 30 pounds is placed 16 inches to the left of the left 
support and a load of 20 pounds is placed 24 inches to the right of the 
right support. If E is 1,200,000 pounds per square inch, what is the 
deflection upward midway between the supports? What is the slope at 
each support? 


Ans. y = 0.64 inch; ou = 0.032. 


2. In Problem 1, find the deflection at 20 inches to the right of the left 
support. 

8. In Problem 1, find the radius of curvature of the portion of the beam 
between the supports and calculate the deflection at the middle and the 
slope over the supports geometrically. 


The overhanging ends of Fig. 110 are cantilevers. The 
deflection of each load from the tangent at the support (ys of Fig. 
110) is given by Formula XVI. The deflection of the tangent 
at the support from the horizontal line through the supports 
(y2 of Fig. 110) is the distance from the load to the support 
multiplied by the slope at the support. 


Wetoeth Jet Pa? 
Woe > oy guy BEE ee 7) 
Problems 


4. In Problem 1, find the deflection of the load of 30 pounds downward 
from the horizontal line through the supports. 
Ans. 0.512 + 0.068 = 0.5890 inch. 


5. A beam of total length J is supported at two points, each of which is 


4 


from one end and carries a load of = at each end. How much is the 


middle deflected upward and how much is each end deflevted downward 
from the supports? 


Figure 111 shows a method of loading and supporting a beam 
which is considerably used in testing. The beam is supported 
at the ends and two equal loads are applied at equal distances 
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from the ends. If the weight of the beam is neglected, the shear 
is zero and the moment is constant between the loads. The 
fiber stress is the same for the entire distance between the loads. 
If the beam is uniformly strong, it may fail at any point between 


Fre. 111.—Supports at ends, two loads symmetrically placed. 


the loads. If any section in this portion is weaker than the re- 
mainder, failure will occur at this weaker section. If the beam 
were loaded at the middle, and the weakest section were some 
distance from the middle, it would show considerably greater 
strength than if it were loaded as in Fig.111. Figure 111 is 
equivalent to Fig. 110 inverted. 

If J is the total length in Fig. 111, and a is the distance from 
each end to the nearest load, the length under constant moment 
isl — 2a. This distance must be used in place of / in the preced- 
ing equations. 


Problems 


12 
6. A beam of length / is supported at the ends and carries a load > at 


a distance a from each support (Fig. 111). How much is the middle 
of the beam deflected downward below the horizontal line through the 
loads? How much are the loads deflected downward below the sup- 
ports? What is the total deflection of the middle below the supports? 


Pa(l — 2a)?, Pa?(3l — 4a) 
16H 12H] 


Past? — 4a?) 


; total deflection, 48ET 


Ans. 


7. In Problem 6, find the total deflection at the middle when the loads are 
at the third-points, that is, when a is one-third of J. 


te pee elle 
Seer Tah DOGHT | 
8. Solve Problem 7 if the loads are at the fourth-points. 
my woe LDL? 
peauaue ie (OSH I: 


9. A 7-inch by 16-inch beam of short-leaf yellow pine, tested by Professor 
A. N. Talbot, was placed on two supports, each 13 feet 6 inches apart, 
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and loaded at points 4 feet 6 inches from the supports. When the total 
load was 40,000 pounds, the deflection of the middle below the supports 
was 0.825 inch. Find the modulus of elasticity and the maximum 
unit stress. Ans. E = 1,531,000 pounds per square inch.* 

10. Draw a sketch of the loaded beam of Problem 10 accurately to scale. 
What was the radius of curvature between the loads? 


Fig. 112.—Beam loaded at third points. 


11. A 6-inch by 8-inch wooden beam supported at points 12 feet apart is 
loaded with two equal loads of 800 pounds each 4 feet from the supports. 
If # is 1,200,000, what is the deflection under a load and at the middle? 

Ans. Under a load, 0.240 inch; at middle, 0.276 inch. 

12. In Problem 11, two vertical lines are ruled on one side of the beam 20 
inches on the right and left of the middle. When the load is applied, 
what angles will these lines make with each other? 

13. In Problem 12, Fig. 112, the distance FN between the upper ends of the 
lines is measured with a delicate extensometer. How much is this 
distance diminished when the loads are applied, and what is the unit 
deformation in 40 inches? Ans. Total, 0.0200 inch; unit, 0.00050 inch. 


80. Beam Supported at the Ends and Loaded at Any Point, 
by Double Integration.—The moment equation changes at the 
concentrated load, consequently two differential equations must 
be solved to obtain the equation of the clastic line for the entire 
beam. It is not possible to obtain the equation of the elastic 
line for the portion between one support and the load, without 
solving the second differential equation. The slope of the 
tangent is not zero at the middle nor under the load. If the differ- 
ential equation were integrated for the portion from A to G 
of Fig. 118, there would be only one known condition (y = 0, 
when « = 0) for the determination of the two integration con- 
stants. If the right portion were integrated alone, there would 
be the single condition that y = 0, when x = 1. When both 
equations are integrated together, there are two additional 
conditions. Under the load where x = a (Fig. 113) the slope 
is the same and the deflection is the same for both sets of equa- 

* From Bulletin No. 41 of the University of Illinois Engineering Experi- 


ment Station. The deflection as given was scaled from the load-deformation 
diagram. 
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tions. 
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16] 


These with the two conditions already mentioned make 


it possible to evaluate the four integration constants. 
Figure 113 represents a beam of length / supported at the ends 


with a load P at a distance a from the left end. 


Iie) —a-="b; 


Fria. 113.—Beam with load at any point. 


the left reaction is oe For the left portion of the beam 


M = ae 
and to the right of the load 
M = a P(x — a). 


For all points from x = 
0 to x = a, inclusive, 


EI de? i (1) 
dy _— Pox? 


l 


For all points from x =a to x = l, 


inclusive, 
Ce et Rigas 
dys erbe EG —2d)2 
Hs ey ye le) 


The curve is continuous under the load with no abrupt change 


of slope. 


same as when calculated from (4). 


When wz = a the value of 


2 calculated from (38) is the 


This makes the first mem- 


bers of the two equations equal and, consequently, the second 
members are equal when a is substituted for z. 


Pba? 
21 
Cy 


+O1= 


Poa P(a-—"a)? 
21 2 
C3. 


+ C3; 
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Substituting Ci for Cs in Equation (4) and integrating both 
equations, 


Ely Bee oh“ Ely alee Se Fe 5) 5 
61 6l 6 
Cy. (5) Ca. (6) 
When x = 0, y = 0, 
hence Ce =.0; 


When x = a the values of y from (5) and (6) are the same and 

the second members of these equations are equal, from which: 
0 a Cs = OF 

When c= tin (6). 8 

Poi? _ P(l — a) 


OOS ae ren Syemal 


EE : 
— ey — >). (7) 


0; 


Substituting the value of C; from (7) in (5), 

Poa “Pb Fea OF ae 
Glos 61 ; © 

Substituting C; in (8) and equating to zero, 

pitta” AO ea) 

Sos" pee ’ 


Ely = 


re 3 (9) 
gives the point of maximum deflection, provided 6 is less than a. 
Substituting x from (9) in (5), f 

Po? — V3 — &) _ 
ae Q7EII Fi 

__ Pbala + 2b)~/3a(a + 2b) (10) 

27ETI 
The deflection under the load is 
arb 

Lemay nn oe 

Problems 


1 
1. Show that the point of maximum deflection is never beyond /3 


2. A 3-inch by 2-inch rectangular beam, 10 feet long, supports a load of 45 
pounds 6 feet from the left end. Find the deflection at the middle, under 
the load, and at the point of maximum deflection if the beam is supported 
at the ends and £ is 1,500,000 pounds per square inch. 

Ans. At middle, 0.510 inch; under load, 0.498 inch; maximum, 0.512 inch. 
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3. Find the deflection at the middle of a beam of length | which carries a 
load P at a distance b from one end, if b is less than one-half the length. 
Pb 
~ 48EI 
4. A beam of length / carries a load P at the middle. Find the deflection 
at a distance b from the right end by means of the Equations of Article 
78. From this result and the proposition of Article 75, solve Problem 3. 


Ans. Y= (312 — 462), 


5. Find the deflection at the middle when 6 = . Why is the result the same 
as the answer of Problem 7 of Article 79?. 
81. The Method of Area Moments.—The calculation of deflec- 
tions by the method of area moments* has decided advantages 


in some cases, especially when the loads are concentrated and 
the slope is known at some point. 


From the equation M = EI ao = ahi » when @ is a small 
angle 
M 
M 1 
0= fade +C =Z,fMar +0, (2) 


when J is constant. 
Since f Mdzx is the area of the moment diagram, the difference 


in slope between two points on a beam of uniform section is the area 
of the moment diagram between these points dimded by EI. If 
the moment of inertia varies, the difference of slope is the area 
= diagram divided by £. 

In Fig. 114, AoBo represents a portion of a beam. The line 
AiB,By which is straight from A, to B; and curved from B, to 
Bo represents the same beam after the portion from B; to Bo has 
been bent by a moment M. If the short portion between Bi 
and B; is now bent by a moment M, the point Ai moves to A». 
The angle between the tangent A,B, and the tangent A2Bz 
(or the angle between the normals at B, and Bz) is dé. (It 
is assumed that the angles are so small that the angle @ is practi- 


of the 


*This method was devised by Mohr and independently in America by 
Prof. Charles E..Greene, who began to teach it in 1873. See paper by A. E. 
GREENE in the Michigan Technic of June, 1910. 
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cally equivalent to tangent of 6, and the points AoA:Az2 lie on 
a straight line which is approximately vertical.) The deflection 
dys, from A, to As, when the infinitesimal length B,B», is bent, 
is A2B2 d@ (or AiB, dé, since B,Bz is infinitesimal). Since @ is 


Fie. 114. 


small, ABs is practically equivalent to its horizontal projection 
AB’, the length of which is  — 24 


dya = («# — xq)d0; (3) 
We = ae tad: (4) 


The total deflection of the point A is 
Ya = fue — x,)dx. Formula XX 
For a uniform beam 


Elys = if MG@ =a dm Formula XXI 


When the origin of codrdinates as taken at the point Ao. 


Ely, = ih Madx Formula XXII 


Since Mdzx is an element of the moment diagram, (a — 2) 
Mdzx is the moment of this element with respect to the line 
AoAiAz. The integrals of Formulas XXI and XXII give the 
moment with respect to A of the entire moment diagram from 
A to By. The distance Ya is the deflection of the point A from the 
tangent at B,. This is called the Area Moments Method, the 
Slope Deflection Method, or the Integral of Mxadx Method. 

For a concentrated load or reaction, the moment diagram 
is a triangle; for a uniformly distributed load it is a parabola. 
Since the area and location of the center of gravity of these 
figures are known, the moment is usually computed geometrically 
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without integration. For other loadings it may be necessary 
to integrate for the moment. When the moment of inertia is 
not constant, and Formula XX is required to find the moment of 


the a or the moment of the = diagram, it is generally advisable 


‘\ to integrate. 
~~ 82. Cantilever Loaded at Free End, by Area Moments.— 
Figure 115 shows a cantilever with a load on the free end. The 


Fia. 115.—Area moments for cantilever. 


figure also shows the elastic line with the deflections magnified, 
the shear diagram, and the moment diagram. The moment 
diagram is a negative triangle. The maximum ordinate is — Pl, 


which is the area of the shear diagram. The area of the mo- 
2 wie Net 
ment triangle is — and its center of gravity is = from the 
left end. The deflection of the left end from the horizontal 
tangent at the right end is given by 
Tek Se 74| fis bs 
Elymax = —9 eS ea 
—_ PIs . 
eee S HL 


(1) 


Formula XVI. 
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The change in slope from the free end to the fixed end is the area 
of the moment diagram divided by EJ. Since the beam is 
horizontal at the fixed end, the slope at the free end is 


bial 


OORT ee (2) | 
Pl? 
6 = sar (3) 


(Compare with Article 73.) 
Figure 116 is the moment diagram used to find the deflection 
at a distance x from the free end. The area to the right of the 


Fig. 116.—Area moments for any point of cantilever. 


point B may be broken up into the rectangle of base 1 — x and 
altitude — Px, and the lower triangle of base | — x and altitude 


—P(l —x). The moment arm of the rectangle is ete and that 


2 
of the triangle is cs as : 
Moment of rectangle = —Pza(l — x) X ee = =a — x)?, (4) 
Moment of triangle = ened os ah x an ay z) - 
Ga). ©) 
Total moment = Ely = mae + oe — ee (6) 
ee ~pagq (al = apy egh cn 


Instead of the swm of the moments of the triangle and the 
rectangle to the right of B, the difference of the moments of 
the entire triangle and the small triangle to the left of B may be 
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2 
used. The area of the large triangle is — a. and its center of 


phe Ob 
gravity is 372 to the right of B. The area of the small triangle 


Py 
is —~>~ and its center of gravity is 5 


3 3 = to the left of B. 
a) we )- ae @) 
y= ae ale x3), (7} 
Problems 


1. Find the slope at a distance x from the free end by means of the area of 
_ the moment diagram and compare with Article 73. 


Ans. EI@ = — — —_- 


2. A beam of length J is fixed at the right end and carries a load P on the left 
end. Find the deflection at one-third the length from the left end by 
means of the moments of the two moment triangles without the use of 

_ Equation (7). Check by Equation (7). 

3. A 4-inch by 6-inch cantilever, 10 feet long, is deflected 1.2 inches at the 

end by a load of 180 pounds on the end. Find the modulus of elasticity. 
Ans. H = 1,200,000 pounds per square inch. 

4. A 12-inch, 31.5-pound I-beam is used as a cantilever. A load of 4,000 
pounds is placed 8 feet 4 inches from the fixed end. If # is 29,000,000 
pounds per square inch, what is the deflection under the load, and what 


is the maximum fiber stress? 
Ans. Deflection = 0.213 inch. 
5. A 15-inch I-beam as a cantilever 10 feet long carries a load on the free 
end which makes the maximum fiber stress 14,000 pounds per square 
inch. If £ is 29,000,000 pounds per square inch, what is the deflection 


under the load? 
6. Differentiate Equation (7) to find the slope of the tangent to the elastic 
line. Compare with the answer of Problem 1. 


™83. Cantilever Loaded at Any Point, by Area Moments.— 
Figure 117 shows a cantilever of length J, which carries a load P 


at a distance a from the free end. The area of the moment 


— 2 
triangle is — EE DS The moment arm for finding the 


2 
2(1 ; 
deflection at the free end is a + sees which reduces to 


21 +a 
3 
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Ely eer Pi a a)? x 21 + a ee F (ais a 312q at a’); (1) 
2 3 6 
Ymax = — a (QQ — 3l7a --a*). (2) 
cre 6EI 


If x is substituted for a, Equation (2) becomes identical with 
Equation (7) of the preceding article. This identity is an 
illustration of the principle of Article 75. 


i ii | | 
el 
| I< l-a >| 

z= a++(I-a) 1 eee 


Fia. 117.—Cantilever with load at any point. 


The slope under the load, or at any point to the ieft of the 
load, is equal to the area of the moment diagram with the posi- 
tive sign divided by HI. This slope multiplied by a gives the 

_vertical distance of the end of the beam below the load. 


Problem 


1. A 4-inch by 4-inch cantilever, 15 feet long, carries a load of 40 pounds 5 
feet from the free end and a load of 60 pounds 10 feet from the free end. 
Find the deflection at the free end if # is 1,350,000 pounds per square 
inch. Solve from the two moment triangles without using Equation (2). 

ANS. Ymax = 2 inches. 


84. Cantilever with Uniformly Distributed Load, by Area 
Moments.—Figure 118 shows a cantilever with a uniformly 
distributed load of w per unit length. The shear diagram is a 


2 
triangle of maximum altitude —wil and area — oe The moment 
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diagram is a parabola. The maximum ordinate, which is the 
2 


area of the shear diagram, is — oe The area of a parabola 


which is convex toward the base is one-third the product of the 
base by the altitude. 


w per unit length 


- 


aan ees ee 7 


4 


Pas 


| 


m 


10) 


Fie. 118. 


Area of moment diagram = 9 3 a 


Since the slope at the fixed end is zero, the slope at the free end 


1S 


wl3 : : 
poe Lge cae ; ] : 2 
0 = ERT (Compare with Article 76) (2) 


The distance of the center of gravity of this parabola from the 


oe 
vertex 1S a 
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See Fig. 230. The area of a plane figure whose height varies as the square 
of x is analogous to the volume of a pyramid, since the areas of the cross- 
sections of the pyramid vary as the square of the distance from the vertex. 


wl> 31 wlt 


Elinas = 3 ae x ol = ae “or (3) 
wlt Wis 
Umass SEI = = SEL Formula XVIII. 


in which W = wil = the total distributed load. 

To find the deflection at a point at a distance x from the free 
end, the moment of the parabola to the left of the point is sub- 
tracted from the moment of the entire diagram. The moment 


arm of the entire diagram ADE is . —z«. The area of the para- 


3 
bola ABC is —” and its moment arm with respect to B 


6 
x 
1s 74 
wl 731 wt . wlix 
Gece iz 2) inate (4) 
3 

le IE ae 6) 
Ely = — ai (314 — 48a + x4); (6) 
ye Ch — Ate ey, (7) 


which is the equation of the elastic line. (Compare Article 76.) 


Problems 


1. Find the deflection at the middle of a cantilever which is uniformly loaded. 
Solve by means of the moments of the areas without the use of Equation 
(7). 

17W1 | 

3884 HI 

2. What is the slope at the middle of a cantilever with a uniformly dis- 
tributed load? 

3. A 4-inch by 6-inch wooden cantilever is 10 feet long and carries a distrib- 
cuted load of 48 pounds per foot. If # is 1,500,000, what is the deflection 
at the free end and what is the maximum unit stress? 

Ans. ymax = 0.96 inch; S = 1,200 pounds per square inch. 

4. In Problem 3, what is the slope of the tangent at the free end and at 
the middle? 


Ans. y= - 
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Figure 119 shows a cantilever which carries a distributed 
load over a portion of its length adjacent to the fixed end, while 
the remainder, of length a, is not loaded. To find the deflection 


w Per Unit 
Length 


Fie. 119.—Cantilever with distributed load over part of length. 


at the free end, the area of the moment diagram is — ee 
and the moment arm with respect to the end is 
ta (8) 
Hips w(l F a) N, 31 t a. (9) 
Paar = — 5,577 Ol — Sita + Gia? — at), (10) 
Problems 


~6. A cantilever of length / carries a load of w per unit length over the half 
of its length adjacent to the fixed end and no load over the remainder. 
Find the deflection at the free end by means of the diagram and check 
by Equation (10). 

Twls 
~ 384H1 
6. Find the deflection at the middle of the beam of Problem 5 by Formula 

XVIII and add to this the slope at the middle multiplied by one-half 

the length. 

7. A cantilever of length / carries a load of w per unit length over the half 
adjoining the free end and no load over the remainder. Find the deflec- 
tion at the free end. 


Ans. Ymax = 


_ Abul 
38441 
8. Solve Problem 7 if the load extends over four-tenths of the length. 


Ans. Ymax = 
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85. Beam Supported at the Ends and Loaded at the Middle, 
by Area Moments.—Figure 120 shows a beam which is supported 
at the ends and loaded at the middle. The positive moment 
of the left reaction is the triangle DEF. The negative moment 


Hie. 120: 


of the concentrated load is the triangle HFG. The combined 
moment to the right of the load is the positive triangle KFH. — 
(The line KF is not shown.) It is generally best to use the posi- 
tive and negative triangles separately instead of the resultant. 

The deflection upward of the left support from the tangent 
at the middle is derived from the moment triangle DKH. 


PE ea eee 

in which y is the deflection wpward of the left end and is opposite 

in sign to the deflection of the middle downward below the line 
of the supports. 

y = ease Formula XIX 

max 4ASEI 

The deflection at any point may be obtained by means of 

the deflection upward of the point from the tangent at the 
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middle. It is more convenient, however, to use the deflection 
upward from the tangent at the left end. Since the slope is 
zero at the middle, the slope at the end is given by 


0 
EI6 + an Ai (2) 
Pl? : 
De 4G ey: (3) 


At a distance x from the left end, the tangent at the left end is 
Pe ; 
—T6EI a from the horizontal line through the supports. If 


y’ is the deflection upward from the tangent, 


Px? x P23 

() ae eat, ° 
EN are Toa eae: ) 

PPa Ii: 
IGE T Wh 1ohT (5) 


in which y is the deflection of any point to the left. of the load 
below the line of the supports. 


Problems 


1. Find the deflection of the right end of the beam of Fig. 120 upward from 
the tangent at the left end, and show that it is equal to the slope at the 
left end multiplied by the length. 

| 2d Samia ieee a er Arie’ <i 


Ans. HI X CB = | xX 3 8 7 TH: 


2. Find the deflection upward of the left end from the tangent at the right 
end. 

8. Find the slope of the line at a distance x from the left support and com- 
pare with Article 78. 

4. Find the deflection at one-third the length ftom the left support directly 
from the moment triangle. Also find the deflection at two-thirds the 
length from the left end by means of the triangles. 


86. Beam Supported at the Ends and Uniformly Loaded, by 

Area Moments.—The moment at a distance x from the left 
; l ‘ , 

support is oe — <a These terms are shown separately in 
the lower diagram of Fig. 121. The positive triangle represents 
the first term and the negative parabola represents the second 
term. ‘The second term is that of a cantilever with a uniformly 
distributed load, and the first term is that of a cantilever with 


a concentrated load at the left end, pushing upward. From the 
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symmetry, it is evident that the beam is horizontal at the middle, 
and the deflection at any point upward from the tangent at the 
middle may be calculated by combining the two cases of the 


cantilever with the proper signs. 
2 


: ¢ ; l 
If the distance > is measured downward from the line = 


w Per Unit Length 


Fia. 121.—Beam supported at ends, distributed load. 


the remainder gives the parabola HFD, which represents the 
entire moment. In some cases it is convenient to use this single 
parabola in calculating the deflection, generally, however, it is 
better to use the separate figures of the lower diagram. 

The deflection of the left end upward from the tangent at 
the middle may be calculated by means of the parabola EFD. 
This parabola is concave toward the base. Its area is two-thirds 


Cuapr. VIII] DEFLECTION IN BEAMS 175 


the product of the base by the altitude and the center of gravity 
of the half EFG is five-eighths of HG from E. (See Table XXIV) 
iE a Bie 
~HYmax = 94 X 76 = 3843 M) 
5wlt 5Wwis 


Ymax = ~ 38487 SS ~ 384k. Formula NeValiiele 


The slope of the tangent at the left end is found by the area of 
of the moment diagram. Since the slope at the middle is zero, 


3 
_-BIe + - £0. (2) 
wl 
Bie - Q4ET (3) 


In Fig. 121, AC is the tangent to the elastic line at the left 
end. The distance NK from the line of the supports to a point 
K on this line is 

wha 
~o4ET | (4) 
The deflection of the elastic line upward from the tangent AC 
at a distance x from the left end is 


NIK = OB = 


pee te UE 8 Ie ne 
Demet EO 


,_ wie? wat 
Y = T9RI ~ 24ET © 
The deflection y from the line of the supports is the algebraic 
sum of NK and y’ 


y= NK +9 = ~pan7 + gmt 7 RT 
Y= —5p7 (P — Dlx? + 2°). (7) 
If x a kl, Equation (7) is 
y = — ER (1— 2k +B). tent 
Problems 


1. Find the slope of the beam at a distance x from the left support from the 
area of the moment diagram. Compare with Article 77. 

2. Find the deflection at one-fourth the length from the left support from 
the moment diagram without the use of Equation (7). 

3. Find the deflection of the left end from the tangent at the right end. 
Divide the result by the length to get the slope at the right end. Check. 
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4. Find the deflection of the left end from the tangent at the middle by means 
of the positive triangle and negative parabola of the lower moment dia- 
gram of Fig. 121. 


é i 
Pb Pa 
je B 
ve: aa ee ore gee a= 
| a oy ice peoee | ol 
Area pe ee ate 
LE 2 d 
ill | o 
ri cee | eee eee | 
I | 
—— a 
| Pb x 
Mee ene a 9 
0) 
MOMENT 


Pra, 222% 


87. Beam Supported at the Ends with Load at Any Point, by 
Area Moments.—In Fig. 122, the moment diagram consists of 
a positive triangle of base | and a negative triangle of base 6. 
The slope at the left end is found by dividing CB by the length. 


Pol LY PoP eS b ' 
HI X CB => X g- > a og Nae b) (1) 
— Pb 2) 2\.- 
CB= GET (1 b*); (2) 
= “Chae Poo 
= tance. = aes — ear © — b?). (3) 


The deflection y at any point is the algebraic sum of the deflec- 
tion of the tangent at that point (which is negative) and deflec- 
tion y’ of the elastic line from the tangent. 
Under the load, 
Poae oie roas 


EES ope, se! ce 
es en ae ee. 
ee 
Y= en = ee ames (6) 
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At a distance x from the left support (if z is less than a), 


Pb? a Pox? 


me ene) ol @) 
ee LU on, ; LOR 
y= —gen — ©) + Gert 8) 
ae 


At the point of maximum deflection the slope is zero. Since 
the area of the moment diagram divided by EI measures the 
change in slope, 

Pox 


TPF amr = 0: (10) 


pie 7 Ap heaeee y 
ee be PB ey ar 


~ san l 


is the abscissa of the point of maximum deflection. When 
this value of x is substituted in Equation (8), 


_ _ Po? — b2)V3(2 — b?) | 
soa Q7EIl oe 


_ Poa(a + 2b)+/3a(a + 2b) 
27EIl 


(12) 


Problems 


: _ 1. Find the position of maximum deflection by differentiating Equation (9). 


~2. Find the intercept of the tangent at the right end on the vertical line 
through the left end. From this find the slope of the tangent. Check 
by means of the area of the moment diagram. 
3. Find the deflection at the middle. 


88. Beam with Loads Symmetrically Placed, by Area Mo- 
ments.—Figure 123 shows a beam which is supported at the 


P 5 
ends and carries a load of 2 pounds at a distance a from the left 


end and an equal load at the same distance from the right end. 
The moment diagram consists of two triangles and a rectangle. 
The deflection of the left end from the tangent at the middle is 
given by 


Pat 220 Pa L + 2a, 
— El ymax = 4 x 3 “i 4 ( 2a) 4 ) (1) 
Urmex ten ~ 4A8EI (31? = 4a’). (2) 
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The deflection of the point of application of a load above 
the tangent at the middle is 


Ely’ = = (1 — 2a) oy al 


a: (l2 — 4al + 4a?).> (3) 


Ai tie 6 


Area 22° 


hice abeEy 


The deflection of the point of application of a load downward 
from the line through the supports is the algebraic sum of ymax 
and y* 
Me xls Pa Pal? Pet Pas 
y= oy 12EI * 16H 4ET * 457° (4) 


y = a (31 — 4a). (5) 


Problems 


1. Find the deflection under each load when a is one-half of J. 
2. Find the slope of the beam at the end, and under a load. 


89. Area Moments by Integration——The beams which so 
far have been considered have all been of uniform cross-section 
and constant moment of inertia. When the moment of inertia 
varies, the expression for J cannot precede the integral sign in 
Formula X XI but this equation must be written 


Ey = aCe — Xq)dx. (1) 


ty ba 
The moment of the 7 diagram is equal to the deflection multiplied 
by the modulus of elasticity. 
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For a few forms of tapered beams with some particular loading, 
the aE diagrams are simple geometrical figures. For most 


beams and loadings, however, the diagrams are such that their 
moments must be determined by integration. Several illustra- 
tions of these integrations are given in Chapter XI. 

When a beam of uniform section carries loads which are neither 
uniformly distributed nor concentrated at a few points, the 
moment diagram is usually of such form that it is advisable to 
integrate to determine its moment. 


Total Load=W 


Fie. 124. 


90. Cantilever with Load Increasing Uniformly from the 
Free End to the Fixed End.—Figure 124 shows a cantilever with 
a load which increases uniformly from the free end to the fixed 
end. The total load is W and the load per unit length at unit 
distance from the free end is wu. At a distance x from the left 


: : ie 
end the load per unit length is ua, the shear is — ao and the 


ux ul? Men 
moment is — (ee The total load W = Oe which is the shear 


infinitely close to the fixed end. 
To find the deflection at the free end, 


uxt ME ee ter Ws 
EV maz = — | -d2 = Ee ik 30a 15 (1) 
3 
Y max = pe (See Carnegie.) (2) 
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To find the deflection at a distance a from the free end, 


Bly = — [% (« - a) de = uf -S) (3) 
5 4 15) 
v= — m35- Sat a0 @) 
Since a may be any value, it may be replaced by x 
y = — gpg (40° — 52 + Z) (5) 
Problems 


a Solve for Equation (2) by means of the area of the moment diagram. 
(See Table XXIV.) 
2. Solve for the equation of the elastic line by double integration. 
5 10* 
1 Pound per Inch 


Fie. 125.—Beam overhanging supports. 


91. Deflection by the General Moment Equation.—The 
general moment equation is frequently convenient for the solution 
of deflection problems. It is therefore advisable to interpret the 
equation geometrically for application of the method of area 
moments. Figure 125 shows a beam which overhangs the sup- . 
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ports and carries a uniformly distributed load and a concentrated 
load oneachend. The general moment equation may be applied 
to the portion between the supports with the origin of codrdinates 
infinitely close to the right of the left support. The general 
moment equation, when there are no concentrated loads in the 
span under consideration, is 


2 
VE tesa Meats Vopr tears 


o (1) 
In Fig. 125, My) = —48 and Vo = 14. The first term of the 
moment equation is represented by a rectangle of altitude —48. 
The second term is represented by a positive triangle of maximum 
altitude 420. The third term is a negative parabola of maximum 
altitude 450. These are the characteristic figures for the general 
moment equation. If there were concentrated loads in this 
span, the moment of each load would be represented by a nega- 
tive triangle. 

To find the deflection of Fig. 125 by area moments, it is neces- 
sary to first find the slope at one support. The deflection of 
the right support upward from the tangent at the left support is 

Ely’ = 6,300 K 10 — 1,440 x 15 —4,500 X 7.5 = 7,650 (2) 


7,050) 

0 
— 255 
Pages he 


in which @ is the angle which the tangent toward the right at 
B makes with the horizontal. 


Problems 


1. Find the deflection of the left support upward from the tangent at the 
right support and find the slope at the right support. 


Ans. 0 = = between the tangent to the right of the right support and 


the horizontal. 

2. Check Problem 1 from the slope at the left support and the area of the 
moment diagram. 

3. Find the deflection at the left end. First find the deflection from the 
tangent BA by Formulas XVI and XVII, then add the deflection of the 
point A from the horizontal. 

4, Find the equation of the elastic line for the portion between the supports 
by area moments and check by double integration. ‘ 

x 


ely = onset o4 ee 
ns. EIy = x 3 54 
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Figure 126 illustrates the application of the general moment 
equation to a cantilever with uniformly distributed load when 
it is desired to find the deflection at a distance x from the free 
end. Any horizontal distance from the free end between «x 
and I may be represented by x’. (a’ is not shown in Fig. 126.) 


gt Nae a 


ke 
Le l 


eel. (st 4ta%4at) Wy 
<u Wi 


Fig. 126.—Cantilever with distributed load. | 


When the origin of codrdinates for the general moment equation 
is taken at a distance x from the free end, 
phys 
M = My + Vole — ey) BOR eY (3) 
When wz’ — « is considered a single variable, it is evident that 
the second term may be represented by a triangle and the third 
term may be represented by a parabola. 


2 
My = —. and Vo = —wz. 
2 — 
The area of the rectangle is — wae ey the area of the triangle 
a 2 — 3 
— ee and the area of the parabola is — 7 =) : 


In Fig. 126 the parabola is drawn with inclined base to show 
that these three figures make up the entire moment diagram. 
The moment arms of these diagrams with respect to the section 
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[—x 2(l— 2) 3(l — x) 
5) Ter and ones 
The deflection at x distance from the end is given by 
ee) mtn WE ae 6 2(L 1) 
Ee Daa tie? DMN in3 ai 3, 


UW ©) OL — 2) 
ox A 


at a distance xfrom the left end are 


‘Bly = —8, GP + 2x + 2) 2) 


ees sae (314 — 41x + 2). 


92. Stiffness of Beams.—The stiffness of a beam is the recip- 
rocal of the deflection. The stiffness of a beam may be defined 
as the load which will produce unit deflection. It is not cus- 
tomary to express stiffness in this way; it is generally used as a 
relative term. 

In the expression for the maximum deflection of all the beams 
which have been considered, the terms EF and J occur in the denomi- 
nator. The stiffness of a beam varies directly as the modulus 
of elasticity and directly as the moment of inertia of its cross- 
section. The moment of inertia of a rectangular section varies 
as the cube of the depth, consequently the stiffness of a rectan- 
gular section varies in the same ratio. All the expressions for 
the maximum deflection contained the cube of the length in the 
numerator. The stiffness of beams of the same cross-section 
varies inversely as the cube of their length. 


Problems 


1. How does the stiffness of a 4-inch by 6-inch beam compare with that of 
a 4-inch by 4-inch beam of the same material? 

2. How does the stiffness of a 4-inch by 6-inch beam with the 6-inch side 
vertical compare with that of the same beam with the 4-inch side vertical? 

3. How does the stiffness of a 2-inch by 12-inch beam 15 feet long compare 
with that of a 2-inch by 8-inch beam 10 feet long? Which is the stronger? 


Miscellaneous Problems 


1. A cantilever of length 1 carries a load W which increases uniformly from 
the fixed end to the free end. Find the moment at the fixed end and the 
deflection and slope at the free end. 


3 
Ans. M = —u ee -= ; maximum M = “ = meus slope at end 
We 11Wis 
AE] #™8* ~ ~ 60H 


Check with Article 90. 
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2. A beam of length / is supported at the ends and carries a load W which 
increases uniformly from the left end to the right end. Find the maxi- 
mum moment, the equation of the elastic line, and the maximum 
deflection. 


W_ ul? ule -ur3 : _ 2WivV/3 
Ans. Ry = Sy 6e =—— —~-g? maximum moment = 37 
lVv3. _ We. 
te2= 33 slope at left support = — T8087? 
= — u 6. oa 23 4 . 
] 360 EI (32x 101?a3 + 74x); 
maximum deflection at 0.51931 is — sete idle 


3. A curtain dam, 10 feet high, is supported laterally by vertical I-beams, 
each 10 feet long, which are hinged at the top and push against a stop 
at the bottom. These I-beams are spaced four feet apart. Find the 
maximum bending moment in each beam when the dam is full. 

Ans, M = 192,450 inch-pounds. 


CHAPTER IX 


BEAMS WITH MORE THAN TWO SUPPORTS 


93. Relation of Deflection to Stress.—For beams with two 
supports, including cantilevers, the moments and fiber stresses 
may be computed with no reference to the deflection. Such 
beams are statically determinate. When a beam has three or 
more supports in the same plane, it is said to be statically indeter- 
minate. ‘The reactions cannot be determined from the ordinary 
resolutions and moments of mechanics, but the equation of 
the elastic line must be taken into 
account. Itis necessary, therefore, 
in all but the simplest cases, to 
study the deflections before the 
stresses can be calculated. Since 
the unit stress is the most important 
factor from an engineering stand- 
point, the reason for the promi- 
nence given to the deflection 
equations is evident. 

94. Beam Fixed at One End and 
Supported at the Other.—Figure 
127 represents a beam which is 
fixed at the right end and supported 
at the left end. The tangent at 
the bottom of the beam. at the ba dere eaier pee eens 
right end passes through the sup- 
port at the left end. The load is uniformly distributed. The 
unknown reaction at the left support is represented by R. 
The moment at a distance x from the left support, which is 
taken as the origin of coérdinates, is 


2 
M = Rx — a (1) 
185 
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The integration may be carried through as if R were known, and 
its value may be determined later from the conditions of the 
problem. 


I ya eh 
LD ho Beers (2) 
OEY eT ay ie _ 7 REL 0) 
Darema | RO eae ab (3) 
Re wat Ric . wltr 
Ely = - tS +[¢.= 0]. (4) 


The integrations constants have been evaluated from the condi- 
q d 
tions that a = 0 when xz = 1, and y = 0 when x = 0. There 


remains the condition that y = 0 when x = 1, which may be 
used to determine the unknown reaction R. 


3ul 3W 
Me es ©) 
y= Seyi — 3lx3 + [x), (6) 


which is the equation of the elastic line. The moment equation 
Sila. 40a? 

pe ogee 7) 

The reaction and moment may be found more briefly by means 

of the results of Chapter VIII. If the left support were removed, 


the beam would become a cantilever, and the deflection of the 


3 
left end downward would be lee The reaction R, regarded 


as a load at the end of a cantilever, must be sufficient to deflect 


the beam wpward an equal amount. wens ins q- 
mm we, sw 4&7, ; 
SED = SET’ eo ee a! 
Problems i eatery 


1. Draw shear and moment diagrams for beam fixed at one end and sup- 
ported at the other. Find the moment at each dangerous section from 
the shear diagram and compare with the result from the equation of 
moments. 

Ans. Moment at dangerous sections cae) oe . 
” 128 8 

2. How does the greatest moment, numerically, compare with that of a 
beam supported at the ends? 

3. Find the position of maximum deflection and the Pate of this maximum 
deflection. 

Ans. Point of maximum deflection is 0.4215/ from the left support. 
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Differentiating Equation (6) and equating to zero, 
82° — Ola? 12 = 0. 


Since the beam is horizontal at the wall, = 1 must satisfy this 
cubic. Division by the corresponding factor, x — l, gives a 
quadratic. Explain the meaning of the negative root. 


4, A 4-inch by 6-inch beam for which £ is 1,200,000 pounds per square inch 
is fixed 10 feet from the left end. The load is 60 pounds per foot. Find 
the deflection at the free end and find the maximum unit stress. 

Ans. ymax = 1.5 inches. S = 1,500 pounds per square inch. 

5. If the beam of Problem 4 is supported at the left end, what is the reaction 
of the support? What and where is the maximum unit stress? and what 
and where is the maximum deflection? 

Ans. Maximum stress = 375 pounds per square inch at fixed end: maxi- 
mum deflection = 0.065 inch at 50.58 inches from the supported end. 

6. What would be the maximum unit stress and the maximum deflection 
in the beam of Problem 4 if it were supported at two points 10 feet apart 
and carried a load of 60 pounds per foot between the supports? 

Ans. S = 375 pounds per square inch at the middle. ymax = °42 inch 
at the middle. 

7. The beam of Problem 4 is supported at the left end. The support settles 
0.5 inch when the load is applied. Find the reaction and the maximum 
moment. Ans. R = 150 pounds. 


95. Two Equal Spans, Uniformly Distributed Load.—Figure 
128 represents a continuous beam of two equal spans, each 
of length J. If the middle support were removed, it would 
become a beam of length 21, supported at the ends. The deflec- 

4 
oe To bring the middle of 
this beam up to the line of the end supports, the force at the 
middle must be equal to the load at the middle which would 


produce this deflection. 
ReQ))* _ 5w(2t)? 


tion at the middle would be 


48EI ~ 384E1’ & 
10wl 
Ry. = al th (2) 
: ‘ 6wl 
Since the total load is 2wl, Ri + hz = ca From the sym- 


3wl ; : 
metry, it is evident that Ri = R3 = a. It is also evident 


that the beam is horizontal over the middle support. The 
left half is exactly the same as Fig. 127, and the right half is 
symmetrical with the left. The end reactions have already 
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been shown to be the same as those of a beam which is fixed 
at one end and supported at the other. The equation of the 
elastic line and the shear and moment diagrams are also the same. 


4 ws 
The maximum moment over the second support is — Re which 


is numerically the same as the moment at the middle of a beam 
which is supported at the ends and uniformly loaded. A beam 
which is continuous over three supports is no stronger than a 


Fig. 128.—Beam with three supports. 


beam of the same span which merely rests on the supports. 
If the beam were cut in two at the middle and each half rested 
on the middle support, the shear diagram would pass through 
zero at the middle of each span. The moment would be positive 
throughout the whole of each span and the moment curve would 
be highest at the middle of each span. 


The shear diagram of Fig. 128 passes through zero at - from 


31 =e : 
the ends. At - from each end the positive shear area is equal 


to the negative shear area and the moment is zero. The points 
B and B’ are points of inflection. Between these points the beam 
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is concave downward and the moment is negative. Between the 
left support and B and between B’ and the right support, the 
beam is concave upward and the moment is positive. At each 
point of inflection the beam might be cut in two and one portion 
merely rest on the other. If the beam were divided as shown at 
the bottom of Fig. 128, the moment, shear, and deflection at 
every section would be the same as in the continuous beam at 
the top. For instance, three-eighths of the weight of the span 
rests on the middle portion at B. The moment at the middle 
support is 


Bicug Aer alma Gira) oy) 


Wherever there is a point of inflection in a beam, the beam may 
be divided and the portions connected by a pin or a slight pro- 
jection which will resist the shear. 


Problems 


i. A 6-inch by 10-inch wooden beam, 20 feet long, is supported at the ends 
and at the middle, and carries a load, including its own weight, of 720 
pounds per foot. If the supports are all at the same level find the reac- 
tion at each and find the maximum fiber stress in the beam. Check 
the reactions by moments about the right support. 

Ans. Maximum unit stress is 1,080 pounds per square inch over the 
second support. 

2. If the footings for the end supports of Problem 1 are 1 foot square, what 
should be the area of the footing for the middle support? 

3. What is the reaction of each support of the beam of Problem 1 if the 
middle support settles 1.44 inches below the line of the end supports 
and £ is 1,200,000 pounds per square inch? 

Ans. 4,200, 6,000, and 4,200 pounds. 

4, In Problem 3, where are the dangerous sections? What is the maximum 
fiber stress at each? 

Ans. 1,470 pounds per square inch at 70 inches from either end. 

5. What would be the maximum unit stress if the beam of Problem 1 were 
cut in two at the middle and the halves rested on the middle support? 

6. A beam of length J is supported at the ends and at a distance kl from the 
left end. The load is w per unit length and all supports are at the same 
level. Find the reaction of the intermediate support. our es 
wil — 

Ans. Ry, = adh 

7. The beam of Problem 1 has all three supports at the same level and the 
second support is 12 feet from the left end. Find the reaction of each 
support. Ans. 3,480, 9,300 and 1,620 pounds. 


96. Beam Fixed at One End, Supported at the Other, Load 
Concentrated.—Figure 129 shows a beam which is fixed at the 
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right end and carries a load P at a distance a from the left end. 
The left end is held up to the line tangent to the beam at the 
right end by a support which exerts a reaction R. The deflection 
downward caused by the load P is equal to the deflection upward 
caused by the reaction R. These two deflections may be ob- 


13) 


oh — 


f- . CC 


; 


R 
ELASTIC LINE 


Fig. 129.—Beam fixed at one end and supported at other, load concentrated. 


tained from Formula XVI and Equation (8) of Article 74, or 
they may be calculated directly by area moments. 


RP 21 _ P(@ — a)? 2(t — a)7. 
or oe ora] cane wea | " 
as a E21 +a) = (2h Sie 
pa MLD Fon atans 0 
R= ae: — 3k + k*), (4) 


in which k = : 

The equation of the elastic ine may be found by adding the 
upward deflection caused by the reaction at the end to the 
downward deflection caused by the load P. 


Problems 


1. Find the reaction at the support, the moment under the load, and the 
moment at the fixed end when k = 4. 


Ans. R = ae M = gale SP 


Bet Serres 
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2. A beam is fixed at one end, supported at the other, and loaded at the 
middle. Find the deflection under the load. 


768EI 
3. A 6-inch by 8-inch beam, 20 feet long, is supported at the ends and at 
the middle and carries a load of 3,000 pounds 6 feet from the left end and 
an equal load 6 feet from the right end. Find the reaction of each sup- 
port, if all the supports are at the same level. 
Ans. 624, 4,752, and 624 pounds. 
4. Solve Problem 3 if the middle support is 14 inch below the line of the end 
supports and the modulus of elasticity is 1,440,000 pounds per square 
inch. Ans. Ry = 4,752 — 640 = 4,112 pounds. 
5. A beam of length 2/ is supported at the ends and at the middle, and carries 
equal loads at equal distances from each end. When the three supports 
are at the same level, how far should each load be placed from the end in 
order that the reaction at each end may be one half the reaction at the 
middle. Solve the cubic by trial and error. Ans. k,= 0.3473. 


97. Beam Fixed at Both Ends, Uniformly Loaded.—Figure 
130 shows a beam which is fixed at both ends and uniformly 
loaded. The general moment equation is 


2 
M = My + Vor — (1) 
in which My and Vo are constants at present unknown. 
d?y u wx? | 9 
EIT = Geet VO (2) 
dy _ Vor?) wx? = 
EI7 = Mot + 5) 6 [en 0] 
From the condition that 2 = 0, when x = > 
Mol V ol? wl? Ss 
ye i (3) 
From the condition that a = 0, when x = J, 
Viola we 
ee 4 
Mi +> a0 (4) 
[2 
From Equations (3) and (4), Mo = —F5 Mo = 5 
From the second integration, 
Wee, wie? wat 
= — = = ; 5) 
wx? 
se EE acl MY) 6 
y= sagt — o% (6) 
4 13 
wl W (7) 


Ymox ~ 3848] 384ET 
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In reinforced concrete construction, the beams are fixed to 
the columns, and are continuous over the intermediate supports. 


If the columns were perfectly rigid, the maximum moment would 
2 . 
be ie If the beams were not continuous and the end connections 


wl? 
were perfectly free to turn, the maximum moment would be ee 


It is customary to use an intermediate value and to assume that 
5 we 
the maximum moment is 10 


w Fer Unit Length 


WS 


0.2111 


Fie. 130. 


Problems 


. Show that the moment at the middle is one-half the moment at the ends. 
. Find the points of inflection. Ans. 0.2111 and 0.7891. 
. Show that the deflection at the middle is one-fifth as great as that of a 
beam supported at the ends. 

4. Find the deflection of the left end from the tangent at the right end by 
area moments. Then find the deflection of the right end from the tangent 
at the left end, and solve for My and V». Find the deflection of the 
middle from the tangent at the left end, and find the equation of the 
elastic line. 


one 
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98. Beam Fixed at Both Ends, Load Concentrated at Any 
Point.—Figure 131 shows a beam which is fixed at both ends and 
carries a load P at a distance a (a = kl) from the left end. The 
shear and moment diagrams and the elastic line are shown in 


Fic. 131.—Beam fixed at ends with concentrated load. 


Fig. 132. From the left end to the load, the moment is My + 
Vor. From the load to the right end, the moment is My + 
Vor — P(x — a). These three terms are represented by the 
rectangle and the two triangles of Fig. 132. 


LK ip aeaie 


a b > 


ELASTIC LINE 


Fig. 132.—Beam fixed at ends. 


To find the deflection of the left end from the tangent at the 
right end, Fig. 132, 


2 Pigg 
Ely = 0 = Md X 5 ane Nees x(t - °) (1) 


3M ol? + 2Vol? — Pb2(3l — : = 0. (2) 
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To find the deflection of the right end from the tangent at the 


left end, 
Viele th 92 ROD 


Bi OT Meh SC 5 Vanepaaas: aie. (3) 
3M ol? + Vol? — Pb? = 0. (4) 
From Equations (2) and (4), 
2 
- ae = ) — P(1 — &)(1 + 2h), (5) 
2 
Mn ae (Cae Se Phebe 
The deflection at a seine x from the left end is given by 
Le M ox? Vox? 
Ely = Mot X5 + x5= ee ae: (7) 
provided « is not ee ae a. Beyond the load, the term 
— a)? a 
ae 2) Se 3 “ is subtracted and 
ogee? Viet Eas ae 
Ely = 9 “6 6 6 . (8) 


Problems 


ly be ay : find the moment at the wall and under the load and find the 
shear at the wall. 
Pl Pl : 
Ans. M = are at the wall; M = — at the middle. 


8 
2. In Problem 1 what is the deflection at the middle? 

Pi 
192EI 
8. How does the deflection and maximum stress in a beam fixed at the ends 

and loaded at the middle compare with those of a beam supported at the 
ends and loaded at the middle? 


Ans. Ymax = = 


99. Theorem of Three Moments.—The methods of the pre- 
ceding articles may be applied to any number of spans or to 
any number of concentrated loads. However, when it is neces- 
sary to write more than two moment equations and solve for 
the corresponding constants, the work becomes laborious. When, 
as is usually the case, it is desired to find the moments, reactions, 
and shears, without getting the deflections, the theorem of three 
moments is of great use. 

The theorem of three moments is an algebraic equation which 
expresses the relation of the moments at three successive supports 
of a continuous beam in terms of the length of the interven- 
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ing spans and the loads which they carry. In Fig. 133, the 
moments over the supports are represented by Ma, Ms, M,. The 
length of the span from support A to support B is l, and from 
B to C it is lk. Figure 133 represents a uniformly distributed 
load of w; pounds per unit length for the first span and wz pounds 
per unit length for the-second span. The subscripts a, b, c, 
represent the order from left to right and may be applied to any 
three points in succession. ‘The same is true of the subscripts 1 
and 2 applied to the spans and the unit loads. 

The shear adjacent to B on the side toward C is designated 
by V».; on the side toward A by Voa. 

M, 2 Per Unit Length yy, 


Ma Per Unit Length 
IHESERGUGGEUTGRSEREaocmensnnoalOH0HRHRONRURRORRURROURER 
| Seiey VERE ia eh. Selim ie 2 Tao ee 


Fige. 133.—Continuous beam. 


100. Theorem of Three Moments for Distributed Loads.— 
With the origin at the second support in Fig. 133, the differential 
equation for the second span is * 


d?y wee? 
EI 2 = Mo + Vict — 5 (1) 
jill ay pe eas ee A arehs (2) 
dx 2 
Since a T is the value of when x = 0, it is the slope of the tan- 


gent to the beam at the middle ACR 


FHS ae se Tne a SE hath (CAN aoe Ae) 


When zx = le, y = 0, when these ee are substituted in Equa- 
tion (3), and the result divided by ls, 


Mole Viele sc Waly = 4 
py ing, 54 te = 0: (4) 
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Equation (4) expresses the relation of the moment, shear, and 
slope at the left end of the second span in terms of length of 
the span and the load which it supports. It is desirable to 
replace the shear at the left of the span by the moment at the 
right end. From the general moment equation, 


M, = My + Voc — 22 (5) 
When V;,, is eliminated from Equations (4) and (5), 
2Mole + Mle aa Be. + 6C, a 0. (6) 


The differential equation for the first span may now be written 
with the origin at B and with x positive from right to left. Since 
the solution is exactly the same as that for the second span, 
it is not necessary to go through the work. The final equation, 
which may be written from Equation (6), is 


3 
2M, + Mali + a + 6C; = 0. (7) 


The slope of the tangent at B, going from right to left, is ae 


therefore C3; = — C;. When Equations (6) and (7) are added, 
these constants are eliminated and 


(Mol + 2M +.) + Mile = —Z(will + wel). (8) 


Equation (8) is called the theorem of three moments for 
distributed loads. When the spans are equal and the loads 
per unit length in two successive spans are the same, the equation 
of three moments becomes, 


2 
Al ae =. Horna X Rak 


101. Calculation of Moments for Uniform Loading.—The 
theorem of three moments is an algebraic relation between the 
moments over any three successive supports of a beam of uniform 
section, provided these supports remain in a straight line when 
loaded. For'a beam with three supports, one equation may be 
written by the theorem, and it is necessary to know two of the 
- moments (or to have two other independent relations) in order to 
solve the problem. For four supports two equations are written, 
the first one for supports 1, 2,3 in order as A, B, C, of the theorem, 
and the second for supports 2, 3, 4. For five supports three 
equations are written. In every case there are two more moments 
than there are independent equations. 
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Figure 134 shows a beam with four supports and three equal 
spans, with no overhang at the ends. The load is w per unit 
length. The moments over the supports are represented by 
M,, M2, M3, and My. When the theorem of three moments is 
applied to the first and second spans, M, is Mi, My is Mz, 
and M, is M3. 

wl? 


M,+4M,.+ M; = moe (1) 


When the theorem of three moments is applied to the second 
and third spans, M,is Mo, M,is M3, and M,is M, 


wl? 
M.+4M;+ M, = eos (2) 
aaah — aii)? 
MOMENT 0 19 10 0 
SHEAR {f wl F wl a wl 


l = 


Fie. 134.—Beam of three equal spans. 


Since the beam does not overhang either end support, M; = 0 
and M, = 0. When these values are substituted, Equations (1) 
and (2) give 

wl? 


Problems 


1. A beam over four supports forms three equal spans as in Fig. 134, but 
overhangs the left support four-tenths the span and the right support 
two-tenths the span. Find the moment over each support. 

Ans. M, = —0.08wil?; M2 = —0.08wl?; M; = —0.10wl?; Ms, = —0.02wi?. 

2. Find the moment over each support for a beam of two equal spans, with 
equal loads on both, with no overhang at the end supports. 

~ 2 
Ans. M, = M; =0; M; = ae 

8. Find the moment over the supports for four equal spans with uniform 

loads on each and with no overhang. 


Ans. M, = Ms = 0; M; = My = ———; M; = — 


4. A uniformly loaded beam, 20 feet long, is supported at the ends and 8 2 
from the left end. Find the moment over each support. 
Ans. Mz = —14w. 
5. A beam 28 feet long, weighing 40 pounds per foot, is supported 4 feet from 
the left end, 12 feet from the left end, and 4 feet from the right end. 
Find the moment ~over each support. 
Ans, M, = M; = —320; M2, = —400 foot-pounds. 
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6. Solve Problem 5 if a load of 200 pounds is placed on the left end of the 
beam. 

7. A uniformly loaded beam rests on three supports so as to have two equal 
spans with equal overhang on each end. What must be the ratio of 
overhang to span if the moments at all supports are the same? 

Ans. Overhang 0.408 of the length of span. 


102. Calculation of Reactions by Moments.—After the 
moments over the supports have been computed by the theorem, 
the reaction at each support may generally be determined by 
moments about the adjacent support. 


Example 


In Fig. 135, which applies to Problem 1 of Article 101, find the reaction 
of each support. 

To find the left reaction R,, moments are taken about a section above the 
second support. 

Ril — 1.4wl X 0.71 = —0.08wi?; (1) 

Ril = 0.90wl?; Ri = 0.90wl (2) 


= MOMENT = 
- 0.08wl® -0./0wl? 


- 0.08wl* 


-0.02wl? 


Fre. 135.—Continuous beam which overhangs supports. 


To find R2, moments are taken about a section over the third support. 


0.90wl X 21 + Rol — 2.4wl X 1.21 = —0.10wl?; (3) 
Rol = 0.98wl?; Re = 0.98wl. (4) 


A similar moment equation about a section over the fourth support gives 
R; = 1.10wl. To find R,, the portion of the beam to the right of the third 
support is used as the free body. Ry = 0.62uwI. 


Problems 


1. In the example above, check R, and R; by moments about the section 
over the second support. Check all reactions by vertical resolution. 
Check all by moments about the right end. 

2. Find the reactions of the beam of Fig. 134. 

Ans. R, = 4 > 0.4ul; R, = R; =e lepls 

3. Find the reactions for Problem 2 of Article 101. Compare with Article 95. 

4. Find the reactions of each support for Problem 3 of Article 101. 

Ans. Ry = ul. 

5. Find the reactions for Problem 4 of Article 101. 

6. Find the reactions for Problem 7 of Article 101. 


Ans. 0.968wl, wl, 0.908wl. 
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103. Calculation of Reactions by Means of Total Vertical 
Shear.—When there are more than four spans, the method of 
calculating the reactions which is given in Article 102 is labori- 
ous. When the ends of the beam are fixed, this solution is not 
practicable. A more general method will now be given, which 
depends upon the difference of the shear on the right and left side 
of the support. 

If support A of Fig. 133 is taken as the origin of codrdinates, 
and the general moment equation is applied to find the moment 
at B, 


wl? 
—-? 


M, = M.t+ Vali — 9 (1) 


M, ee M, wily 


Van = mee Me (2) 


Vw is the shear just to the right of any support; 

M, is the moment at that support, and M, at the next one; 
wyl,is the total uniformly distributed load between these supports. 
For the beam of Fig. 134, with four supports, three equal spans, 
and no overhang, the shear at the right of the left support is 


we) 
a EES. Oatley 


Ve = 9 


At the right of the second support, 


wl wi? 


Owe = 10. l 
Vox = +5 = 


i 0.5W. 


In the same way, V34 = 0.6 wl = 0.6W. 

Figure 134 gives the moment over each support and the shear 
to the right of each support. 

The shear at the left of each support is found from the defini- 
tion of total vertical shear. Since the shear at the right of the 
first support of Fig. 134 is 0.4wl, the shear at the left of the second 
support is 

Va = Vig — wl = 0.4ul — wl = —0.6wl. 


The reaction of the second support in Fig. 134 is the shear 
at the right minus the shear at the left of the support. 
Ry = Vo3 — Vom = 0.5wl — (—0.6wl) = l1.lwl 
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Problems 


1. Calculate the shear to the right of each support for Problem 1 of Article 
101, and then calculate the reactions. 
Ans. Viz = 0.5wl; V23 = 0.48wl; V4 = 0.58ul. 
z. Find the shear at the right of each support for a uniformly loaded beam 
of four equal spans with no overhang. Then find the shear to the left 
of each support and find each reaction. Compare with Fig. 136. 


eo: -2 ai? -3 app? 
moment 2 3g wl? 2g wl a5 wl 0 
CITTTTTILI TEI rere rr irre erect rrr rrr rrr rere rer rr 
SS 


1313 aS 7 
SHEAR rr wl -# wi ds wl ~s5 wilZswl sg wligg wl ~ % wll 
== 
11 3b as 32 ui 1 
REACTION5, wl 93 ul 35 wl aq wt 5 


Fig. 136.—Beam of four spans. 


3. Find the moments, shears, and reactions for a beam of five equal spans, 
uniformly loaded with no overhang. Draw diagrams similar to Fig. 136. 

4. From Fig. 136, find the maximum moment and the location of the point 
of inflection in the first span. 

5. A beam carrying a uniformly distributed load rests on three supports 
spaced 10 feet apart. How much should it overhang the outer supports 
in order that the reactions at all the supports shall be the same? 

Ans. 4.4 feet. 
104. Theorem of Three Moments for Concentrated Loads.— 

Figure 137 shows a continuous beam, which carries a load P 

on the left span at a distance a from the second support, and a 

load Q on the right span at a distance c from the second support. 

The broken straight line at an angle @ with the horizontal is 

tangent to the elastic line over the second support. (Onthe figure, 

this tangent line is above the horizontal at the right of the second 
support and below the horizontal at the left of that support. It 
would make no difference in the final result if the slope were 
reversed. ) 

The deflection of this tangent line downward from the left 
support is 6l,. The deflection of the elastic line at the left 
support wpward from the straight line which is tangent over the 
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second support is the moment, divided by EJ, of the complete mo- 
ment diagram for the first span. In Fig. 137, the moment diagram 
for the left span has been drawn with the origin of codrdinates 
at the left support. The general moment equation which corres- 


Area Mgl,-” 
Rae 
AAC Cama 


Fig. 137.—Continuous beam with concentrated loads. 


ponds with this diagram has been expressed in terms of M,, 
the moment at the left support; Vas, the shear at the right of 
the left support; and the load P at a distance a from the second 
support. The moment of the diagram with respect to the left 
support is - 


ly V pl? 21, Pa? a ; 
MhxX3+-3 x - (4- 9); (1) 


Since the total deflection at the left support is equal to the deflec- 
tion downward of the tangent at the second support, 


MI? 
2 


Vali Pa’l, , Pa’ 
P37 Gea Bne ae 


Ely = 0 = —EI6l, + 


When Equation (2) is multiplied by 6 and divided by [;, the result 


1S 


3 
—6EI0 + 3Mali + 2V al? — 3Pa? = = 0. (3) 
ib 


From the general moment equation, 


M,= ™M,+ V ali — Pa; 
Vai = M,— M. + Pa. (4) 
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When this value of the shear is substituted in Equation (3) 
the result is 
P. 3 
~6EI6 + 3M ali + 2(Ms — Ma)li + 2Pal, — 3Pa? + = = 0; (5) 
P 

—6EI0 + Mal, + 2Mpl, = —2Pal, + 3Pa? — a (6) 
For the second span, the deflection of the tangent line, @le, 
is positive. From the analogy with Equation (6), the equation 
for this span may be written 


6EIO + Mila + 2Mle = —2Qcly + 3Qc? — a (7) 


When Equations (6) and (7) are added, @ is RRC and 
5 2 
Mali + 2Mi(li +) + Mee = —Pa( 21; 2 agen ) = 


2 
Qe( 2l2 — 80 + TD (8) 
Ifo. =k, and = 
ly le 
Mil; + 2Mo(li + le) + Mele = —Pkil?(2 — 3ki1 + kt) -— 
Qkol?(2 — 3k. + k%). (9) 
Equation (8) is the theorem of three moments for concentrated 
loads. The terms to the left of the equality sign are identical 
with those of the equation for distributed loads. When distrib- 
uted and concentrated loads are combined, the equation of 
three moments is obtained by adding the second member of 
Equation (8) of Article 100 to the second member of eee 
(8) or (9) of Article 104. 
When there are several concentrated loads on each span, 
the theorem of three moments is 


Ml, + 2Mi(l, + le) + Mile = — 2PkiR (2 — 3k, + kd — 
LQkelz (2 — 3k. + ke), (10) 
in which Pk,l?,\(2 — 3k, + k*,) is the summation of a series of 
terms of the form of [{[Pi(2k, — 3k} + ki) + P3(2k3 — 3k2 + 
k3) + ete.] In this expression, P1, P3 etc. are loads on the first 
span at distances k,l), kel, respectively from the middle support. 


= kp, Equation (8) becomes 


Example 


A uniform beam, 37 feet long, is supported at the ends, at 10 feet from the 


‘left end, and at 12 feet from the right end. It carries a load of 1,000 pounds 


7 feet from the left end, a load of 800 pounds 16 feet from the left end, a load 
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of 540 pounds 8 feet from the right end, and a load of 800 pounds 6 feet from 
the right end. Find the moment over each support and the reaction of each 
support. 

For the first and second spans, ki = 0.3, kz, = 0.4, P = 1,000,Q = 800, 
es 10 feet, l, =. 11/35 feet. 
0 + 50M, + 15M; = —1,000 X 100 X 0.3(2 — 0.9 + 0.09) — 

800 X 225 X 0.4(2 — 1.2 + 0.16), 50M, + 15M; = —104,820. 

From the second and third spans __ 
15M, + 54M; = —800 X 225 X 0.6(2 — 1.8 + 0.86) — 540 x 144 x 


ay L 1 1 San 
2~"|\ 3 (2-1 +5) — $00 x 144 x 3(2 - § + 7): 
15M, + 54M; = —132,480. 


From these equations, M; = —1,484, M; = —2,041 foot-pounds. 

The shear at the right of each support (except the fourth) may be found 
by the general moment equation and the reactions may be calculated from 
the difference of shear on opposite sides of each support. The reactions 
may also be calculated by moments about each support. At the second 
support, 


10R, —.3,000 = —1,484, 
R, = 151.6 pounds 


Problems 


1. Find the reaction at each support for the example above. 
Ans. 152, 1,291, 1,287, and 410 pounds. 
2. A beam 24 feet Toke is supported at the ends an 10 feet from the left end. 
It carries a load of 480 pounds 4 feet from the left end and a load of 336 
pounds 7 feet from the right end. Find the moment over the middle 
support and the reaction of each support. 
Ans. M, = —850.5 foot-pounds; R; = 202.95 pounds; Rez = 505.8 
pounds; R; = 107.25 pounds. 
3. A shaft 28 feet long, which weighs 10 pounds per foot, is supported 2 feet 
from the left end, 12 feet from the left end, and 2 feet from the right end. 
It carries a load of 120 pounds 1 foot from the left end, 480 pounds 8 feet 
from the left end, 280 pounds 6 feet from the right end, and 240 pounds 1 
- foot from the right end. Find the reaction of each support. 
4, A beam of length 2/ is supported at the ends and at the middle and 
carries a load P at a distance : from the left end and an equal load at 
the same distance from the right end. Find the moment over the 


middle support and the reaction of each support. a 
4Pl 14P. 26P_ 
Ans. Mz = — 97 Ri = Rs = “973 Ra = oF 
5. Solve Problem 4 without the use of the theorem of three moments. 
Imagine the middle support removed and find the deflection at the 
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middle which is caused by the two symmetrically placed loads. Then 
find the load at the middle of a beam supported at the ends which will 
produce this same deflection. 


105. Deflection When Bending Moment is Not Parallel to 
Principal Axis of Inertia.—When the bending moment was not 
parallel to one of the principal axes of inertia it was found neces- 
sary to resolve the moment or the forces parallel to these axes 
before calculating the fiber stress. 

In the same way, to find the deflection, the forces must be 
resolved into components and the deflections calculated parallel 
to each of these two axes. The resultant deflection at any point 
is the vector sum of the components. 


Example 


A 2-inch by 3-inch wooden cantilever, 10 feet long, has the 3-inch faces 
at an angle of 35 degrees with the horizontal. Find the magnitude and direc- 
tion of the deflection at the end due to a load of 20 pounds on the end, if # 
is 1,200,000 pounds per square inch. 

The components of the load are 20 cos 35 degrees and 20 sin 35 degrees. 
The corresponding moments of inertia are 2 inches‘ and 4.5 inches‘, respec- 
tively. The deflection perpendicular to the 3-inch faces is 4.8 X 0.8192 = 
3.932 inches. 

The deflection parallel to the 3-inch faces is 

32 


1B X 0.5736 = 1.224 inches. 


The angle ¢ which the resultant deflection makes with the 2-inch faces is 
given by 


1.224 32 sin 35° 2 x 
(an? 5990. 15 oC Ae eon ds: Slee ee 
$ = 17° 17’. 


Resultant deflection = 3.932 sec ¢ = 4.118 inches, at 17 degrees 43 min- 
utes with the vertical. 


Problems 


1. A 3-inch by 4-inch wooden cantilever 5 feet long, is placed with one diago- 
nal horizontal. Find the deflection at the end due to a load of 90 
pounds on the end, if # is 1,500,000 pounds per square inch. 

2. Two 6-inch by 4-inch by 1-inch angles are placed with the 6-inch legs 
vertical so as to form parallel cantilevers 10 feet in length. If the 4-inch 
legs are in opposite directions and away from each other, and £ is 29,000,- 
000 pounds per square inch, how much will the ends separate when a load 
of 600 pounds is placed on each cantilever? 


106. Deflection from Moments in More Than One Plane.— 
When the forces acting on a beam are not all parallel to one plane 
which passes through the beam, it is necessary to resolve the 
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forces into components parallel to two axes which are perpen- 
dicular to each other and to the length of the beam. If the beam 
is circular, square, or of any other section for which the moment of 
inertia is the same in every direction, these axes may be taken in 
any convenient way. For all other sections the resolutions must 
be made parallel to one of the principal axes of inertia. The two 
components of the deflection at any point are calculated sepa- 
rately, and the resultant deflection found from their vector sum. 


Example 


A 3-inch solid shaft, weighing 24 pounds per foot, is 10 feet long and is 
supported at the ends. A pulley weighing 160 pounds:is 3 feet from the left 
end, and is subjected to a pull of 400 pounds 30 degrees below the horizontal 
in a plane perpendicular to the length of the shaft. Find the deflection at 
the pulley, if # is 29,000,000 pounds per square inch. 

Resolving vertically, the total vertical load at the pulley is 360 pounds. 
The horizontal pull is 346.4 pounds. The deflections at 36 inches from one 
end are: 


From concentrated load of 360 pounds......... 0.0793 inch. 
From load of 2 pounds per inch............... 0.0381 inch. 
Total vertical deflection...... Seceou Oeililyas move 


The horizontal deflection from load of 346.4 pounds is 0.0763 inch. 


Problem 


1. A 10-inch, 15-pound channel 20 feet long is supported at the ends with 
the web inclined 20 degrees to the vertical. It carries a vertical load 
of 300 pounds per foot and a load of 400 pounds per foot perpendicular to 
the flange. Find the deflection and fiber stress at the middle. 


Miscellaneous Examples 


1. Solve Problem 2 of Article 102 by means of Problem 6 of Article 79 and 
the equation of the elastic line for a beam supported at the ends with 
uniformly distributed load. 

2. Solve Problem 5 of Article 102, by means of the equation of the elastic 
line for a beam supported at the ends with a uniformly distributed load, 
and the equation for the deflection under the load for beam with a con- 
centrated load at any point. 

3. Write the theorem of three moments for uniformly distributed loads 
when the moment of inertia of the left span is twice that of the right 


span. 
WwW il f wl3 


Ans. M,li aa 2Mi(li aa 212) ae 2M le = — 4 9 § 


4. Three 12-inch, 31.5-pound I-beams, each 12 feet long, are 10 feet apart 
and are supported at the ends. Another 12-inch, 31.5-pound I-beam, 
20 feet long is placed across the middle of the three beams. A load of 
6,000 pounds is placed 5 feet from each end of the transverse beam. Find 
the load on each of the three beams and the maximum fiber stress in all 
four. Ans. Load on 12-foot beams, 2,395, 7,210, and 2,395 pounds. 


CHAPTER X 
SHEAR IN BEAMS 


107. Direction of Shear.—The total vertical shear in a beam 
is calculated by the methods of Article 51, but this gives no 
information in regard to the distribution of the shearing stress 
in the section. In Article 30 it was shown that shearing stresses 
occur in pairs, and that a small block subjected to shearing 
stress of given intensity along two parallel faces is subjected to a 
shearing stress of the same intensity along two other faces at right 
angles to these. 

de 


IL V7 A 


Fie. 138.—Horizontal shear in beams. 


Figure 138, I, represents a beam made by placing one plank on 
top of another. Figure 138, II, is the same beam under load, 
provided that the planks are held from slipping with reference 
to each other by being glued or bolted together to form a single 
beam. If the planks are free to move, they take the form III, 
in which the upper plank is moved outward over the lower one at 
each end. A small block B in the upper portion of the lower 
plank may be treated as a free body. The plank above this 
block has been displaced toward the left. If the planks were 


glued together, the upper plank would have exerted a horizontal 
206 
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shearing stress upon the upper surface of the block. To prevent 
rotation there must be a vertical shear upward at the left side. 
. The actual shearing stresses upon this block from the surrounding 
material, if the upper plank were glued to the lower, would take 
the directions of the arrows. 

The shear at the left of the block is vertically upward, which 
is the direction of the external shear. If a block were taken to 
the right of the load P, it would be found that the shear on its left 
side is vertically downward, which is the direction of the vertical 
shear in that part of the beam. One of the planks of Fig. 138 
may be thicker than the other, but the direction of the shear will 
remain the same. 


NEUTRAL 
SURFACE 


iil 


ELEVATIONS IV 
Fie. 139.—Horizontal shear in rectangular section. 


108. Intensity of Shearing Stress.—Figure 139 represents a part 
of a beam subjected to vertical shear and to a bending moment. 
The shear is assumed to be positive from left to right and the 
moment is assumed to produce compression in the fibers above 
the neutral surface. A small block is shown extending across 
the beam between vertical planes dx apart and reaching from the 
top of the beam to a horizontal plane at a distance v3 from the 
neutral surface. Two elevations of this block and the adjoining 
parts of the beam are shown in Fig. 139, III and IV, and an en- 
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larged elevation of the block in Fig. 139, II. The block is in 
equilibrium under the action of the compressive stress on the 
ends (the rectangles whose diagonals are CB and GF), the vertical 
shearing stress on the same surfaces, the horizontal shear from 
the material below (on the rectangle GE), and vertical compres- 
sion or tension across the base. 

In Fig. 139, a filament of cross-section dA and length dz 
extends through the block parallel to the neutral surface. The 


: c : . My 
unit compressive stress on the left end of this filament is 7 = 
1 


in which M, is the bending moment at the section, and J, is - 
the moment of inertia with respect to the neutral axis of the entire 
cross-section of the beam. The compression of the left end of 


the filament is ae dA. The total compression on the left end 
1 


of the block is the integral from v3 to c of the compression on 
the left end of the filament. 


Total compression on left end = = ae r dA. (1) 
1 V3 
: ; MoT: 
Total compression on right end = arpa dA. (2) 
2 


v3 


The resultant horizontal push on the block in the direction of 
the length of the beam is the difference of these integrals (1) 
and (2). If the section of the beam is uniform, J; = I2, and v3 
and c, are the same for both expressions. The resultant hori- 
zontal push on the block is 


7 he (3) 


This resultant horizontal force must be balanced by the hori- 
zontal shear at the bottom of the block. If the breadth CE at 
the bottom of the block is b, the total area in horizontal shear 
is 6 dz, and the total shear is s,b dz. When the resultant hori- 
zontal compression is equated with the horizontal shear at the 
bottom of the block, 


ab de = E22 oaa; (4) 


Ms iM x fie 
oe = 7 ee (5) 
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Since M, — M, is equal to dM, 
M,;—M, dM 


dx Side Or V, (6) 


in which V is the total vertical shear. 


V c 
a= 7 f 944, (7) 


in which s, equals the unit horizontal shear at a distance v3 from 
the neutral axis and also equals the unit vertical shear at the same 


place. The term uf v dA is the moment of the area of the end 


of the block with respect to the neutral axis. 


fivdd z 
pat; [odd = oA. (8) 


When the area and location of the venter of gravity of the por- 
tion of the plane section above the line CE are known, the integral 
may be replaced by the equivalent expression of (8). Equation 
(7) then becomes 

PLY. 
Sib 


These equations have been derived for compressive stress, 
they apply also when the stress is tensile. They are based 
on the assumption that the unit stress varies as the distance 
from the neutral surface. They are strictly valid, therefore, 
only when the unit stress in the outer fibers is below the propor- 
tional elastic limit. Since the maximum shear in a beam usually 
occurs at sections where the bending moment is small and the 
unit stress is below the elastic limit, it is seldom necessary to make 
a correction on this account. 

Formula XXIV gives the unit horizontal shearing stress in a 
beam in terms of the total vertical shear V. It has been shown in 
Article 30 that the unit vertical shearing stress on an infinitesimal 
block is equal to the unit horizontal shearing stress. The 
unit horizontal shearing stress in a beam increases from the outer 
fibers to the neutral surface; and the unit vertical shearing stress 
changes in the same way. 

Formula XXIV gives the average unit shearing stress in 
the horizontal plane GH of Fig. 139. If the section of the beam 
is not rectangular, the unit shearing stress may not be uniform 


85 dA. Formula XXIV. 
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over the horizontal surface. Figure 140, I, is a circular section, 

in which AD is the trace of a horizontal plane. Theshort lines are 

traces of planes in which the shear is transmitted from one side of 

AD to the other. At the middle of AD the shear is transmitted 

from a filament above the plane to a filament directly below it, 
FLANGE 


A B Cae 
| MI Zy 
E F 
Kl | liz 
WEB 
I Il 


Fig. 140.—Shear in curved sections. 


and the line B is vertical. At A and D, the shear is transmitted 
from a filament on the outer surface above the plane to a slightly 
larger filament, also on the outer surface, below the plane. The 
short lines at A and D are tangent to the section. At the diame- 


Neutral Axis 


age 


I I 


Fig. 141.—Rectangular section in shear. 


ter EF, the shear is transmitted from a filament above the plane 
to an equal filament directly below it, and it is customary to 
assume that the distribution is uniform. 

Figure 140, II, is part of an I-beam section. At the plane 
where the web joins the flange, there must be a great difference 
in the intensity of the shearing stress. At KL, at some little dis- 
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tance down the web, the shearing stress becomes practically 
uniform over the section. 

The unit shearing stress at the neutral surface of a rectangular 
section is one-half greater than the average unit vertical shear. 
If V is the total vertical shear, the average vertical shear in a 


rectangular beam of width ¢ and height d is iB In Formula 


he ee) ‘Wh aus 
XXIV, b= 4, A= 90 =4andI =< (Fig. 141, 1) 
Vee telo red bata Fe 3y 
Brine Side (4k 8 onde ©) 


which is three halves as great as the average unit vertical shear. 


Example 


Find the unit shearing stress in a 6-inch by 10-inch rectangular section, 
at a plane 3 inches from the top, when the total vertical shear is 6,000 pounds. 
(Fig. 141, II.) 

Hae 67000 
Tb ~ 500 X 6 
8; = 2 X 63 = 126 pounds per square inch. 


= 2;0A = 3.5 X 18 = 63; 


In this solution, the unit shearing stress in the plane AB of Fig. 141, II, has 
been found by means of the area above the plane. The area between AB 
and the bottom of the section might have been used. With that area, A = 
42 and» = 3.5 — 2 = 1.5inches. vA = 1.5 X 42 = 63, which is the same 
as the preceding result. 


Problems 


1. Find the unit shearing stress in the above example at 1 inch above the 
neutral surface. Ans. 8; = 2 X 72 = 144 pounds per square inch. 

2. Find the unit shearing stress in the above example at the neutral surface. 
Solve by Formula XXIV and check by means of the average vertical 
shearing stress. 

3. A 6-inch by 8-inch beam, 12 feet long, is supported at the ends and 
carries a load 2,880 pounds 5 feet from the left end. Find the unit 
shearing stress at the neutral axis of sections at which the total vertical 
shear is the greatest. Ans. s; = 52.5 pounds per square inch. 

4. In Problem 3, find the unit shearing stress 2 inches and 3 inches above 
the neutral surface. 

5. In a beam of solid circular section, what is the ratio of the unit shearing 
stress at the neutral surface to the average unit shearing stress, assuming 
that the unit stress is uniform? Ans 4:3. 

6. The American Railway Engineering Association specifications give 120 
pounds per square inch as the allowable longitudinal shearing stress in 
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de 


beams of long leaf yellow pine. The same specifications give 1,300 
pounds per square inch as the allowable extreme fiber stress in bending. 
(See Cambria.) Find the total safe load at the middle of a 6-inch by 
8-inch beam which is supported at the ends, for lengths of 3 feet, 5 feet, 
and 10 feet. 

Solve Problem 6 if the loads are uniformly distributed. 


8.* A 7-inch by 14-inch beam of long-leaf yellow pine, placed on supports 


13 feet 6 inches apart, was subjected to equal loads at points 4 feet 6 
inches from the supports. When the total load was 57,500 pounds, the 
beam failed by shear at the neutral axis at oneend. Find the ultimate 
shearing strength of this timber parallel to the grain. Compare the 
result with the figures given by the United States Department of 
Agriculture (see handbook). Ans. 440 pounds per square inch. 


9.* A 7-inch by 16-inch beam of Douglas fir, supported at points 13 feet 


10. 


11. 


12. 


6 inches apart and loaded at the third points with equal loads, failed by 
shear when the total load was 45,000 pounds. Find the ultimate shear- 
ing strength of this timber parallel to the grain. 

Ans. 301 pounds per square inch. 
Timber having an allowable unit shearing stress, parallel to the grain, 
of 100 pounds per square inch, and an allowable bending stress of 1,000 
pounds per square inch, 1s used for beams supported at the ends and 
loaded at the middle. Below what length will the shear determine the 
load in a 4-inch by 6-inch beam? 


The total vertical shear at either end is, 


V = 24 X 24 X 100 = 1,600 pounds. 


The maximum moment under the load is, 


2 
M = 1,000 x a 


1,600 X é = 24,000. 


24,000 inch-pounds 


: = 15 inches, / = 30 inches. 


The timber of Problem 10 is used to support a load which is uniformly 
distributed. Below what length will the shear determine the load in the 
case of a 4-inch by 6-inch beam? Solve also for a 6-inch by 10-inch 
beam, and for an 8-inch by 6-inch beam. 

Ans. 5 feet, 8 feet 4 inches, 5 feet. 
In Problems 8 and 9 what was the maximum bending stress? 


109. Shearing Stress in I-beams.—It is customary to calculate 


the unit shearing stress in the web of an I-beam by dividing the 
total vertical shear by the area of cross-section of the web regarded 


* Problems 8 and 9 are from tests made by Prof. A. N. Talbot, described 


in Bulletin No. 41 of the Engineering Experiment Station of The University 
of Illinois. 
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as extending the entire depth of the beam. If ¢ is the thickness 
ot the web and d is the depth of the beam, it is assumed that 


total vertical shear 
td 


average unit shearing stress = 


In a 12-inch 31.5-pound I-beam, 
Figure 142, the thickness of the web 
is 0.35 inch; the area td is 4.2 square 
inches, and the average unit shearing 
stress, as computed by this method, 
is 0.238V. To find the unit shearing 
stress at the neutral surface the upper 
half of the section is divided in a 
vertical rectangle, a horizontal rect- 
angle, and two triangles, and the 
moment of each area is computed. 


Fic. 142.—I-beam section. 


A Fi Ab 
Horizontal rectangle. .. 1.750 5.825 10.194 
Two triangles......... 0.907 5.520, 5.006 
Vertical rectangle...... OTs 2.825 5.585 
A OCA Mitre Cte ar gece dss 4 ateae. ee 20.785 
En = Reh 
mins 6035 


To find the unit shearing stress in a plane 5 inches above the 
neutral surface, which is a little below the flange, the moment of 
the vertical rectangle, 5 inches high and 0.35 inch thick, is sub- 
tracted from the moment of the entire upper half of the section. 

vA = 20.785 — 5 X 0.85 X 2.5 = 20.785 — 4.375 = 16.409. 


16.409V 
UES Sytem ae 
The average of 0.275V and 0.217V is 0.246V, which differs very 
little from 0.238V. It is evident that the method of calculating 
average unit shear in an I-beam section gives a result which is 
practically correct. 


Problem 


Calculate the unit shearing stress in terms of the total shear in the web of 
a 10-inch 25-pound I-beam at the neutral surface and at the bottom of the 
flange. 
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Ans. s; = 0.368V at the neutral surface. s, = 0.291V at the bottom of 

the flange. 

110. Relation of Shearing Stress to Stress Distribution Dia- 
gram.—When the vertical shear is constant from the end of a 
beam to some definite section, the unit shearing stress at the 
neutral surface may be found by dividing the total compression 
or tension at the section by the shear area from the section to 
the end of the beam. For instance, a 6-inch by 10-inch beam, 
5 feet long, is supported at the ends and carries a load of 7,200 
pounds at the middle. If the weight of the beam is neglected, 
the vertical shear from the left end to the middle is 3,600 pounds. 
The unit compressive stress in the top fibers at the middle is 

we 3,600 X 30 

100 

The average compressive stress over the upper half of the section 
is 540 pounds per square inch, and the total compression is 540 X30 
= 16,200 pounds. When the portion of the beam above the 
neutral surface extending from the middle to the left end is 
taken as a free body, the only horizontal forces are this compres- 
sion of 16,200 pounds and the shear at the neutral surface. The 
shear area is 6 X 30 = 180 square inches. 

180s, = 16,200; s, = 90 pounds per square inch. 
Instead of the section at the middle, any section to the left of 
the middle might be used. At 20 inches from the end, for in- 
stance, the maximum stress is 720, the total is 10,800 and the unit 
shearing stress is 10,800 + 120 = 90 pounds per square inch. 
If the beam extends beyond the supports, the shear area is 
increased and the unit shearing stress is diminished. For 
instance, if the beam projects 6 inches beyond the left support, 
the area from the middle to the end is 216 square inches, and the 
computed value of the unit shearing stress is 75 pounds per 
square inch. The extension of the beam beyond the support 
acts as an anchor, and reduces the danger of failure by shear. 

If the shear is desired in a plane 2 inches above the neutral 
surface, the total compression must be found between this 
plane and the top of the beam. The unit stress at the middle 
section 2 inches from the neutral surface is 482 pounds. The 
$824 1080 _ 56h 
total compression is 756 X 18 = 13,608 pounds, and s, = 
13,608 + 180 = 75.6 pounds per square inch. 


= 1,080 pounds per square inch, 


average from this plane to the top is 
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Since the total tension or compression above a given surface 
is proportional to the area of the stress distribution diagram 
above that surface, it follows that the stress distribution diagram 
is a measure of the variation of shearing stress in a section. In 
Fig. 143, which is the stress distribution diagram for a rectangular 
section, the total force is measured 
by the area of the entire triangle. 
The total force above a plane which 
is one-fourth the depth of the section 
above the neutral axis is measured by 
the trapezoid above this plane. Since 
the triangle below the plane has one- 
fourth the area of the entire triangle, 
the trapezoid has three-fourths the 
area of the entire triangle. In a rect- 
angular section, the unit shearing 
stress half way between the neutral 
surface and the top or bottom of the 


‘ ; Fig. 143.—Distribution 
beam is three-fourths the unit shear- diagram. 


ing stress at the neutral surface. 

In an I-beam most of the shaded area in the stress-distribution 
diagram is in the flange. The small shaded area in the web 
measures the difference between the shearing stress at the neutral 
axis and that at the bottom of the flange. 


Example 


A 4-inch by 10-inch rectangular beam is subjected to a total vertical shear 
of 2,000 pounds. Find the unit shearing stress at each inch above the neu- 
tral axis by means of the stress-distribution diagram. 

The average unit shearing stress is 50 pounds per square inch, and the unit 
shearing stress at the neutral surface is 3 X 50 = 75 pounds per square 
inch. The area of the stress-distribution triangle above the neutral axis is 
10 square inches, and the area of the similar triangle below the 1-inch line 
is 1445 as great. The area of the diagram above the 1-inch line is 7445 of 
that of the total triangle. The unit shearing stress at 1 inch from the 
neutral axis is 2445 X 75 = 72 pounds per square inch. At 2 inches the 
unit stress is 445 X 75 = 12 pounds less than at the neutral surface. 


Problems 


1. The unit shearing stress in a 5-inch by 12-inch beam at the neutral surface 
is 72 pounds per square inch. What is the unit shearing stress at each 
inch above or below that surface? Solve without writing. 
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2. )An 18-inch, 55-pound I-beam, 10 feet long, is supported at the ends and 
ee carries a load at the middle which makes the maximum unit stress 16,000 
pounds per square inch. The area of the stress distribution diagram 
above the neutral surface is 5.74 square inches. What is the total 
compression in the upper half of the beam. What is the horizontal 
shearing stress at the neutral surface if the beam does not project beyond 
the supports? If the area of the stress distribution diagram from the 
neutral axis to a plane 8 inches above this axis is 1.64 square inches, what 

is the unit shearing stress at this plane? 


111. Failure of Beams.—The nature of the failure in a beam 
depends principally upon the relative ultimate strength of the 
material in the different directions and the value of the different 


Fie. 144.—Failure of timber beams. 


maximum stresses. In a beam which is short relative to its 
deptn, the unit tensile and compressive stresses at the dangerous 
section are small compared with the unit shearing stress at the 
neutral surface at the ends. Owing to the fact that timber has a 
small shearing strength parallel to the grain, such a beam, if 
made of timber, will usually fail by shear. Figure 144 shows four 
wooden beams each about 40 inches long. The upper beam is a 
yellow pine beam glued to a white pine beam. The total depth 
was 3.80 inches and breadth 1.57 inches. The beam was sup- 
ported at points 36 inches apart and loaded at the third points; 
this beam failed by longitudinal shear at one end when the total 
load was 1,950 pounds. The failure followed the glued surface 
but began in the white pine. 

Beams of brittle material, such as cast iron, hard steel, stone, or 
concrete which is not reinforced, fail by tension. Beams of soft 


Cuap. X] SHEAR IN BEAMS 217 


steel fail by buckling on the compression side or by buckling of 
the web in the case of I-beam sections. 

112. Deflection Which Is Due to Shear.—When a beamis bent, 
a part of the deflection, unless the moment is constant, is due 
to shear. If the unit shearing stress across a section were con- 
Ss 


stant, the shearing deformation in a length dx would be E dz, 
and the total deflection in a length / would be 
i yee 
Ye = | Side (1) 
If s, is constant throughout the length 1, this becomes, 
Ser 
io ie (2) 


In an I-beam section the unit shearing stress is asswmed to be 
constant and the equations above apply to give an approximate 
result. 


Example I 


Find the deflection of a 10-inch, 25-pound I-beam, supported at points 
12 inches apart, and loaded with 49,600 pounds at the middle of the span. 
EH, = 12,000,000, # = 29,000,000. 

The vertical shear is 24,800 pounds. Since the web area is 3.1 square 
inches, the unit shearing stress is 8,000 pounds per square inch. If the 
middle is regarded as fixed, the shear of either end upward is 

8,000 X 6 _ . 
Ys 12,000,000 0.004 inch. 
The deflection which is due to bending is 
Ht 49,600 X 123 
Y * 48 X 29,000,000 X 122.1 


= 0.0005 inch. 


In this extreme case, the deflection which is due to shear is greater than that 

which is due to bending. If the beam were made twice as long, the bending 

deflection would be eight times as great, while the shear deflection would be 

only doubled. For beams of any considerable length relative to their cross- 
section, the deflection which is due to shear may be neglected. 


The shearing stress in a beam is not uniformly distributed. 
It is possible, however, to calculate the true shear deflection for 
beams when the distribution of shearing stress is known. In 
Article 166 it will be shown by a method of work and energy, that 
the deflection of a beam of rectangular section may be calculated 
by multiplying the average unit shearing stress by the factor 
1.2. 
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Example II 


A steel cantilever, 2 inches square and 40 inches long, has a load of 240 
pounds on the free end. If #; is 12,000,000 pounds per square inch, find the 
shear deflection. 

1.2 X 60 X 40 _ , 
Use ~ 12,000,000 — = 0.00024 inch. 


Problems 


1. A 2-inch by 38-inch steel beam rests on supports 12 inches apart and 
carries a load of 12,000 pounds midway between the supports. If HZ, = 
12,000,000 and £ = 30,000,000 pounds per square inch, what is the shear 
deflection and what is the bending deflection? 

Ans. ys = 0.0006 inch; y = 0.0082 inch. 

2. Solve Problem 1 if the length of the beam is 24 inches and the load is 
6,000 pounds. 

3. Solve Problem 1 if the length of the beam is 60 inches and the load ‘is 
2,400 pounds. 

4. The beam of Problem 1 carries a distributed load of 1,600 pounds per 
inch. Find the deflection which is due to shear and the deflection which 
is due to bending. 

Ans. ys = 0.00048 inch; y = 0.0032 inch. 


CHAPTER XI 
SPECIAL BEAMS 


113. Beams of Constant Strength.—In a beam of “constant 


strength” the unit stress in the outer fibers is the same at all 
M 


sections. Since $=“ S77 the stress is constant when the 
section modulus varies as the bending moment. Ina cantilever 
with a load on the end, for instance, the moment is directly 
proportional to the distance from the end. If the depth is 
constant and the width increases uniformly from the free end 
to the fixed end, the section modulus varies directly as the moment, 
and the unit stress in the outer fibers is constant. If it were not 
necessary to make some allowance for shear and compression at 
the free end, this beam would be only one-half as heavy as a 
uniform beam of equal strength. Even with the additional material 
to meet the requirements of shear and compression, a great 
saving in weight is secured by the use of ‘‘beams of constant 
strength.” 

114. Cantilever with Load on the Free End.—With the origin 
of codrdinates at the free end of the cantilever, the moment 
at a distance x from the end is Px. (It is not necessary to con- 
sider the sign of the moment, since the unit stress depends upon 
the magnitude only.) If S is the allowable bending stress and 
Z is the section modulus, 


Py = SZ. 
; ee 0d" 
The section modulus for a rectangular section is S” and 


_ Sbd? 
eG 


Pee 


Problems 


1. A cantilever of rectangular section, with the load on the free end, has a 
constant depth of 6 inches. If the allowable fiber stress at all sections is 
1,000 pounds per square inch, what is the equation for the breadth in 
terms of the load on the end and the distance from the end? 

ete 
Ans. b = 6,000 
219 
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2. A cantilever of rectangular section, with the load on the free end, has a 
constant breadth of b units. What is the expression for the depth if the 
allowable stress on all sections is S? 


3. A cantilever of rectangular section, 4 inches wide throughout, is 60 inches 
long, and carries a load of 800 pounds on the free end. The allowable 
fiber stress at all sections is 1,000 pounds per square inch. Find the 
depth at each 10 inches. 

1,000 x 4 Xx @ 

6 


x= 10 20 30 40 50 60 
d* = 12 24 36 48 60 . 72 
Ciao Ge 4s 90N 6 O06, 93s eon ots 


Ans. 800x2 = 


3d? = 1.22. 


4. How does the volume ’of the beam of Problem 3 compare with the volume 
of a beam of uniform section which has the same maximum fiber stress? 

5. A cantilever of rectangular section, 4 inches wide throughout, is 60 inches 
long, and carries a load of 600 pounds on the free end. The allowable 
fiber stress is 1,200 pounds per square inch. Find the depth at each 10 
inches. 


Ans. x = 10 20 30 40 50 60 inches. 
= (2°74 3.87, 4.74 ond Sy Se 6al2 ee Gudlamehess 


eat 6. A cantilever of square section is 6 feet 

long and carries a load of 600 pounds on 

the end. If the allowable unit stress is 

1,000 pounds per square inch, find the 
dimensions at each 12 inches. 

7. A cantilever of constant strength and con- 
stant breadth is 40 inches long and is 8 
inches deep at the fixed end. If the load is 

II BREADTH on the free end, find the depth at each 5 

CONSTANT inches. 

Ans. = 10 20 30 inches. 
d= 4.0 5.66 6-92 inches. 

8. A cantilever of constant strength, with a 
load on the free end, has all sections square. 
At the fixed end, the sections are 6 inches 
on a side. Find the dimensions at one- 
fourth, one-half, and three-fourths the length 
from the free end. 


IT DEPTH 
CONSTANT 


Iil BREADTH 
CONSTANT 


IV SECTIONS SIMILAR i 
RECTANGLES Figure 145 shows some cantilevers of 


Fie. 145.—Cantilevers of constant strength and rectangular sec- 
penstent strength. tion. Figure 145, I,is a beam of constant 
depth. The breadth varies as «—the equation of a straight 
line. The plan is a triangle. Figure 145, II, represents a beam 
with breadth constant. The depth varies as the square root 
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of a—the equation of a parabola. One surface may be plane 
as in II or both may be curved as in Fig. 145, III. In any case 
the equation gives the total depth. Figure 145, IV, represents 
a cantilever in which both depth and breadth vary, all sections 
being similar rectangles. The equation is that of the cubical 
parabola. 

115. Shearing and Bearing Stresses at the End.—In Fig. 145, 
the load P isrepresented at the extremeendsof the beams. Allow- 
ance must be made at the ends for the bearing and shearing 
stresses. For instance, in Problem 5 of Article 114, suppose 


the allowable unit shearing stress to be 150 pounds per square 
inch. The average unit shearing stress in a rectangular section 
will be 100 pounds per square inch and the minimum area of 
cross-section will be 6 squareinches. Thedepth at theend should 
not be less than 1.5 inches. 

Suppose also that the allowable bearing stress is 300 pounds per 
square inch, and that the center of the load must be 5 feet from the 
wall; the bearing area must be at least 2 square inches. If the 
load extends the entire width of the beam, the bearing area must 
be 4 inches by ¥% inch. The actual beam must extend at least 
14 inch beyond the center of the load. Figure 146 shows the details 
for these conditions. The dotted lines are the limits for the beam 
figured for bending only. The solid lines show the minimum 
dimensions figured for all stresses. The actual beam should be 
somewhat larger at the end than shown, as a great increase in 
safety can be secured here with practically no increase in cost 
and weight. Artistic appearance and convenience of construc- 
tion may cause further modifications outside of the minimum. 
dimensions. 


Problems 


1. Design a cantilever of constant strength and constant depth of 6 inches, 
which shall carry a load of 600 pounds 50 inches from the fixed end. The 
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allowable bending stress is 1,200 pounds per square inch; the allowable 
shearing stress is 120 pounds per square inch; and the allowable bearing 
stress is 200 pounds per square inch. 

2. Design a cantilever of square section with all other conditions the same 
as in Problem 1. 


116. Cantilever with Uniformly Distributed Load.—The only 
difference between a cantilever with uniformly distributed load 
and one with a concentrated load is in the expression for the 


2 


external moment, which is St instead of Pz. 


Problems 


1. A cantilever of constant strength has a rectangular section and constant 
breadth 6. The load is uniformly distributed and is w pounds per inch 
of length. If S is the allowable unit stress, find the expression for the 
depth. 

A Se 
Ans. d? = She 


w Per Unit Length 


Fia. 147.—Cantilever of constant width. 


2. A cantilever of constant strength, 50 inches long, has a constant breadth 
of 4 inches, and carries a uniformly distributed load of 240 pounds per 


w Per Unit Length 


ELEVATION 
x 


Fic. 148.—Cantilever of constant depth with uniformly distributed load. 


foot. The allowable fiber stress is 1,200 pounds per square inch. Draw 
the front elevation. 
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3. A cantilever of constant strength of rectangular section is d inches deep, 
Fig. 148. . If the load is uniformly distributed, find the expression for 
the breadth. 


Sd? 
4. Derive the expression for the depth of a cantilever of square section to 
carry a uniformly distributed load. 
8wx? 

a 

5. A cantilever of constant strength,to carry a uniformly distributed load, 

is 60 inches long, 6 inches wide at the fixed end, and 4 inches deep 
throughout. Find the width at each 12 inches. 

Ans. z= 12 24 36 48 60 inches; 

b= 0.24 0.96 2.16 38.84 6.0 inches. 

6. If the maximum fiber stress in the beam of Problem 5 is 1,200 pounds per 

square inch and the maximum shearing stress is 90 pounds per square 

inch, for what portion of the length must the design be based on the 

shear? and what is the form of the end? 
2 Ans. Plan is a triangle for the first 26.67 inches. 
7. A cantilever of constant strength, which carries a uniformly distributed 
load, has the depth of all sections twice the breadth. The cantilever 
is 60 inches long, and the breadth is 6 inches at 40 inches from the free 
end. Find the dimensions at each 10 inches. 

8. Design a cantilever of constant strength and constant pain of 2 inches 
to carry a distributed load of 120 pounds per foot and a load of 480 pounds 
6 inches from the free end. The beam is 5 feet long; the allowable bend- 
ing stress is 1,000 pounds per square inch the allowable unit shearing 
stress is 90 pounds per square inch; the allowable unit bearing stress 
is 160 pounds per square inch. 


Ans. d? = 


117. Beam of Constant Strength, Supported at the Ends.— 
When a beam is supported at the ends and carries a single load 
at the middle, the problem is exactly the same as that of a canti- 
lever of one-half the length which is pushed up by the reaction 
at the end. When the load is not at the middle, the portion 
from the load to each end is equivalent to a cantilever of constant 
strength. Beams with distributed loads are not so simple. 

Allowance must be made for shear and bearing at the ends in 
all beams of this sort. 


Problems 


1. A cast-steel beam is made for a span of 8 feet to carry a distributed load 
of 2,400 pounds per foot with a maximum stress of 12,000 pounds per 
square inch. Find the section modulus at each 12 inches. 


Ans. SZ = 9,6002 — 100x?; Z = 0.82 — 


2 


ee 
120 


224 STRENGTH OF MATERIALS [Art. 118 


cole 24 36 48 inches; 
0.8e%= 9.6 19.2 28.8 38.4 

age f 
1207 194 4.8 10.8 19.2 

7= 8.4 14.4 18.0 19.2 inches?. 


2. A box girder is made of two 10-inch 25-pound channels, to which are 
riveted two 15-inch by 14-inch plates. The span is 30 feet and the load 
is 1,800 pounds per foot. The girder is strengthened by additional 14- 
inch plates extending equal distances on each side of the middle. If the 
allowable unit stress is 15,000 pounds per square inch, how many of these 
plates are required and what is the minimum length of each pair, no 
allowance being made for weakening of the lower plates due to rivet holes? 


Shapes are not rolled as beams of constant strength, but 
combinations of shapes and plates, as in Problem 2, are frequently 
riveted together in such a way that the section modulus varies 
approximately as the external moment. In machinery and 
vehicles, where weight is important, beams of constant strength 
are much used. In the frames of stationary machines, these are 
frequently made of cast iron. In other places, cast steel 
or forged steel is employed. Cast-steel members, of approxi- 
mately constant strength, are used in the construction of railway 
cars and trucks, and steel forgings in automobiles. 

A tree is a vertical beam of constant strength. A bamboo 
rod or a wheat straw is a hollow beam of constant strength, 
which has a large section modulus relative to its weight. 

118. Deflection of Beam of Constant Strength.—Since the 
moment of inertia in a beam of constant strength varies with z, 
the problem of finding the deflection differs from that of a uniform 
beam. Ina beam which is symmetrical with respect to the neu- 
tral surface, 


at; 2ST 


MS a 


in which S is constant throughout the length and d may be con- 
stant or variable. In the discussions which follow, in order to 
distinguish between constants and variables, a constant depth 
is represented by a capital D and a constant breadth by a capital 
B 


119. Deflection of Beam of Constant Depth.— 


d’y 281 


— brs: ebE (1) 
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DOUBLE INTEGRATION 
Dividing (1) by TI: 


dy 2S 
ne ODE (2) 
dy 28x 
Ae ae + Ci. (3) 
If the direction of the x axis be so chosen that a = 0 when 
28 
“=a, then C)-= Sar 
Sz? 22Saxr 
Ey = ike=e aN Cs: (4) 


If the origin of codrdinates be so chosen that y = 0 when z = a, 
2 


theneoe— pe > and 


D 
S S 
Ey = p& — 2ax + a?) = Dp — x). (5) 
. 2 
At the origin, Ey = ue (6) 


AREA MOMENTS 
When the moment of inertia varies, the principle of area 


moments is Hy = {f x dx; or, Ey = the moment of the 


M. 
diagram. = = = When S and D are constant, 738 constant 


and the diagram is a rectangle. To find the deflection of the 


origin from the line which is tangent at the distance a from the 
origin, 

28 Sa? 
meet oo a : 


Lye ye XG =H (6) 


At a distance xfrom the origin, the base of the rectangle is a — x 


CO AW : 
and its center of gravity is 3 from the point whose abscissa 


is 2. 


eas ee 2) (5) 


Hy D 2 
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Equations (5) and (6) are valid for beams of constant strength 
and constant depth no matter what the character of the loading. 
For a cantilever, a = 1 and the moment is negative, therefore 


2 S 
Bymax = —Fy3 Hy = —pl — 2)? (7) 


CANTILEVER WITH LOAD ON THE FREE END 


For a cantilever of constant depth D with a lead P on the 
free end, S = in which J7,, is the maximum moment of 
inertia. When this value of S is substituted, Equation (7) 


becomes 


EYymax = — 577° (8) 


The deflection at the end of a cantilever of constant strength 
and constant depth which is loaded at the free end, is one and 
one-half times as great as the deflection of a cantilever of uniform 
section equal to the maximum section of the constant strength 
beam. The volume of the constant strength beam is one-half 
the volume of the uniform beam. 


Problem 


A cantilever of constant strength and constant depth D carries a load P 
on the free end. The moment of inertia at the fixed end is J». Find the 
deflection at the free end by area moments without the use of Formulas 
(5), (6), and (7). 


M Pot IP J ELPA pall PI 
Ans. = 


ame Mm Ee ome 


CANTILEVER WITH UNIFORMLY DISTRIBUTED LOAD 


For a cantilever of constant depth with uniformly distributed 


load, S = ne and 


wis 
EY max = a ay Re (9) 


which is twice as great as the deflection of a cantilever of uni- 
form section equal to the maximum section of the constant 
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strength beam. The volume of the constant strength beam is 
one-third the volume of the uniform beam. 


BEAM SUPPORTED AT THE ENDS WITH A LOAD P ON THE 


MIDDLE 
The moment at the middle is and S = a In Equation 


(GC) ate . The deflection of the end upward from the tangent 


at the middle is given by 

: ee 
PS, 
which is one and one-half times as great as that of a beam of 
uniform section. This might have been taken directly from 
the result for the cantilever with a load on the free end. 


EYymax = (10) 


BEAM SUPPORTED AT THE ENDS WITH UNIFORMLY DISTRIB- 


UTED LOAD 
Bek Wl WID l 
At the middle, M = ge S = 161, and a = 53 
wis 
Eymax = G4lG (11) 


which is six-fifths as great as the deflection of a beam of uniform 
section. 
120. Deflection of Rectangular Beam of Constant Breadth.— 


Wh = 2 in which dis a function of 2. 


CANTILEVER WITH LOAD ON THE FREE END 


6Px eee 
a ; 
d SB and = 2S (1) 
M SB \s SB 
Bvnax = f YE ade 128. oF ae =X 28 (2) 
Since i= 28 us [-*, and M = —Pi, 
2M? 2P 1% 
Eymax = 2 ie eS! (3) 


The deflection is twice as great as that of a beam of uniform 
section. 
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BEAM SUPPORTED AT THE ENDS WITH A LOAD AT THE MIDDLE 


A beam of constant breadth and rectangular section, which 
is supported at the ends and loaded at the middle, is equivalent 
to two cantilevers. 


Plt 
ele 4 
EYymax TATE ( ) 


CANTILEVER WITH UNIFORMLY DISTRIBUTED LOAD 


M _ 28. _ 3ux? M _ 28 [SB 
Lond ew SB. pda eee Nous 


By area moments 


Eyinax = ay cna 28 [52 [ia Get SMe (5) 


Since 2 2 Ne and M = — = = -% 


Ml? wl* 7S 
eet ee 2P aoe se 


which is four times as great as that of a beam of uniform section. 
The equation of the elastic line is found (preferably by double 
integration) to be 


SB a 
Ey = Eo ee (« log ee + 1). (7) 
BEAM SUPPORTED AT THE ENDS WITH UNIFORMLY DISTRIB- 
UTED LOAD 
-* ieee of Oe _ 3w(le — 2’). 
M (la — x); d 3 GE SB : (8) 
M_ 2s 284| he © 
i, oe ioe — x) (9) 
M 
Emax = py -adz = Vie Views = (10) 


viene J yay Gt 


VG aj 


Foe 
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x SB eae 22 4 ly? vay 
EYymax = 28/82 — bein ar G - a] (12) 


(When « = 0,2 = 5; when x = 5 = 0). 


oe 
Eymax = Sl aE 2 oa 1) (13) 
2 
Since nee ee 


121. Deflection of Beam of Constant Strength with All Sec- 
tions Similar.—I = kc‘, in which k is a constant which depends 
upon the geometry of the sections, and c is the distance from 


the neutral axis to the outer fiber. Z = Z = ie. 


z 
Me MipeteMit ss. > pM. 
See 7 on ih ee 
M M 
cre i aera —l4b& 046 
T= jgi = MRSS, (1) 


DEFLECTION OF A CANTILEVER WITH LOAD ON THE FREE END 


M = Pz, and sae = P-5k?8 S3su75 ; 


iL 
1M 3P-%8, 84574176 
iE ye 2dx = a (2) 
: lea : ; : 
Since S = oo? 12 which c,, is the maximum value of c; 
Ved bole AV adh) 
EY max oes 5ked = ae (3) 


which is nine-fifths as great as the deflection of a uniform beam. 


DEFLECTION OF A CANTILEVER WITH UNIFORMLY DISTRIBUTED 
LOAD 


wa? M 


M= “9 pada = w~$238k*8 8% x73dz; 


1 3w-7$2%5 i248 895 19s 
US Lhe = be : (4) 


4 
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wi? ‘ wes 3s 
i ee EIA) eas ee) 
Since S Deed, S Deh and 
3wlt = 8wlt Ss 3BWI8 
Evite aoe a Gr a SBT e (5) 


which is three times as great as the deflection of a beam of uniform 
section. 


122. Beams of Two or More Materials.—Beams are frequently 
made of two or more materials which have different moduli of 
elasticity. The most common types are combinations of timber 
and steel, or of concrete and steel. 


WwooD 


WOOD EQUIVALENT 
OF STEEL 


Fig. 149.—Beam of two materials. 


Figure 149 shows a steel plate which is bolted to the bottom 
of a wooden beam. The position of the neutral surface depends 
upon the ratio of the moduli of elasticity of the two materials. 
If the modulus of the steel is 30,000,000 pounds per square inch 
and that of the wood is 1,500,000 pounds per square inch, the 
unit stress in the steel at a given unit deformation is 20 times as 
great as the unit stress in the wood. 

The location of the neutral axis for Fig. 149 may be computed 
on the assumption that the density of the steel is 20 times as 
great as the density of the wood; or, for purpose of calculation, 
the steel may be replaced by a wooden strip which is 20 times 
as wide and has the same thickness. Figure 149, II, illustrates 
this substitution. 


Example 


A 4-inch by 6-inch wooden beam has a steel plate 1 inch wide and 14 inch 
thick fastened to the lower surface. Find the neutral axis and the maximum 
fiber stress in each material if the modulus of elasticity of the steel is 20 times 
as great as that of the wood, and the bending moment is 30,000 inch-pounds. 

The steel may be replaced by a wooden strip 20 inches wide and 1% inch 
thick. To get the distance of the center of gravity from the bottom of the 
wood, 

~  24X%'3 — 10 x 34 
Boe 34 


= 2.04 inches. 
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To get the moment of inertia of the equivalent wooden section about the 


common surface. 


3 
=x8 = 288, 


20 X (4) 
3 


= 0.83, 


TP = 288.83. 
Io = 288.83 — 34 X 2.042 = 147.34 inches. 
To get the unit stress in the top fibers of the wood 
oem 30,000 X 3.96 
147.34 
In the bottom steel fibers 
<a 30,000 X 2.54 X 20 
147.34 
The result for steel is multiplied by 20 because the moment of inertia used 
was calculated on the assumption that the steel was replaced by wood. 


= 806 pounds per square inch. 


= 10,344 pounds per square inch. 


Problems 


(Use £ for steel 20 times # for timber in these problems) 

1. A 4-inch by 4-inch timber beam has a 4-inch by 14 inch steel plate on the 
lower surface and a 2-inch by 1-inch plate on the upper surface. Find the 
neutral axis of the combination. What is the maximum fiber stress in 
the steel when that in the wood is 600 pounds per square inch. 

Ans. Neutral axis, 2.10 inches above bottom of timber; fiber stress in steel, 
16,571 pounds per square inch 


Fia. 150.—Flitched beam. Fig. 151.—Armored wooden beam. 


2. A 6-inch by 6-inch timber beam, 10 feet long, has a 6-inch by 14-inch 
steel plate on the top and bottom surfaces. Find the unit stress in the 
steel when a load of 9,000 pounds is put on the middle. 

Ans. 13,720 pounds per square inch. 


Figure 150 is called a flitched beam. ' It is built up of alternat- 
ing wooden beams and steel plates, all fastened together by a 
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few bolts. When the vertical depth of the wooden beams and 
steel plates is the same, the bolts transmit no shear below the 
elastic limit of the steel or wood. With vertical loads, parallel 
to the plane of the plate, the steel is not efficiently used in this 
type of beam. 

Flitched beams were once used to some extent, but very little 
at present. Steel I-beams are usually preferable. Wooden 
beams are frequently bolted to the web of an I-beam. This is 
generally done for convenience in attaching woodwork rather 
than for reinforcing the beam. 

When steel is fastened to the top and bottom of a wooden beam, 
it is used efficiently. The combination is equivalent to an I- 
‘beam section, the timber acting as the web and the steel as the 
flange. : 

Such combinations are not used in structures, but are employed 
in vehicles and some classesof machinery. Figure 151 is a section 
of the lower end of the dipper handle of a steam shovel. It 
consists of an oak beam made of three pieces (the middle piece is 
omitted at the upper end) with heavy steel plates at the tcp and 
bottom and thin plates on the sides. If the beam were made of 
the steel plates alone, without the timber, the compression side 
would be liable to buckle. Kinks and dents from blows and other 
rough usage would increase this danger. The high elastic limit 
of well-seasoned hard wood makes it desirable in locations of this 
kind. 

123. Reinforced-concrete Beams.— Reinforced concrete repre- 
sents another form of combination beam. A_ reinforced-con- 
crete beam has steel rods embedded in the concrete near the 
surface in the tension side. Sometimes both tension and com- 
pression sides are reinforced. These rods may be ordinary 
round or square steel bars. Usually they are corrugated or 
otherwise deformed, or made of cable or twisted square bar. 
Such deformed or twisted bars are better fitted to transmit the 
stress from the concrete, since they do not slip when the grip 
of the concrete is weakened. 

Figure 152 represents a portion of a reinforced-concrete beam 
8 inches by 11 inches in cross-section. The reinforecinent consists 
of three rods with centers 1 inch from the bottom of the beam. 
The photograph, Fig. 204, shows a beam of this size after failure. 

In working out the theory of concrete beams, it is customary to 
regard the steel as taking all the tension. If the unit stresses 
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are kept low, the concrete on the tension side of the neutral axis 
does exert some tensile stress, but at loads of less than one-third 
of the ultimate strength of the beam, fine cracks form in the ten- 
sion side and tests show that the steel takes practically all the 
tension at larger loads. 


Fig. 152.—Reinforced concrete beam. 


The per cent. of reinforcement in abeam is calculated by dividing 
the area of the steel by the area of the beam section above the 
center of the steel. In Fig. 152 the beam is regarded as an 8- 
inch by 10-inch section; the inch of concrete below the center 
of the rods is considered as simply protecting the steel. With 
three 5g-inch rods, each of which has a cross-section of 0.307 
square inch, the reinforcement in the beam of Fig. 152 is 0.921 + 
80 = 0.0115 = 1.15 per cent. While it is customary to speak 
of the per cent. of reinforcement, when used in formulas it is 
expressed as a ratio. 

Elaborate formulas have been proposed for the calculation of 
reinforced-concrete beams. Some of these formulas assume that 
the compression curve of concrete is a parabola, which it 7s not. 
The form and the constants of the compression curve vary greatly 
with the materials, the proportions, the care in mixing, the age, 
and the stresses to which it has been subjected. The modulus of 
elasticity is lowered greatly by slight overloads. For these 
reasons there is little use for great refinement of calculation unless 
the computer is provided with carefully determined compression 
curves of the actual concrete under consideration, and it is now 
customary to work on the assumption that the compression curve 
is a straight line. 

A Joint Committee from The American Society of Civil Engi- 
neers, The American Society for Testing Materials, The American 
Railway Engineering Association, and The Association of 
American Portland Cement Manufacturers has prepared a report 
on “Concrete and Reinforced Concrete”’ and has recommended 
certain formulas and constants. In the articles which follow, 
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the important formulas will be given in the form proposed by the 
Joint Committee, and with the same symbols except that s will be 
used for unit stress in place of f. The constants given in Table 
XI agree with the report in round numbers. * 

124. Location of the Neutral Axis.—The line OF of Fig. 153 
represents the compressive stress. The depth from the extreme 
compressive fibers to the center of the reinforcement is d and the 


Fig. 153.—Stress in rectangular concrete beam. 


distance from the neutral surface to the extreme fibers is kd, 
in which k& is a fraction less than unity. The distance from the 
neutral surface to the center of the reinforcement is (1 — k)d. 
The ratio of the modulus of elasticity of the steel to that of the 
concrete is represented by n; 


If the modulus of elasticity of the steel is 30,000,000 and that of 
the concrete in compression is 2,000,000 pounds per square inch 
the value of n is 15. This is the value which is recommended 
for general use. However, when tests show the ultims.te strength 
of the concrete to be between 2,200 pounds and 2,900 pounds per 
square inch, the Joint Committee recommends that n should 
be 12; and for concrete stronger than 2,900 pounds per square 
inch, the committee recommends that n should be 10. 

The unit deformation at the center of the reinforcement is 
to the unit deformation in the outer fibers of the concrete as 
1—k is to k. Since the modulus of the steel is » times the 


* Proceedings of the American Society for Testing Materials, vol. XIII, 1913. 
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modulus of the concrete, the unit stress at the center of the 
reinforcement is 
n(1 —k) 
tes a ares 
in which s, is the unit tensile stress at the center of the steel 
reinforcement, and S, is the maximum unit compressive stress 
in the concrete. The tensile stress at the center of the reinforce- 
ment is the average tensile stress, and it is assumed that the 
resultant tensile stress is at the center of the section. (The 
error is negligible.) The area of the concrete in compression in a 
rectangular section is bkd, and the average unit stress over this 


Se, (2) 


area iS “5 
Total compressive stress = mee (3) 
Total tensile stress in steel = BEN (4) 


in which A is the area of the steel. The ratio of the area to the 
steel to the area of the concrete is represented by p; 


ae 

(Dues bd’ 

As the concrete below the neutral surface is not regarded as 
taking any of the tensile stress, the total tension in the steel 


equals the total compression in the concrete. Equating (3) 
and (4) and substituting for A, 


S.kbd = S,pbdnil — k) 


A = pbd, (5) 


9 I; (6) 

k2= 2pn(1 — k), (7) 

k? + 2pnk — 2pn = 0, (8) 

k = \/2pn + (pn)? — pn. (9) 
Problems 


1. If the modulus of the steel be taken as 15 times that of the concrete and 
the area of the steel is 1 per cent. of the total area bd, find the distance of 
the neutral axis from the extreme compression fibers. Ans. k = 0.418. 

2. Solve Problem 1 for a reinforcement of 1.2 per cent. and for 1.6 per cent. 

Ans. 0.446, 0.493. 


125. Relative Unit Stresses in Concrete and Steel.—When 
the location of the neutral axis has been determined by means 
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of Equation (9) of the preceding article, or by experiment, 
the relative values of the average unit compressive stress in 
the concrete and the average unit tensile stress in the steel may 
be computed from the relation that the total tension in the steel 
is equal to the total compression in the concrete. In Problem 1 
of the preceding article, for instance, since the area of concrete 
in compression is 0.418 bd and the area of the steel in tension is 
0.01bd, the average unit stress in the concrete is 1948 as great as 
the average unit stress in the steel. If the average unit stress 
in this steel is 12,000 pounds per square inch, the average 
unit compressive stress in the concrete is 287 pounds per square 
inch, and the maximum stress in the extreme fibers is 574 pounds 
per square inch. 

The unit compressive stress in the extreme fibers may also 
be computed from the distances from the neutral axis and the 
ratio of the two moduli of elasticity. From Equation (2) of 
the preceding article. 
ks, 

Bes (1 —k)n (1) 


TasiLe XI.—ALLOWABLE UNIT COMPRESSIVE STRESSES IN EXTREME FIBERS 
or ConcrRETE BEAMS, IN PoUNDS PER SQUARE INCH 


ee 


Aggregate 1:2:4 L336 
Gravel or hard limestone or sandstone.......... 650 425 
Soft limestone or sandstone... .... a2 ses. 00 ee 500 325 
Cin reese exc eters Sy aceicic rare commer teen 200 125 
Problems 


1. In Problem 2 of the preceding article, calculate the unit stress in the 
extreme fibers when the average unit tensile stress in the steel is 12,000 
pounds per square inch. Ans. 645 and 778 pounds per square inch. 

2. Solve Problem 1 if the allowable unit stress in the steel is 16,000 pounds 
per square inch. 


With a unit stress in the steel of 12,000 pounds per square inch, 
the unit compressive stress in the concrete with 1.6 per cent. 
reinforcement is above the allowed value for 1:2:4 concrete for 
the best material ordinarily used. If the allowable unit stress 
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in the steel is 16,000 pounds per square inch (which is the maxi- 
mum recommended by the Joint Committee) even 1 per cent. 
of reinforcement gives a unit stress in the concrete of over 700 
pounds per square inch. In order to use the steel efficiently in a 
beam of rectangular section, it is necessary to have a richer 
mix than 1:2:4 or to keep the reinforcement below 1 per cent. 


Problem 


3. If nm = 15 and p = 0.008 what will be the unit stress in the steel when 
the unit stress in the outer fibers of the concrete, calculated on the 
assumption that the compression curve is a straight line, is 650 pounds 
per square inch. Ans. 15,600 pounds per square inch. 


126. The Resisting Moment.—The resultant compressive 
stress is at the center of gravity of the triangle CFO of Fig. 153. 
The resultant tensile stress is regarded as being at the center of 
the reinforcement, therefore the arm of the resisting moment is 


(a = *)d. The term ( = z) is represented by the single 


3 
letter 7. 
Resisting moment arm = G — a = jd. (1) 
Problems 


1. What is the resisting moment arm in Problem 1 of Article 124? 
Ans. jd = 0.86d. 
The resisting moment is either total stress multiplied by the moment arm, 


a = Sib aa 2) 
2M 

a jkbd®’ (3) 
M 

Ss-— Aja (4) 


(In the following problems 7 = 15, S, = 650 lb. /in.?) 

2./A reinforced-concrete beam for a span of 15 feet is 10 inches wide and 12 
inches deep to center of reinforcement. The reinforcement consists of 
three deformed bars, each having a cross-section of 0.39 square inch. 
The beam weighs 125 pounds per linear foot. What is the maximum 
safe load on the middle, based on the compressive strength of the con- 
crete? What is the unit tensile stress in the steel at this load. 

Ans. M = 167,000 inch-pounds; maximum safe load 2,770 pounds. 

3. In Problem 2 find the unit stress in the steel by dividing the moment by 
the resisting arm to get the total tension, and then dividing by the area 
of the steel. Ans. 13,800 pounds per square inch. 
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4. Design a reinforced-concrete beam for a span of 20 feet to carry a load 
~~ of 800 pounds per foot including its own weight, using 1 per cent 
reinforcement. 


An approximate value of the resisting moment may be computed from 
the expression: 


iM 0:80 <eAsa 

The moment arm is always a little greater than 0.8d and the total tensile 
stress in the reinforcement is As,. Of course, if the percentage of reinforce- 
ment is too great, the compressive stress in the concrete will be too high. 

127. Steel Ratio.—It was shown in Article 125 that when the 
percentage of reinforcement is too great, the concrete stress will 
exceed its allowable value before the steel is fully stressed. The 
ratio of the steel area to total area may be found for any allowable 


unit stresses. From the equality of the total tensile and com- 
pressive stress, 


ome S.A, (1) 
from which 


2s,A _ 2ssp 
ES odie he (2) 
From Equation (8) of Article 124, 


k? + 2nnk =2pn. (3) 
Eliminating & between Equations (2) and (3), 
4s2p? 4 4sepin 


S. S = 2nn; (4) 
n 
p= > (5) 
ae = vi ny 2g line: i 1) 
Problem 


Find the steel ratio if the allowable unit compressive stress in the concrete 
is 600 pounds per square inch, the allowable tensile stress in the steel is 
15,000 pounds per square inch and the ratio of the modulus of elasticity of 
the steel to that of the concrete is 15. Ans. p = 0.0075. 

See Report of the Joint Committee on “Concrete and Reinforced Con- 


crete,” Proceedings of The American Society for Testing Materials, 1913, page 
278. 


CHAPTER XII 


BENDING COMBINED WITH TENSION OR 
COMPRESSION 


128. Transverse and Longitudinal Loading.—It often hap- 
pens that a beam is.subjected to a direct tension or compression 
in the direction of its length and a transverse force producing 
a bending moment. The unit stress at any po:nt in a given 
section is the sum of the direct stress and the bending stress at 
that point. For example, suppose a 4-inch by 4-inch post stands 
vertical and supports a load gu” Bytes (nak eens 
of 4,000 pounds at the top. 
The direct compressive stress 
is 250 pounds per square inch. 
Suppose this post is fixed at 
the bottom (Fig. 154), and 
that a horizontal push of 200 
pounds is applied 2 feet from 
the bottom. This transverse 
force produces a tensile stress 
of 450 pounds per square inch 
in the outer fibers at the 
bottom on the side of the push 
and a compressive stress of 
the same magnitude in the Fria. 154.—Post with compression and 
opposite side. The resultant bending. 
stress is 700 pounds per square 
inch in the one side and 200 pounds per square inch in the other. 
Figure 154, IV, shows the distribution of stress, with compression 
represented by a negative ordinate and tension by a positive 
ordinate. Figure 154, II, shows the compression alone which is 
due to the direct load of 4,000 pounds. Figure 154, III, shows 
the stress which is caused by the bending. This stress is 450 
pounds per square inch compression on the left side and 450 
pounds per square inch tension on the right side. At the 
middle of the section, the bending stress is zero. In Fig. 154, 
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IV, the stresses are combined. The line HF, which is the zero 
line for the bending stress, is placed on the line CD, which rep- 
resents the compressive stress in II. The combined unit com- 
pressive stress on the left side is 250 + 450 = 700 pounds per 
square inch. On the right side the combined stress is 450 tension 
minus 250 compression, or 200 pounds per square inch tension. 
The unit stress is zero at 86 inch from the right side of the post. 

Unit stress = a a a } Formula XXIV. 
in which P is the total load parallel to the length of the beam and 
M is the bending moment from any source whatever. Since 
v has the positive sign on one side of the neutral axis and the 
negative sign on the other side, the second term may be positive 
or negative, according to the position. 


Problems 


1. A wooden post, 6 inches square and 5 feet high, carries a load of 7,200 
pounds on the top and is pushed south by a horizontal force of 225 pounds 
applied 1 foot from the top. Find the stress at the north and south faces 
at the bottom. 

Ans. 500 pounds per square inch compressive stress at the south; 

100 pounds per square inch tensile stress at the north. 

2. At what distance from the top is the tensile stress zero on the north face? 
Ans. 44 inches. 

3. At what distance from the north face at the bottom is the unit stress 
the post of Problem 1 equal to zero. Solve by Formula XXIV and 
check by interpolation from the answers of Problem 1. 

| 4. A rectangular pier is 3 feet by 4 feet and is 40 feet high. It weighs 
120 pounds per cubic foot. What wind pressure, in pounds per square 
foot, uniformly distributed over one entire face, will overthrow this pier 
if it carries no load except its own weight and is not able to resist tension? 

5. A post, 6 inches square and 5 feet long, is fixed at the lower end and 
carries a load of 7,200 pounds at the middle of the upper end. The post 
makes an angle of 5 degrees with the vertical in the plane of one pair of 
faces. Find the maximum and minimum unit stress at the bottom. 

Ans. 199 + 1,046 pounds per square inch. 


129. Eccentric Loading.—Figure 155 represents a rigid bar G 
supported by three equal rubber bands (or springs) which are 
symmetrically placed and suspended from a rigid horizontal sup- 
port. Each of the bands is stretched the same amount and the 
bar hangs in a horizontal position. Figure 155, II, shows the 
same bar with a load P at the middle. The rubber bands are 
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equally stretched and the bar remains in a horizontal position. 
If the load P be moved to the right, as in Fig. 155, III, the middle 
band receives the same elongation as in the preceding case, while 
the left band is elongated less and the right band more. If the 
load be moved still farther 
to the right, a place is 
reached where the left end 
is elevated above the posi- 
tion which it occupied be- 
fore the load was applied, 
so that no load whatever 
comes on the left band. 
If, instead of the rubber 
bands, helical springs were used, the spring on the side away 
from the load would come into compression when the load is 
shifted a considerable distance from the middle. 

Instead of the rubber bands of Fig. 155, a continuous sheet of 
rubber or metal might be used. If such a sheet is fastened 
to a rigid body at the top, and to another rigid body at the 
bottom, and if a load is then applied to the lower rigid body 
considerably to one side of the center of the sheet, the sheet is 
elongated on that side and shortened or buckled on the other. 
A similar result obtains when a compressive load is 
applied to a body. Figure 156, I, shows a block 
of soft rubber with the load central, and Fig. 156, 
II, shows the effect of moving this load a little to 
one side. 

Figure 155, III, shows that the effect of the 
eccentric load is a translation downward, of the 
same magnitude as that caused by the central load 
in II, together with a rotation about the bottom of 
the middle band as an axis. Equilibrium occurs 
when the moment of the load P about the lower 

Fic. 156. end of the middle band is equal to the moment of 
Compre’. the excess of tension in the right band plus the 
rect and with moment of the deficiency of tension in the left 
vee Tic band. Suppose that the bands are 4 inches apart, 

and that a load of 1 pound at the middle stretches 
all three bands 0.4 inch. One pound will stretch a single band 
1.2 inches. Now move the load of 1 pound 2 inches to the right 
of the middle. The moment with respect to the middle is 2 inch- 


iil 


Fia. 155.—Eccentric loading of rubber 
bands. 
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pounds, which may be balanced by a load of 0.5 pounds 4 inches 
from the axis. The tension in the right band is 0.25 pound more 
and the tension in the left band is 0.25 pound less than that 
in the middle band. ‘The total tension is }42 pound in the left 
band, 14 pound in the middle band, and 72 pound in the right 
band. These may be checked by moments around either the left 
band, the right band, or about any other axis whatever. If the 
load is moved more than 3 inches from the middle, the tension 
in the left band becomes less than it was before this 1-pound 
load was applied. 


4 
g 


COUPLE dR=eP 


1 
1 
\ 
| 
1 
\ 
' 
\ 
\ 
Y 


2) 
ai 
Fre. 157.—Block with eccentric loading. 


Figure 157, I, shows a block, which is subjected to a load P 
at a distance e from its axis. A force along any line may be 
replaced by an equal force along any parallel line and a couple 
the moment of which is equal to the product of the force by the 
distance between the lines. * 

In Fig. 157, the force P at the top, at a distance e from the axis, 
may be replaced by a force P along the axis and a clockwise couple 
of moment e X P. The reaction at the bottom may likewise 
be regarded as equivalent to a reaction P along the axis and a 
counter-clockwise couple of moment e X P. These equal couples 
are shown in Fig. 157, II. An eccentric load may be regarded 
as equivalent to a load along the axis combined with a bending 
moment, which is the product of the load multiplied by the 
eccentricity. 

Figure 158 shows examples of large eccentricity in which the 
existence of direct stress combined with bending stress is almost 
self-evident. The portion above G in Fig. 158, I, may be treated 
as a free body. A vertical resolution shows that the vertical 


* See any textbook of Mechanics. 


Cuap. XII] TENSION OR COMPRESSION 243 


reaction across the section at G is equal to the load P. The mo- 
ment of the load P about an axis perpendicular to the plane of 
the paper through the center of the section at G is e X P. 

Figure 158, II, shows the 
deflection which is caused 
by compression. The de- 
flection of the bar increases 
the eccentricity. Figure 
158, III, shows the effect of 
tension. The deflection of 
the bar reduces the eccen- 
tricity. 

Since an eccentric load 
is equivalent to a central 
load and a couple of 
moment eP, the unit stress at a distance v from the center of 
gravity of any section is 


] 

y 
Ill y 
Fig. 158.—Large eccentricity. 


= 4 ae f Formula XXIV. 
At the outer fibers, 
Pee Pe 
hae eamey Cae 


In these formulas, M = e X P is the moment of the load about 
the axis through the center of gravity of the section, v is 
the distance from the center of gravity of the section to any 
given fiber, and c is the distance from the center of gravity of the 
section to the extreme outer fiber. 

Formula X XIV for eccentric loading assumes that the section 
at which the load is applied remains plane. This condition is 
approximately fulfilled when the load is applied through a rela- 
tively rigid plate or cap stone to a body which is compara- 
tively elastic. When the load is concentrated, the maximum 
stresses are usually greater than those given by the formula. 
If the block under stress is of some length, the sections near 
the middle are practically plane and the formula applies with 
greater accuracy. 

The derivation of Formula XXIV assumes that H is constant. 
This assumption limits the formula to stresses below the elastic 
limit. Since the stress on one side is greater than on the other, 
it will reach the elastic limit before the other and cause a shifting 
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of the neutral axis for the bending stresses. The error caused 
by this displacement of the neutral axis is greater than in a beam 
subjected to bending alone. 

Subject to a correction for curvature, (see Chapter XVII) 
formula XXIV app‘ies approximately to hooks. 


Fie. 159.—Eccentric loading. 


Some examples of compression combined with bending are 
shown in Fig. 159. The forces P are applied to the wrenches by 
means of the screw clamp. The wrenches as cantilevers transmit 
the direct compression and the bending moments to the bar. 
The experiment may be performed with two wrenches and a 
metal or wooden bar with the forces applied to the wrenches 
by the hands instead of the clamp. The bar will bend as in 
Fig. 158, II, when the forces are toward each other and as in 
Tig. 158, III, when the forces are away from each other. 

The clamp of Fig. 159 is subjected to tension and bending. 
The eccentricity is the distance from the center of the screw to 
the center of gravity of any section. In a hook, the line of the 
load joins the shank with the point which is immediately below 
it when loaded. ‘This is, of course, the point in the concave 
portion which is farthest from the shank. The eccentricity 
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is 


the distance of the center of gravity of any section from this 


load line. 


Le 


Problems 


A 6-inch by 6-inch short block is subjected to a load of 7,200 pounds. 
The line of application of this load lies in a plane parallel to a pair 
of the faces at a distance of 14 inch from the axis of the block. Find the 
maximum and minimum compressive stress. 

Ans. S = 200 + 100 pounds. 


. Solve Problem 1 for an eccentricity of 1 inch. 


Ans. 400 pounds; 0 pounds. 


. Solve Problem 1 for an eccentricity of 2 inches. 


4. A solid circular rod, 2 inches in diameter, is subjected to a pull of 18,000 


pounds ‘along a line 0.2 inch from the axis. Find the maximum and 
minimum unit stress. Ans. 10,313 pounds; 1,146 pounds. 


5. Solve Problem 4 if the eccentricity is 0.3 inch. 


11 


A 


. 


Ans. 12,605 tension; 1,146 compression. 


. Solve Problem 5 if the rod is hollow with inside diameter of 1 inch. 
- A block b wide and d thick, of rectangular section, has the load so placed 


that the unit stress in the outer fibers on one side is zero. If the line of 
load is in the plane of symmetry parallel to the faces of breadth d, what is 
the eccentricity? 


d 

Ans. 6 

. What eccentricity in a solid circular section of radius a will make the 
unit stress on one side zero? 

a 

Ans. ¢ = re 

. A hollow circular cylinder of outside radius a and inside radius 6 is so 

loaded that the unit stress on one side is zero. What is the eccentricity? 

i ok b? 

Ans. € = - 
4a 


” A solid wall has the resultant load 2 feet from the front edge. The load 


is 12 tons per running foot. Assuming that the load is so distributed 
that the top remains plane, find the unit stress in tons per square foot 
at the front edge if the breadth of the wall is 4 feet, 6 feet, 8 feet, 10 feet. 
Ans. 3, 4, 3.75, 3.36 tons per square foot compression. 

In a hook of circular section the distance from the center of gravity 
of the section to the line of the load is 3inches. The load is 1,600 pounds 
and the diameter of the section is 2 inches. Using Formula XXIV, find 
the GE Pronmale value of the maximum tensile and compressive stress. 

Ans. 6,621 pounds per square inch tension. 
5,602 pounds per square inch compression. 


130. Maximum Eccentricity without Reversing Stress.— 
brick pier laid in lime mortar has no tensile strength, and the 


tensile strength of masonry laid in cement mortar is uncertain. 
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For this reason, the load on a masonry pier or wall should always 
be so placed that the stress over the entire section shall be 
compressive. Problem 7 of the preceding Article showed that a 
load on a rectangular section at a distance from the center greater 
than one-sixth the width of the section in that direction produces 
a negative stress in the opposite side. For 
this reason, it is a rule of architects and 
engineers that the resultant load shall not 
fall outside the middle third of a wall or of 
a rectangular pier or column. In Fig. 160, if 
rae ear the load, perpendicular to the plane of the 
imum eccentricity paper, passes through the line BD, which 
al Cacao Ag is midway between the two sides of width d, 
it must lie inside the middle third of this line. 

If the load passes through the line FG, it must pass between the 
points C,C;. CC; is one-third of FG and CC is one-third of BD. 

From Problem 8 of the preceding article, it is evident that the 
load on a solid pier of circular section must not fall outside a 
circle whose diameter is one-fourth that of the pier. Problem 9 
shows that with a hollow pier the eccentricity may be greater 
without reversing the stress. For materials which are weak 
in tension, therefore, a hollow pier may be stronger than a solid 
pier of the same outside dimensions. 

For any section, the maximum eccentricity without reversing 
stress may be computed from Formula XXIV. Since the fibers 
under zero stress are on the side of the center of gravity opposite 
the load, the form with the negative sign is used. 


12 Wee 
te Me area a (1) 
PLONE Peta ccs 
eat PRT ere (2) 


in which r is the radius of gyration with respect to the axis 
through the center of gravity of the section. 
2 


Sees (3) 


Problems 


1. A hollow pier is 24 inches square on the outside and 16 inches square 
inside. How great may be the eccentricity on a line through the center 
parallel to the sides without reversing the stress? 


= 576 inches. 
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2. In a solid pier 12 inches square, how far may the resultant be placed 
from the center of gravity of the section if it is on a line through the 
center parallel to two faces? Ans. 2 inches. 

3. Solve Problem 2 if the load is on a diagonal. Ans. 1.41 inches. 

4. A square section of side b has the resultant load at a point C, the codrdi- 
nates of which are (a, y), Fig. 161, I. Show that when the unit stress at 
F is zero, the position of C satisfies the equation 


6x2 + by = b. 


Suaeestion.—The moment of inertia of a square section being the same 
for all axes through the center, the rotation will be about the axis OH 
perpendicular to OC. The distance of the extreme fibers at F from this axis 
is equal to HB. 

The distance 


EB = : (cos 6 + sin @). 
b4 
if = 12) 
For zero stress at the corner, F, 
e(cos 6 + sin 6) = >. 
ety= °. 


131. Resultant Load Not on a Principal Axis.—In all the 
problems of the preceding articles, the resultant load fell on one 
principal axis and rotation took place about the other principal 


Fia. 161.—Eccentric load not on principal axis. 


axis. When the section is a circle, a square, or any other regular 
polygon, the moment of inertia is the same for all axes through 
the center of gravity, and any such axis is a principal axis. 
In other sections, when the load does not fall on a principal 
axis, the axis of rotation is not the line OH (Fig. 161, III) normal 
to OC, but is some other line OG which lies between OF and the 
axis for which J is the minimum. 

To find the bending stress caused by an eccentric load, the 
eccentricity is resolved into two components parallel to the two 
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principal axes of inertia, and the stress is computed separately 
for each component. In Fig. 161, III, the force is applied 
perpendicular to the plane of the paper at the point C. The 
eccentricity is OC, and the components of the eccentricity are 
x and y. The moment about the X axis is Py. The bending 
stress of this moment at a point whose coérdinates are 1, Y1 
s et, The moment about the Y axis is Px, and the bending 
Pray 

Ty 

The combined unit stress at any point (v1,y1) when the load 
is applied at the point (z,y) is 


stress of this moment at the point (#1,y1) is 


Or Pera hoe 
Sanicks ak vel gana a (1) 


If x and x; have the same sign, the second term of the second 
member of Equation (1) is positive, and if y and y,; have the 
same sign, the third term is positive. 


Example 


A rectangular block is 12 inches long, measured from east to west, and 10 
inches wide, from south to north. It is subjected to a load of 3,600 pounds, 
which is applied 2 inches from the east edge and 2 inches from the north 
edge. Find the unit stress at each corner. 

If the east line through the center is taken as the X axis and the north line 
is taken as the Y axis, J, = 1,000 and J, = 1,440. The moment about the 
X axis is 10,800 inch-pounds. This moment causes a bending stress of 54 
pounds per square inch at the north and south edges. The moment about 
the Y axis is 14,400 inch-pounds. This moment causes a bending stress of 
60 pounds per square inch at the east and west edges.. The direct com- 
pression is 80 pounds per square inch. ‘The total stresses at the corners 
are; 144 pounds compression at the northeast corner, 24 pounds compression 
at the northwest corner, 84 pounds tension at the southwest corner, and 
36 pounds compression at the southeast corner. 


Problems 


1. Solve the example above if the load is placed 3 inches from the east edge 
and 3 inches from the north edge. 
Ans. 111 pounds compression at the northeast corner. 
2. In Problem 1, what is the average of the stress at all four corners? 
3. A 10-inch by 6-inch post stands vertical with its 10-inch faces running 
north and south. A load of 2,400 pounds is placed on the top 2 inches 
from the east face and 2 inches from the north face. A horizontal force 
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of 75 pounds toward the west is applied to the east face 24 inches above 
the bottom, and a horizontal force of 80 pounds toward the south is applied 
to the north face 20 inches above the bottom. Find the unit stress at each 
corner at the bottom. 
Ans. At the northeast corner, compression = 40 + 72 + 40 — 16 — 
30 = 106 pounds per square inch. 
4. Find the average of the stress at all four corners. 
5. From the results for the example above, find the location of the points 
on the south and west edges at which the stress is zero. 
Ans. 8.4 inches from the southwest corner on the south edge, and 734 
inches on the west edge. 
6. In the example, find the equation of the line of zero stress by means of 
Equation (1). 
3,600 X 4%. , 3,600 XK 3y1 
1,440 1,000 


30 + 10x, + 10.8y: = 0. 


7. Check the answer of Problem 5 by substitution in the answer of Prob- 
lem 6. 


Ans. 30 + 


The maximum eccentricity in any direction without reversing 
the stress may be found by equating the scone member of 
Equation (1) to zero, 

POPP ari ae Py 


A ae ez = 1 —— 0. (2) 
This may be written 
cea YYi\ _ 
q(i+ +) =0, (3) 


Ts 


in which r, and r, are the radii of gyration with respect to the 
X axis and the Y axis, respectively. 


Example 


Find the maximum eccentricity of the load in the case of a rectangular 
block of breadth b and thickness d without reversing the stress at the corners. 


Oe en eae ere ee hg 

PBS A OES py) 
The maximum bending stress of sign opposite to the direct stress will be at 
the corner in the third quadrant if the load is in the first quadrant, and 
both the second and the third terms of (2) will be negative. Equation (2) 


becomes 
SU Ne i) (9) 


This is the equation of a straight line, the intercepts of which are 
b d 
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CHAPTER XIII 
COLUMNS 


132. Definition.—In the discussion of eccentric loading in the 
preceding chapter, no account was taken of the deflection of 
the body, and of the effect of this deflection upon the eccentricity 
and the bending stress. Eccentric tension produces a deflection 
which reduces the eccentricity, as is shown in Fig. 158, III. 
Eccentric compression, on the other hand, produces a deflection 
which increases the eccentricity. A yard stick may be placed 

with one end on the floor and pushed down by 

y Y the hand at the other end until the middle is 
bent several inches from the straight line. The 

original eccentricity, of possibly 0.01 inch, is 
increased several hundred times, and the bend- 
ing stress may be sufficient to cause rupture at 
the middle. If the stick is placed with one end 
on a platform scale, as shown in Fig. 162, it is 
found that the load which causes a deflection of 
2 inches is little, if any, greater than the load 
which causes a deflection of 1 inch. While the 
resisting moment has been doubled, the external 
moment arm has likewise been nearly doubled. 
The applied force, therefore, changes very little. 

A compression member whose length is several 
times as great as its smallest transverse dimen- 
sion is called a column or strut. Long vertical compression 
members of buildings and the posts of bridges are usually called 
columns. The compression members of roof trusses, and the 
vertical compression members of airplanes are called struts. The 
top chord of a bridge usually acts as a column. The connect- 
ing rod of an engine is a column during the forward stroke. 

When a column is vertical, the only bending moment is that 
which is due to the eccentricity of the load and to the deflection. 
When a column is horizontal or inclined, its own weight applied 
as in a beam becomes an appreciable factor. The rafters which 
support a roof act as columns and inclined beams. 

250 


Fie. 162.—A long 
column. 
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Illustration 


A 1-inch round rod of cold-rolled steel, 86 inches long, was tested as a 
strut. The ends of the rod were attached to half cylinders of hardened 
steel which could roll on hardened steel plates. For one test, the axis of 
each half cylinder was 0.002 inch from the center of the end of the strut. 
When the load was 8,000 pounds, the deflection of the strut at the 
middle was 0.0064 inch, and when the load was 10,000 pounds the deflection 
at the middle was 0.0204 inch. The half cylinders were then moved until 
the eccentricity was very small. When the load was 9,500 pounds, the 
deflection was only 0.0002 inch. When the load was raised to 10,500 pounds, 
the deflection was 0.0011 inch. At 11,000 pounds, the deflection was 0.0055 
inch. At 11,200 pounds it was 0.0168 inch. When the load was 11,250 
pounds, the deflection at the middle was 0.1739 inch. The load could not 
be raised above 11,250 pounds. All these deflections were toward the left. 
With the load of 11,250 pounds on the testing machine and the deflection 
0.1739 inch toward the left, a slight horizontal pressure toward the right, 
applied to the middle of the strut with one finger, bent the strut past the 
position of zero deflection. It then moved over to the right till the deflection 
toward the right was 0.1630 inch, while the load on the testing machine still 
read 11,250 pounds. 


Problems 


1. In the illustration above, what was the unit stress at the right (concave) 
surface of the strut when the load was 8,000 pounds? 

Ans. S = 10,186 + 685 = 10,871 pounds per square inch. 

2. What was the unit stress at the concave surface of 
the strut described in the illustration when the 
eccentricity was 0.0020 inch and the load was 10,000 
pounds? 

Ans. S = 12,7382 + 2,284 = 15,016 pounds per 
square inch. 

8. In the illustration above, what was the stress at the 
concave surface when the load was 11,250 pounds and 
the deflection was 0.1739 inch? 

Ans. S = 34,251 pounds per square inch. 


133. Column Theory.—Figure 163 shows a 
vertical column with ends free to turn without 
friction about a horizontal axis perpendicular to 
the plane of the paper. The left figure shows 
the actual column with the deflection somewhat 
exaggerated. The right figure represents the 
central axis of the column and the axes of 
coérdinates with all horizontal distances magni- 
fied. In order that Formula XV may apply without change of 
letters, the X axis is taken vertical (parallel to the length of the 
column) and the Y axis is horizontal and positive toward the left. 


Fie. 163. 
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This arrangement brings the Y axis 90 degrees from the X axis in 
the counter-clockwise direction, whichis the usual relation. Ifthe 
figure were rotated 90 degrees in the clockwise direction, the axes 
would be the same as in common use. In this figure, the X 
axis is on the line of the applied forces,* and the origin is at the 
lower end of the column. The eccentricity, which is the distance 
of the center of gravity of the sections at the end from the line 
of the load, is regarded as positive. At a section at a distance x 
from the origin, the moment arm is y and the moment is Py. 
This moment turns the lower end counter-clockwise about the 
section, and, therefore, is negative. If the load were on the left 
of the axis of the strut, the eccentricity would be negative (toward 
the right) and the deflection would also be negative. The 
moment would then be positive. Ineithercase, M = —Py. In 
Fig. 163, the center of curvature is on the right or negative side 
of the column. If the eccentricity were in the opposite direction, 
the center of curvature would be on the opposite side. By this 
definition, then, the moment is negative when y is positive, 
and positive when y is negative. 
The differential equation for the bent column is 


dys 
EI ae —Py. (1) 
This form of equation is solved by multiplying both sides by dy 
d? : 
EI 3 dy = —Py dy. (2) 
oY a = CUe 
dx? 0 dx dx (3) 
2 
in which ©” is the differential of 2. 
dx dx 
dy dy _ 
EI Cs ce —Py dy. (4) 


The integral of Equation (4) is 


EI dyN ee ee ye 
9 2) Se ete (5) 


*In the previous editions of this book, the X axis was the central axis of 
the coluinn before it was bent. This arrangement made the deflection zero 
at the ends and the moment arm y +e. The present arrangement makes 
y =e at the ends and makes the moment arm equal to y. 
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At the middle, where y = ymax, = Q, 
xv 
JB Paes 
Cx = 5 } 
Yy 
Br (SY) = P(y?max — y”). (6) 
is Bl See aia ee 
V ymax — Y? ae ye EI 
: wy 
sin! nee = Vay ® + C2. (7) 
When x= » Y = Ymax; 
: Pil 
sin-!1 = 5 EI 2 + C2; (8) 
en eh dee (oe 
ace tenga”) Va G v). (9) 


Y = Ymax sin| & = JEG a )|- Ymax cosy /E( — v). (10) 


When x = 0, y = e and 


€ = Ymax COS are 4 (11) 


= al Pr be 
Ymax = SEC ae esec SET Formula X XV. 


y = esec Ree 5 cos ses _ v), (12) 


Example 


A 2-inch by 2-inch timber strut, 5 feet long, is tested as a column with 
round ends. What is the deflection at the middle under a load of 3,200 
pounds, if # = 1,500,000 pounds per square inch and the eccentricity is 


0.100 inch? 
Pi? _ 3,200 X 60 X 60 X 3 


Abie 4 5C45C1/500,0000 9 1 2 
Eley). 
461 


Ymax = 0.100 sec 1.2 radians = 0.100 sec 68° 45’ = 0.276 inch. Deflection © 
= Ymax — € = 0.276 — 0.100 = 0.176 inch. 


Es is an angle in radians, the secant (or cosine) of which is a numeri- 


cal quantity involved in the solution of these column problems. It does 
not refer io any angle on the figure. 
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Problems 


1. In the example above what is the bending moment at the middle, and 
what is the maximum unit stress? 
Ans. M = 883.2 inch-pounds; S = 800 + 662 = 1,462 lb./in.? 
2. In the example above, if the load is increased to 3,872 pounds what is the 
deflection? Ans. ymax = 0.403 inch. S = 968 + 1,170 = 2,138 lb. /in.? 
3. The 1-inch cold-rolied steel rod described in the illustration of the pre- 
ceding article was deflected 0.0100 inch at the middle when the load was 
5,009 pounds and the eccentricity was 0.0100 inch. The modulus of 
elasticity was 30,340,000 pounds per square inch. Compute the 
theoretical deflection and compare with the experimental result. 
4, A round-end column, 10 feet long, is deflected 0.050 inch at the middle 
under a load of 1,000 pounds on the end, and is deflected 0.400 inch under 
a load of 4,000 pounds. Find the eccentricity by trial and error with a 
secant table. Then calculate EJ. 
)A 2-inch round steel rod, 10 feet long, is used as a column with ends 
free to turn. Find the deflection at the middle and the maximum fiber 
stress on the concave side when the load is 8,000 pounds and the eccen- 
tricity is 0.1 inch, if # is 30,000,000 pounds per square inch. 
Ans. Ymax = 0.1 sec 63° 21’ = 0.2230 inch. 
Maximum S, = 4,814 pounds per square inch. 
6. A column with ends free to turn is made of a 2-inch round steel rod for 
which # is 30,000,000 pounds per square inch. The length is 5 feet. 
Find the deflection at the middle and the maximum unit stress for loads 
of 20,000 pounds, 30,000 pounds, 50,000 pounds, 60,000 pounds, and 
70,000 pounds for eccentricities of 0.01 inch and 0.1 inch, 


Ce) 


Ans. Load 20,000, 30,000, 50,000, 60,000, 70,000. 
Tirta tcieees { For e = 0.01, 6,763 10,3840 19,295 382,483, infinite. 
Fore = 0.1, 10,837 17,500 49,800 154,000, infinite. 


The answers for Problem 6 show that the unit stress for a 
load of 50,000 pounds with an eccentricity of 0.01 inch is only 
slightly greater than the unit stress for a load of 30,000 pounds 
with an eccentricity of 0.1 inch. For a load of 50,000 pounds 
with an eccentricity of 0.1 inch, the calculated stress is 49,800 
pounds per square inch. Ordinary steel would fail under this 


stress. For a load of 64,750 pounds, the angle as 


; radians. Since the secant of this angle is infinite, a column of 


is equal to 


these dimensions with a modulus of elasticity of 30,000,000 will 
fail under this load, no matter how great the ultimate strength 
of the material. Usually, nothing is gained by using alloy 
steels of high ultimate strength for columns which are relatively 
long, since the critical load on a column of this kind depends upon 
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the modulus of elasticity and not upon the ultimate strength of 
the material. 

The formulas of this article were derived under the assumption 
that E is constant. They are not valid, therefore, beyond 
the proportional elastic limit. While tests have shown that a 
short column made of one piece will support a load considerably 
above the yield point of the material, tests of built up columns 
show that these fail when the yield point is reached. The 
yield point of structural steel is a little above the proportional 
elastic limit. It is best, therefore, to base the factor of safety 
upon this limit. 

Within the elastic limit, these formulas are theoretically 
and experimentally correct. When the dimensions of the column, 
the modulus of elasticity of the material, and the eccentricity 
are known, Formula X XV gives the correct moment arm at the 
section of maximum deflection, and Formula XXIV gives the 
maximum unit stress. 

134. Application of the Secant Formula.—Formulas X XV and 
XXIV together give the unit stress in a given round-end column 
under a known load. However, when it is necessary to design 
or select a column to carry a given load, these formulas are not 
convenient, since neither the total load nor the unit stress is 
expressed explicitly. A problem of this kind must be solved 
by the method of trial and error. 

When a number of columns are to be designed, it is a great 
saving of time to represent the formulas by means of a table or a 
curve. Before doing this, it is desirable to modify the equations. 
From Formula XXV, 

| PE 
Maximum moment = eP sec 4EI (1) 


: P iP Y ed fe 
Maximum unit stress = S, = A + 7 sec es (2) 


B €C poe] 
Bu = Ae aires saa uy (3) 


in which 7 is the radius of gyration of the column. The ratio 
: ORL 
of the length of the column to its least radius of gyration is Z 


This is called the slenderness ratio of the column. 
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; Panel : 
To determine the relation of A to F when the unit stress at the 


concave surface is the ultimate strength of the material, Equation 
(3) may be written, 


ec JP] Su 
“sce ine =e ) (4) 
A 


It is difficult to solve for 7 in terms of the slenderness ratio, but 


ahd Be 
it is easy to solve for the slenderness ratio in terms of a 


Table XII gives most of the calculation for structural steel 
for which the modulus of elasticity is 29,000,000 pounds per 
square inch and the yield point is 36,000 pounds per square inch, 


when the eccentricity is such that = = 0.2. 


Taste XII.—Uutimate Unir Loap on A CoLUuMN wiTH RouND ENDs 


E = 29,000,000 and S, = 36,000 pounds per square inch; i = 2 


ean 
P 7 AE2r q 
71 0.2 sec aS sec Ee ae = 
Degrees | Radians 

1,000 35.0 175 89° 40’ | 1.565 533. 
3,000 11.0 55. 88° 58’ 1.553 305. 
6,000 5.0 25. 87° 42’ 1.531 218. 
10,000 2.6 13 85° 35! 1.494 161. 
15,000 1.4 7 Slea la 1.427 1262 
18,000 1.0000 5.000 78° 28’ 15370 110. 
20,000 0.8000 4.000 (Ogeoly 1.318 100. 
22,000 0.6363 3.182 TLS AL! 1.251 90.8 
24,000 0.5000 2.500 66° 25/ 1.159 80.6 
25,000 _ 0.4400 2.200 62° 58’ 1.099 76.6 
26,000 0.3846 1.923 58° 40’ 1.024 6 
27,000 0.3333 1.667 53° 08’ 0.927 6 
28,000 0.2857 1.429 45° 34’ 0.795 5 
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Uae wate 
To find the value of . which makes the maximum unit stress 36,000 
pounds per square inch when the unit load is 15,000 pounds per square 


inch, with % = 0.2, 


36,000 15,000. 1 
—1=14=02 Lene 
15,000 v ane 29,000,000 x) (1) 
seo( Neston 000 55 ek, @) 

Pee soe, ae 
29,000 Op = 81 47 = 1.427 radians. (3) 
iB 
5=2x1. 477 22000 O26, (43 


Curve I of Fig. 164 is drawn from the data of Table XII. 
Curve II of this figure is for the case when the eccentricity is 
zero, and is called Euler’s curve. 


50000 | eg | eet lee | 
45000 . | 

\ 
40000 a. 

ae Nes STEEL COLUMNS WITH 
S508 ROUND ENDS 
If E = 29,000,000 
Su=36,00 
30000 ae ote 
I Ty men 0e2 


II, @=0; EULER'S CURVE 


g 
8 


8 
gs 


: 


5000 = Fala 


0 20 40 60 80 100 120 140 160 180 200 220 240 260 280 300 
LENGTH+LEAST RADIUS OF GYRATION 
Fia. 164.—Ultimate unit load on steel column. 


ULTIMATE UNIT LOAD IN POUNDS PER SQUARE INCH 


The two curves approach each other for large values of : 
where the amount of eccentricity makes little difference. For 
small values of : the eccentricity makes a great difference in 
maximum unit pier 

For values of | Jess than 0.2, other curves could be drawn 


between curves I ee: II, and below the horizontal line at 36,000 
pounds per square inch. 
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Example 


By means of Curve I of Fig. 164 select the I-beam, 10 feet in length, to be 
used as a column with round ends to carry a load of 40,000 pounds with a 
factor of safety of 2.5. 

The ultimate load with a factor of safety of 1 is 40,000 X 2.5 = 100,000 
pounds. Since the unit load with this eccentricity can not be greater than 
30,000 pounds per square inch, the area must be greater than 100,000 + 
30,000, which is 3.33 square inches. Since an I-beam of this small section 
has a very small radius of gyration, the sienderness ratio for such a beam 10 
feet in length must be relatively large and the unit load must, therefore, be 
relatively small. If the slenderness ratio is 120, for instance, the unit load 
is little over 15,000 pounds per square inch, and the area must be over 6 
square inches. A 9-inch, 2l-pound I-beam has an area of 6.31 square 
inches and a least radius of gyration of 0.90 inch. The slenderness ratio is 
133 and the unit load, from the curve, is 13,750 pounds per square inch. 


13,750 X 6.31 = 86,700 pounds. 
For a 10-inch, 25-pound I-beain, the area is 7.37 square inches and the 
least radius of gyration is 0.97 inch. The slenderness ratio is 123, and the 
unit load is 15,500 pounds. 

15,500 X 7.87 = 114,000 pounds. 


The first of these beams is too small, while the second is larger than neces- 
sary. <A 9-inch, 25-pound I-beam would come nearer the required figure, 
but since it is as heavy and expensive as the 10-inch beam, the latter would 
be chosen. 


135. Euler’s Formula.—Since the secant of 90 degrees is 
infinite, Formula XXV shows that any column will deflect 
without limit, and finally fail, if the unit load and the slenderness 
ratio are such that 

igU aes 


ART) oto (1) 
From Equation (1) 


Le ar a (2) 


which is the common form of Euler’s formula. The unit load 
is 


P 
ay: Formula XX VI. 


Formula XXVI is a second form of Euler’s formula. In this 


form, the slenderness ratio : and the unit load i are the two 


A 


variables. 


Cuap. XIII] COLUMNS 259 


Euler’s formula contains the moment of inertia, but does not 
include the distance to the outer fibers. When the eccentricity 
is negligible, and the slenderness ratio is relatively large, the 
ultimate load does not depend upon the form of the column, 
except in so far as the form changes the moment of inertia. 

Curve II of Fig. 164 is Euler’s curve for a modulus of elasticity 
of 29,000,000 pounds per square inch. Asa mathematical curve, 
it is of infinite length. As an engineering curve, it must not be 
used above the point B at which the unit load is the elastic limit 
of the material. 

It will be shown later that it is best not to use Euler’s formula 
for values of the unit load above one-third the elastic limit. 


Example 


Find the total load with a factor of safety of 2 on a round steel rod 2 
inches in diameter, if the elastic limit is 30,000 pounds per square inch and 
E is 29,000,000 pounds per square inch, for lengths of 40, 60, 80, and 100 
inches. , 

As these lengths are all multiples of 20 inches, begin with this length and 
find the others by dividing by the square of the ratio. The radius of gyra- 
tion of a solid circular area being one-half the radius, r = }4 inch. For ] = 
20 inches, 


es Olle SNL 178,894 pounds per square inch 


A 1,600 
Length, Unit load, Total safe load, 
inches lb. /in.? pounds 
40 44,723 
60 19,877 31,223 
80 11,181 17,563 
100 7,156 11,240 


For the 40-inch length _ as calculated by Euler’s Formula, is 44,700 


pounds per square inch, which is above the elastic limit, and therefore 
cannot be used. For the 60-inch length the unit load is less than 20,000 
pounds per square inch. This is below the elastic limit, and may be divided 
by the factor of safety and multiplied by the area of the section to get the 
total safe load. Euler’s formula should not be used for this load unless it 
is certain that the eccentricity is negligible. For the greater lengths the 
eccentricity makes little difference, as may be seen from the curves of 
Fig. 164. 


Problems 


1. In the example, find 4 for values of : from 100 to 300 at intervals of 20. 


Plot the curve and compare with Fig. 164. 
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/ 2. The ultimate load on the 1-inch cold-rolled steel rod, 36 inches long, which 

~ was described in the illustration of Article 132, was 11,250 pounds. At 

this load the strut continued to bend with no increase of resistance. It 
fulfilled, therefore the conditions of Euler’s formula. Calculate Z. 

3. A spruce strut tested at the Bureau of Standards was 1.75 inches square 
and 6 ft. 3.75 inches long. The ultimate load was 3,020 pounds. Find 
E by Euler’s formula. 

4, The compression readings for the strut of Problem 3 were taken for a gage 
length of 30 inches. When the load changed from 305 pounds to 2,593 
pounds, the average compression in the gage length was 0.0098 inch. 
When the load changed from 305 to 2,745 pounds, the compression in the 
gage length was 0.0107 inch. When the load changed from 305 to 2,898 
pounds, the compression in the gage length was 0.0115 inch. Find # 
from each of these tests. 

5. A yard stick, with the ends slightly rounded, was placed vertical with 
the lower end on a platform scale and a load was applied to the upper 
end (Fig. 162). The load and deflection were measured. 


Load in Deflection at the 
pounds middle, in inches 
OOM ae rare Bte eee nici orn cantons ls Genes 0.03 
GRO O Seared, errno eee cer 0.20 
On AO cers ean ee keine ab edtione ee 0.25 
Gd Sas eer ees yon ot eee 1.00 (Load dropped to 6.28) 
Gao Shee ia ah ee ahs ecisitceare wera 2.50 


Calculate HI from the last two readings by Euler’s formula. Ans. 851, 825. 

6. The yard stick of Problem 5, supported as a beam at points 34 inches 
apart, was deflected 3!4» inch at the middle by a load of 1 pound at the 
middle. Find HJ and compare the result with Problem 1. 

7. The yard stick above mentioned was 1.06 inches wide and 0.18 inch thick. 
Find £ and I. 


136. Classification of Columns.—Columns may be divided, 

according to the nature of the ends, into the following classes: 
I. Both ends free to turn about horizontal axes but not free 

to move laterally, Figs. 163 and 165, I. 

II. One end fixed and the other end free to turn and free to 
move laterally, Fig. 165, II. 

III. Both ends fixed so that the tangents at the ends do not 
change, Fig. 165, III. 

IV. One end fixed and the other end free to turn about one or 
more horizontal axes, but not free to move laterally, Fig. 165, IV. 

Class I only has been considered in the preceding articles. 
If L is the entire length of the column, and 1 is the length of the 
cosine (sine curve if the origin is shifted) curve of Fig. 163, 
L = I for Class I. 
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For Class II, the entire length of the column, from the fixed 
point B to the top, corresponds with one-half of the cosine curve. 
Hence, in Formulas XXV and XXVI, | = 2L. 

P 


AS Ups 


I If ul 
Fia. 165.—Types of ideal columns. 


For Class III, 2 is zero at each end and at the middle. The 


middle half ABC corresponds with the cosine curve of Class I. 
This portion of the cosine curve is represented by Jin the formulas. 


If L is the entire length DF, then J = a A column with both 


ends rigidly fixed will carry as great a load as a column half as 
long with ends free to turn. 

In Fig. 165, III, the points A and C are points of inflection 
(or counter-flexure) at which the moment and the curvature 
change signs. The portion AD is equal to one-half of the cosine 
curve ABC. If revolved 180 degrees in the plane of the paper 
about the point A, the curve AD will coincide with the curve AB. 
The moment is zero at A and C. 

A column of Class IV is fixed at one end and free to turn at 
the other but not free to move laterally. The point of counter- 
flexure is at C. (Fig. 165, IV.) Since the column is free to 
turn, there is no moment at the top A. Since the moment is 
zero at the point of counter-flexure C, and there are no transverse 
forces between A and C, the resultant force from A must pass 
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through C. The force at A must, therefore, have a horizontal 
component. The resultant of the horizontal forces at the bottom 
is equal and opposite to the horizontal component at the top. 
The portion ABC of Fig. 165, IV, forms a cosine curve with 
the X axis parallel to CA. The lower portion CF forms part 
of the cosine curve as far as the plane of the body which holds 
it. Below that plane it is straight. If this portion continued 
to curve until it became parallel to AC, it would form a complete 
half of the cosine curve and its length would be equal to AB or 
BC. Since the portion is vertical at the fixed end, its length is 
less than one-half of AB, and less than one-third of the entire 
length of the column. The solution of the differential equation 
shows that AC isnearly 0.7L. For practical purposes, 1 = 0.7L 
and I? = 0.5L? nearly. 

It is sometimes stated that / is equal to two-thirds L in a column 
which is fixed at one end and free to turn at the other. This 
can only be true under the impractical conditions of Fig. 165, 
V. In this figure, the top of the column is displaced laterally 
toward the left. If this displacement is such that the point B 
is as far from the line AC as the top A is from the vertical line 
through the fixed end Ff, then the line AC from the end to the 
point of counter-flexure becomes vertical. In this position, 
AC is two-thirds of the total length L; there is no horizontal 
component of the force at the top; and the vertical force is greater 
than in Fig. 165, IV. The position is unstable. Under a slight 
vibration the column will deflect to the right of the vertical line 
through F at the lower end, and the ultimate load will be greatly 
reduced. 


Problems 


1. A thin yard stick is clamped vertically in a vise at 4 inches from the 
lower end. When a load of 2 pounds is placed on the top, the stick 
deflects with gradually increasing speed and, unless supported or the load 
removed, finally breaks. Find EJ. Ans. HI = 880. 

2. A yard stick, with ends rounded, was supported and loaded as in Fig. 
165, I, and was deflected a large amount by a load of 6.1 pounds on the 
top. Find HJ by Euler’s formula. 

3. The yard stick of Problem 2 was clamped 4 inches from one end and the 
load was applied as in Fig. 165, IV. A deflection of 1.5 inches was 

\ caused by a load of 15.42 pounds. Find HJ by Euler’s formula. 

4.) The load in Problem 3 was displaced 1 inch south of the vertical line 
through the bottom. The vertical component of the load when the maxi- 
mum deflection was 2 inches south was 17.12 pounds. Find ETI from this 
experiment. 
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137. End Conditions in Actual Columns.—The classification of 
columns in the preceding article represents ideal conditions, 
which are only approximated in practice. The columns in 
actual use are: 

Round-end columns, which end with spherical or cylindrical 
surfaces. They sometimes end with knife-edges, which may be 
regarded as cylinders of small radii. The round surfaces roll on 
plane surfaces with practically no friction. Round-end columns 
are not used in structures and are rarely used in machines. 


O--O-- 


Fig. 166.—Pin-end columns. 


Since they meet very closely the conditions of Class I with ends 
free to turn, they are frequently used in tests to check the 
accuracy of theory. 

A pin-end or hinged-end column ends with cylindrical surfaces 
which turn in cylindrical bearings (Fig. 166, I). Figure 166, II, 
shows one end of a pin-connected column made of two channels 
latticed together. This form of connection is commonly used in 
bridges. A column which ends with a ball and socket is practi- 
cally the same as a hinged-end column, except that it is free to 
turn in any plane instead of in the single plane normal to the 
axis of the hinge. 

Square-end or flat-end columns end with plane surfaces in 
contact with plane surfaces. The ends must be accurately fitted 
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to avoid eccentricity. If a beam which rests on a square-end 
column bends under the load, as shown in Fig. 167, II, the load 
on the column becomes eccentric. Footings which support 
columns often settle unevenly and cause large eccentricity. 

Pin-end columns are square end in the direction of the axis 
of the pin. 

Fixed-end columns are riveted to the remainder of the structure 
in buildings and bridges. In a machine, a fixed-end column may 
be bolted, riveted, or welded to the frame, or may be cast con- 
tinuous with it. Since the connection can never be absolutely 


Il I Il It 


Fie. 167.—Square-end columns. Fig. 168.—Deflection of hinged-end 
column. 


rigid, and since the member to which the column is fixed must 
suffer some deflection, the tangent at the end of the column 
does not remain exactly “‘fixed,’”’ and the conditions of Class III 
are never completely satisfied. If the column is very flexible 
in comparison with the body to which it is fixed, the ideal case 
is closely approximated and / may be taken as one-half of the 
total length LZ. In most practical columns, on the other hand, 
the assumption that the ends are fixed and that 1 is equal to 
one-half Z, would introduce a dangerous error. 

A column with a pin connection at one end and a square or 
fixed connection at the other end is called a pin-and-square 
column. This column approximates the conditions of Class IV 
(Fig. 165, IV) of the preceding article. The yard stick of 
Problem 2 shows the agreement of experiment with theory. In 
this experiment, the column was firmly clamped to a 2-inch by 


4-inch post and was relatively very flexible fe was more than 
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800). A column of ordinary slenderness fastened to a structure 


of comparable dimensions would not meet so closely the condi- 
tions of the theory, and the experimental and calculated results 
would not agree so well. 

If the pin of a hinged-end column rolled on a smooth plane 
surface, there would be little friction, and the conditions would’ 
be those of the ideal round-end column. Usually the pin turns 
in a closely fitting seat or bearing, which may introduce consider- 
able friction. If the pin is small, the moment arm of the friction 
is small and there is little resistance to rotation at the end of the 
column. If the pin is large, there is considerable resisting-mo- 
ment, and the column behaves at first approximately as a column 
with fixed ends. Figure 168 shows diagrammatically three stages 
of the deflection of a pin-end column. 

For a series of tests at the Watertown arsenal in 1909, built 
I-columns were made of one 10-inch by 3¢-inch plate and four 
4-inch by 38-inch by 3¢-inch angles. The least radius of gyration 
was 1.65 inches. The pin-end columns of this series were tested 
with 3-inch pins which rested in 34-inch seats. The tests were 
made on a horizontal compression machine with the axis of each 
pin vertical and parallel to the 10-inch plate. The results of one 
test are given in Table XIII. 


Tests were made with values of : from 25 to 175 inclusive 


for pin ends as in Table XIII and for square ends. Three 
columns were tested of each length. The results are given in 
Table XIV. 

Figure 169 is plotted from the averages of Table XIV. Except 
for the slenderness ratio of 175, there is little difference between 
the ultimate strength of the hinged-end and that of the square- 
end columns. One hinged-end column of this length was little 
over one-half as strong as each of the others, and greatly lowered 
the average of the three. 

Figure 169 also gives Euler’s curve for a modulus of 29,000,000. 
For the slenderness ratios for which Euler’s formula applies, 
this curve is far below the results for pin ends. It is evident, 
therefore, that a pin connection considerably increases the 
strength of the column. 

Table XV gives the results of a series of tests wrought-iron 
columns, which were made by the Pencoyd Company. * 

* Transactions of the American Society of Civil Engineers, 1883, pages 
85-122, 
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Taste XIII.—Tzsr or Bumr I-conumn ar WaTERTOWN ARSENAL 
Area, 13.74 square inches; length, center to center of pins, 24 ft. 14 in.; 


: : : l 
radius of gyration about axis of pin, 1.65 in.; = 175; gage length, 


100 inches. 
Load Compression Deflection in inches 
in gage 
length in 
Total Per square inch inches Horizontal Vertical 
s 

13,740 1,000 0 0 0 

68,700 5,000 0.0131 0.01 0 
137,400 10,000 0.0300 0.01 0 
206, 100 15,000 0.0468 0.02 0.02 
274,800 20,000 0.0642 0 0.02 
288,540 21,000 0.0680 0.02 0.02 
302,280 22,000 0.0721 0.02 0.03 
316,020 23,000 0.0760 0.03 0.04 
329,760 24,000 0.0801 0.04 0.04 
343,500 25,000 0.0840 0.06 0.04 

13,740 1,000 0.0026 set 0.01 0.02 
357,240 26,000 0.0874 0.11 0.04 
370,980 27,000 0.0940 0.24 0.04 

13,740 1,000 0.0052 set, 0.04 0.03 
371,000 27,010 


Ultimate load.. Failed by suddenly springing laterally, after which the 
resistance was 71,000 pounds. 
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Taste XIV.—ComparatTivE Trsts or PIN-END AND SQUARE-END CoLUMNS 


Ultimate load in pounds per square inch 
Slenderness 
rane Square ends Pin ends 
: Ms 
Separate Average Separate Average 
columns columns 
25 37,450 37,670 
36,000 37,870 
35,580 36,343 36,720 37,420 
50 34,460 33,800 
34,560 33,640 
34,750 34,590 34,080 33,840 
75 34,690 32,270 
34,740 32,000 
34,420 34,617 32,110 32,160 
100 31,670 31,940 
32,800 31,950 | 
32,800 32,423 33,070 32,320 
125 29,930 30,000 
31,300 28,850 
28,880 30,037 28,740 29,197 
150 30,300 27,400 
30,080 28,310 
30,520 30,300 29,190 28,320 
175 24,730 13,130 
| 26,650 27,010 
26,720 28,033 23,200 21,110 


All square-end columns failed by triple flexure. All pin-end columns of 
slenderness ratio 25 and 50 failed by triple flexure with buckling of the 
flanges. All pin-end columns with slenderness ratio from 100 to 175, 
inclusive, failed by sudden springing laterally. 


These tests include round-end, hinged-end, flat-end, and 
fixed-end conditions. In this table, L is the total length 
of the column, and r is the least radius of gyration. ‘The 
hinged-ends were ball-and-socket joints, and the round ends 
were balls on plane surfaces. The columns could bend equally 
well in any direction, and it was found that failure always 
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Taste XV.—PxENcoyp Trsts oF WROUGHT-IRON STRUTS 


Average Results for Angles and Tees 


s ultimate unit load in pounds per square inch 


L 

f Round ends Hinged ends Flat ends Fixed ends 

20 44,000 46,000 49,000 45,000 

40 36,500 40,500 41,000 38,000 

60 30,500 36,000 36,500 34,000 

80 25,000 31,500 33,500 32,000 
100 20,500 28,000 30,250 30,000 
120 16,500 24,250 26,500 28,000 
140 12,800 20,250 23,250 25,500 
160 9,500 16,350 20,500 23,000 
180 7,500 12,750 18,000 20,000 
200 6,000 10,750 15,250 17,500 
220 5,000 8,750 13,000 15,000 
240 4,300 7,500 11,500 13,000 
260 3,800 6,500 10,250 11,000 
280 3,200 5,750 8,750 10,000 
300 2,800 5,000 7,350 9,000 
320 2,500 4,500 5,750 8,000 
340 2,100 4,000 4.650 7,000 
360 1,900 3,500 3,900 6,500 
380 1,700 3,000 3,350 5,800 
400 1,500 2,500 2,950 5,200 
420 1,300 2,250 2,500 4,800 
Aig Mime) hte 2,100 2,200 4,300 
AG Opell a otter 1,900 2,000 3,800 
AS OMI weal tyr: 1,700 190079 Fl ete 


took place in the direction of the least radius of gyration. 
The figures of this table give some idea of the relative values 
of the different endings wnder the conditions of these experiments. 


With a unit load of 25,000 pounds, for instance, is 80 for round 


ends. For flat ends, this value of the unit load lies between 


26,500, for which is 120, and 23,250, for which is 140. Inter- 


: ; L 
polation gives 129 as the value of = for flat ends which corre- 


sponds with the ultimate load of 25,000 pounds per square inch. 


GeApe XIU COLUMNS 269 


As far as this experiment goes, it indicates that the value of 1 
to be used in the calculation of a flat-end column should be about 
0.62 of the total length of the column. In a similar way for 


mS Vig a : : 
fixed ends, the value of 7 which corresponds with a unit load of 


25,000 pounds per square inch is found to be 144, which makes 
l = 0.56 Z for this particular case. 

In the tests of the hinged-end columns, on account of the 
lack of vibration, the load was probably greater than would be 
found in railway bridges subjected to the jar from fast trains. 
A lubricated hinged-end column, such as the connecting rod of an 
engine, would probably approximate closely to an ideal round-end 
column, and L would be nearly equal to / in the formulas. 


Problems 


1. Using # = 27,000,000 for wrought iron, find the ultimate unit load for 
slenderness ratios of 160, 200, 300, and 400, and compare with the 
results for round-end columns in Table XV. 


2. Take . equal to 60 for round ends in Table XV, and find the equivalent 


lengths for hinged, flat, and fixed ends. Find the corresponding values 
of J in terms of L. 
Ans. 1 = 0.701; 1 = 0.61L; 7 = 0.63L. 


if; , 
3. Take aes 100 for round-end columns and find the corresponding values 
for hinged, flat, and fixed ends. 
Ans, = 138, 160, 177. 
If all the values for round ends from 40 to 200 inclusive are 


: L ; , 
taken, and the corresponding values of > are determined which 


give the same unit load for the other conditions, the following 
ratios are obtained: 


Hinged Flat Fixed 
IM Fay H ARDS ccd Oeaco 0 Shae oe ener eee 1.29 1.50 ie2> 
IM Ayah enDAaly, 4,c8 Se ove crete eee Oe ene 1.45 1.69 1.87 
IM Geyiral Gie-GTUIG ss ducks ORI OO CRE RE re 1.37 1.60 We 


In the case of the fixed ends, only one value was below 1.50. 

As far as these figures go, they indicate that a flat-end column 
16 feet long, a fixed-end column 17.2 feet long, or a hinged-end 
column 13.7 feet long, will carry the same total load as a round- 
end column 10 feet long of the same cross-section. 
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While riveted and flat-end connections partially fix the ends 
of the column, the eccentricity is likely to be greater and more 
uncertain than with hinged ends. The bending stresses, also, 
which are transmitted from the beams to the columns when 
the ends are flat or fixed, are equivalent to additional eccentricity. 
For these reasons, it is safest to regard a fixed end as equivalent 
to a hinged end and either only a little better than a round end. 
While formulas are frequently given in handbooks with different 
constants for the different end connections, it is becoming more 
and more the practice to use the same formula for all. 


CHAPTER XIV 
COLUMN FORMULAS USED BY ENGINEERS 


138. Straight-line Formulas.—The curves of Fig. 164 show 
that Euler’s formula may be used with little error when : is 


large and that a considerable eccentricity makes little difference. 
For smaller values of the slenderness ratio, Euler’s formula must 
not be used, and a slight difference in the eccentricity makes a 
relatively large difference in the results of the secant formula. 
In structures, especially where flat-end or fixed-end columns are 
used, there is usually considerable uncertainty in regard to the 
amount of eccentricity. It is, therefore, not worth while to go 
through the labor of calculating with the secant formulas, except 
in the cases of relatively large known eccentricity. Engineers 
make use of simpler approximate formulas. A few years ago 
Rankine’s formula was most used. At present, the straight-line 
formulas have the preference in American practice. 

A straight-line formula for the ultimate unit load has the 
form of 

Pp 


er ag ae Formula XXVII. 
A r 


in which k is a constant, which depends upon the properties 
P ome : 
of the material. If Teal and : = 2, this is recognized as the 


equation of a straight line with the Y intercept equal to Su, 
and with a negative slope equal to k. 

If a straight line is drawn in Fig. 164 through the point (0, S,) 
and* tangent to Euler’s curve, this straight line, up to the point 
of tangency, deviates very little. from the secant curve. Except 
for small values of the slenderness ratio, a small change in the 
eccentricity would cause the secant curve to pass from one side 
of the straight line to the other. Such a straight line, then, 
will give fairly approximate values for the unit loads for the 
uncertain eccentricities which occur in practice, for all values of 


d to the left of the point of tangency, except very small ones. 
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Figure 170 shows the method of finding the constant of the 
straight-line formula graphically. Curve I is Euler’s curve for 
steel for which EF is 29,000,000 pounds per square inch. The 
straight line II is drawn tangent to Euler’s curve and passes 
through point S, on the Y axis. With S, equal to 36,000 pounds 
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Fig. 170.—Straight line for steel column. 


Poe 


UNIT LOAD IN POUNDS PER SQUARE INCH 
tp 
c=) 


per square inch, the straight line intercepts the X axis at about 
233. Since the slope is 36,000 + 233 = 154, the straight-line 
ree 34 
formula for this steel is ee 36,000 — 154 t 
This straight-line formula is valid to the point of tangency, 
or a little beyond that point where it does not differ appreciably 
from Euler’s curve. The straight line may be used for values of 


“up to 160. When the slenderness ratio is more than 160, Euler’s 


equation applies. 
Curve III gives the allowable values of = with a factor of 


safety of 2.25. Every ordinate is four-ninths as high as the 
corresponding ordinate in Curve II. This working straight 
line ends at G, which is almost directly below the point of tan- 
gency. Beyond this point, Euler’s curve with each ordinate 
divided by the factor of safety may be used. 


Problem 


Plot Euler’s curve for timber for which # = 1,200,000 pounds per square 
inch. The ultimate strength of this timber is 4,000 pounds per square inch. 
Draw the straight line for the ultimate unit loads, and derive a working 
formula with a factor of safety of 4. 
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139. Algebraic Derivation of the Straight-line Formulas.— 
While a straight-line formula may always be derived graphically 
by drawing Euler’s curve and plotting the tangent, the methods 
of Calculus are convenient and lead to a simple algebraic result. 
The problem is that of drawing a straight line tangent to a given 
curve through a given point which is not on the curve. LEuler’s 
formula may be written 


ee (1) 
: : ie l 
in which y = Ae aoa and a = 7°E. 
It is required to draw a tangent to the curve of Equation (1) 


which shall pass through the point (0,S,). The slope of this 
tangent is 


= (2) 


in which 2; is the abscissa of the point of tangency. The equation 
of the tangent line is 


Us as + Sw (3) 


in which xz and y are the coordinates of any point on the line. 
Since the point of tangency (x1,yi) lies in the straight line of 
Equation (3), these codrdinates satisfy the equation of the line; 
hence 


2a 
Ulcer 205 te Su: (4) 
Ty 
Since the point of tanzency is on the curve, these codrdinates 
also satisfy Equation (1); hence 
a 
NE Marrone (5) 


From Equations (4) and (5) the codrdinates of the point of 
tangency are found to be 


y= Formula XXVIII. 
3 
sia (6) 


The value of x, from Equation (6) may be substituted in 
Equation (3) to get the desired straight-line equation. It is 
better, however, to use the easily remembered fact of Formula 
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XXVIII, that the ordinate of the point of contact is one-third 
the Y intercept of the straight line. When this ordinate is 
substituted in Euler’s formula, the abscissa of the point of 
contact is found. The coordinates of the point of tangency 
and of the Y intercept together determine the equation of the 
straight line. 


Example 


Derive a straight-line formula for steel for which the ultimate strength is 
36,000 pounds per square inch and £ is 29,000,000 pounds per squar? inch. 

One-third of the ultimate strength is 12,000 pounds per square inch, which 
substituted in Euler’s formula gives 


2 
12,000 = may: 


(!)'- 9.87 X 29,000,000. 
r 12,000 } 
re ns 
a 
_ 2X 36,000. 
SOE ede OE ae) 


12 l 
A working formula with a factor of safety of 2.25 is, 
P l 


ra 16,000 — 69 = 


Problems 


1. Derive a straight-line formula for timber for which the ultimate strength 
is 3,000 pounds per square inch and the modulus of elasticity is 1,200,000 


pounds per square inch. Ans. slope = 2,000 + 109 = 18. 
‘ | ae l 
aoe 3,000 — 18 - 


2. Derive a working formula with a factor of safety of 3 for the material 
of Problem 1. 
1s l 
| Ans. wth 1,000 — Le 
3. Derive a straight-line formula with a factor of safety of 5 for cast 
iron for which S, is 50,000 pounds per square inch and £ is 15,000,000 
pounds per square inch. 
IP 
Ans. TS 10,000 — 702. 
r 


140. Connection of Straight-line with Euler’s Formula.—A 
straight-line formula is valid for values of the slenderness ratio 


: PB 
which make rt greater than one-third of S, (in which S, is the 
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first term of the second member of the equation), or which make 
l i : 
ke less than two-thirds of S,. Since the tangent leaves Euler’s 


curve gradually at first, the straight-line equation may be used 
for some little distance beyond the point of tangency with small 
error, which is on the side of safety. 

It seldom happens that a structural column is made with 
slenderness ratio so large that the straight-line formulas can 
not be used, but when this does happen, it is necessary to connect 
with Huler’s formula. Straight-line formulas are frequently 
given with no hint as to the factor of safety or the modulus of 
elasticity upon which they are based. The formula is frequently 
derived from a few experiments with relatively short columns, 
and is likely to have too little slope, since the true curve of ulti- 
mate strength is nearly horizontal at first. The formula may 
be extended for use with long columns and its safety for such 
columns may be determined by means of the equation of the 
Euler’s curve to which it is tangent. The formula which is now 


used by the American Railway Engineering Association is 
ig l 


{= 15,000 — 50 - (1) 


At the point of tangency, 7 = 5,000 and 50 = 10,000. The 


; 10/000 
slenderness ratio at the point of tangency is i a 200. The 


equation of Euler’s curve to which this straight line is tangent is 


12 ed Oe 
oO: ; 
r 
in which #, is a working modulus of elasticity. 
E 
Be factor of safety 
When = 5,000 and | = 200, 7?Z,, = 5,000 X 200? = 
200,000,000. 
200,000,000 _ 
Ey = Gar = 20,260,000. 


The factor of safety when Equation (1) is extended to Euler’s 
curve is not quite 1.5. Euler’s curve should not be used witb 
this small factor of safety. 
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Problems 


1. The column formula now specified by the building laws of New York and 
“Chicago is 
1p 


l 
AWE 16,000 — 70 ey (3) 


Find the slenderness ratio at which this line is tangent to Euler’s curve and 
find the equation of this curve. 


Visi: (© we 152.472 Bt 199,860,000) - ere ee 
r A (<)’ 
‘ 


2. If Equation (3) is extended to long columns by means of Euler’s equation, 
what is the factor of safety? Ans. 2.3. 


141. Some Straight-line Formulas Which Are Largely Used.— 
The building laws of New York, Chicago, and many other cities 
specify for structural steel 

P l 


os 16,000 — 70 re Formula X XIX. 
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Fig. 171.—Straight line and secant curve for steel. 


for values of the slenderness ratio up to 120. Most of these 
cities specify a maximum unit load of 14,000 pounds per square 
inch. If the slenderness ratio is less than 2,000/70, so that the 
calculated unit load comes out greater than 14,000, the maximum 
of 14,000 is used. The reason for this maximum value below 
16,000 pounds per square inch is evident from Fig. 171. Curve 
[I of this figure is the secant curve for material for which the 
allowable unit stress is 16,000 pounds per square inch and the 
working modulus of elasticity is 13,000,000 pounds per square 
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inch, corresponding with a factor of safety of 2.25. The straight 
line equation from these constants is 


164 l 
{ = 16,000 — 69- (1) 
which is practically the same as Formula XXIX. This straight 
line, III of Fig. 171, is drawn solid from the horizontal line at 
14,000 to the point of tangency. The broken portions at the 
beginning and end of the straight line should not be used. The 
secant curve is nearly horizontal at first and is only a little 
above the horizontal straight line. With a slightly larger eccen- 
tricity, the secant curve would fall below 14,000 pounds per 
square inch. 

Until recently, Formula XXIX was used by the American 
Railway Engineering Association. While most specifications 
limit it to columns for which the slenderness ratio does not exceed 


: l 
120, it may be used for values of ; UP to 160. Problem 1 of 
the preceding article shows that it is tangent to Euler’s curve 


at - = 152.4 and that the continuation as Euler’s formula for 


values of : greater than 152 is 


P _ 123,860,000 
A [\2 
(;) 
Both the straight line and its continuation as Euler’s curve 
have a factor of safety of about 2.25 for round-end columns 
with a moderate eccentricity. Both formulas are safe for 
hinged, flat, or fixed-end columns. 


The formula now used by the American Railway Engineering 
Association is 


(2) 


ips l 
= = 15,000 — 50 (-), (3) 
with a maximum of 12,500 pounds per square inch. The 
specifications state that the slenderness ratio shall not 
exceed 100 for main compression members and shall not 
exceed 120 for wind and sway bracing. This straight line 
begins lower than that of Formula X XIX and has smaller slope. 
For small slenderness ratios, it is more conservative than For- 
mula X XIX. For larger ratios, it is less safe. Formula X XIX 


278 STRENGTH OF MATERIALS [Ari. /41 


may be used up to : = 160. foreven larger values of the slender- 


ness ratio, the error is on the side of safety. It is not advisable 
to use Equation (3) beyond the limits of the specifications. 
Formula XXIiX may be extended as an Euler’s curve. This 
extension is not recommended for Equation (3). The American 
Bridge Company uses for structural steel columns 

P l 


ie 19,000 — 100 (4) 


with a maximum of 13,000 for values of : which do not exceed 


120. For values of : between 120 and 200, the formula is 


Pp. l 
{= 13,000 — 50- (5) 
Equation (4) starts higher than Formula X XIX and has greater 
slope. Equation (5) is parallel to Equation (3) and is always 
2,000 pounds per square inch lower. These two equations repre- 
sent two straight lines which are approximately tangent to 
Euler’s curve at different points. 

For cast-iron columns, the building laws of Syracuse specify 

P l 


with a maximum slenderness ratio of 70. This is a conservative 
formula, and is recommended where it is necessary to use cast-iron 
columns. 

For oak and long-leaf yellow pine, the building laws of New 


York specify 


P l | 
{= 1,200 — 205, (7) 


in which D is the diameter or least transverse dimension. Since 
the radius of gyration of a solid circle is one-fourth of the dia- 


meter, this corresponds with 1,200 — 5 : Problem 2 of Article 


139 gives a slope of 6 instead of 5. Since practically all timber 
columns in buildings have square ends, there is some justification 
for the slightly smaller slope of Equation (7). 


Problems 


{. For what value of the slenderness ratio do Formula XXIX and the 
American Railway Engineering Association formula give the same resu!t 
for the unit load? 
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2. Find the value of the unit load at the slenderness ratio of 100 from the 
American Railway formula, the American Bridge Company formula, 
and the New York Building Laws. 

3. Find the total safe load by Chicago Building Laws for an 8-inch by 8- 
inch by 1-inch angle section, 10 feet in length, as a compression member. 

Ans. P = 159,220 pounds. 

4. Solve Problem 3 for a length of 3 feet. Ans. P = 210,000 pounds. 

5. Find the total safe load on a 10-inch, 25-pound I-beam as a column 10 


feet long by Formula XXIX. Ans. _ = 7,340 pounds per square inch. 


6. Solve Problem 5 for a length of 15 feet. Ans. P = 26,524 pounds. 

7. Would you solve Problem 5 by the American Railway formula? Why? 

8. Find the total safe load by New York Building Laws for a latticed 
channel column 20 feet in length, which is made of two 10-inch, 20-pound 
channels placed 6 inches back to back. 

9. Solve Problem 8 by the American Bridge Company formula. 

10. A plate-and-channel column, 24 feet long, is made of two 8-inch by 14- 
inch plates and two 6-inch, 8-pound channels placed 35¢ inches back 
to back. Find the total safe load by two suitable formulas. 

11. Find the total safe load on an 8-inch by 6-inch by 1-inch angle, 16 feet in 
length, by the American Bridge Company formula and by some other 

. suitable straight-line formula. 

12.) Find the safe load on an 8-inch by 12-inch oak post, 15 feet long, by 
New York Building Laws. Ans. 72,000 pounds. 

13. A long-leaf yellow pine post, of rectangular section, is 12 feet long and 10 
inches wide. What must be its thickness to carry a load of 60,000 
pounds? Ans. 7.4inches. Use an 8-inch by 10-inch post. 

14. Solve Problem 13 for a load of 100,000 pounds. Ans. 10.97 inches. 

15. By Formula XXIX, find the diameter of a solid steel cylinder, 10 feet 
long, which carries a load of 100,000 pounds in compression. 

Ans. 4.06 inches. 


142. Rankine’s or Gordon’s Formula.—While the straight 
line formulas have recently come into general use among American 
engineers, on account of the ease of application and the fact 
that they agree as well with the results of tests and with exact 
theory as the more complicated expressions, another type of 
working formula had the preference until a few years ago, and 
is still the favorite with British engineers. This type is called 
Gordon’s or Rankine’s formula. It is an empirical formula, 
which gives the unit load equal to the ultimate strength for a 
short block and which approaches Euler’s curve for a very long 
column. The formula is 


= ; Formula XXX. 
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in which S, is the ultimate unit load in compression on a short 
block of the material, and q is a coefficient, the value of which 
may be determined experimentally. The allowable unit load 
is found by dividing by the factor of safety. This is equivalent 
to using the allowable compressive stress instead of the ultimate 
strength as the numerator of the formula. 


Example 


The Philadelphia Building Laws specify for medium steel columns in 
buildings 


P C 16,250 a 
1+ Ty 00072 


Find the total safe load on a solid 4-inch cylinder, 10 feet in length, as a 
column. 


2 14,400 


: l ‘— 
pe a inch; ~ = 120; 11,000? ~ 11,000 ~ 1.3091. 
PeetG 250m sini 
P = 7,037 X 12.5664 = 88,480 lb. 


Problems 


1. Find the total safe load by the Philadelphia formula for an 8-inch by 
6-inch by 14-inch angle of medium steel as a column 13 feet in length. 
Ans. 47,500 pounds. 

2. Find the total safe load by Philadelphia formula on a 15-inch, 42-pound 
I-beam as a column 15 feet long. Ans. P = 57,530 pounds. 

3. Solve Problem 8 of the preceding article by the Philadelphia formula. 


The values of the total safe load on columns which are given 
in Cambria Steel Handbook are calculated from the formula 


P 12,500 
A” E » 
! + 36,0007? 


‘ , 1 
for square ends. The value of g for pin-ends is 18,000 These 


are Rankine’s constants and are based on a limited number of 
tests of relatively short columns. Both are too sinall and err 
on the side of danger. On the other hand, the allowable unit 
stress of 12,500 pounds per square inch is more conservative 
than the figures generally used. The tables, therefore, give 
good values for all columns except relatively long ones.. The 
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figures for these are safe, but the factor of safety decreases as 
the length of the columns increases. 


Problems 


4. Find the total safe load on a 10-inch, 35-pound I-beam as a column 16 
feet in length by Equation (2) and compare with the Cambria tables. 

6. Find the total safe load on a plate-and-angle column, made of one 
8-inch by 14-inch plate and four 4-inch by 38-inch by %-inch angles, for 
lengths of 16 feet and 32 feet. Compare with Cambria tables. 

6. Solve Problem 5 by some suitable equation from the preceding article. 


143. Ritter’s Rational Constant for Rankine’s Formula.— 
While the coefficient q was originally derived from a few tests 
of columns, it may be obtained from the constants of the material 
of the column. Both experiment and theory show that Euler’s 
formula gives the ultimate load when the eccentricity is very 
small, the ends are perfectly free to turn or absolutely fixed, 
and the slenderness ratio is so large that. the computed unit 
load is below the proportional elastic limit of the material. 
Any equation which is to be valid for all lengths must agree with 
Euler’s curve when the slenderness ratio becomes indefinitely 
large, and must give the ultimate strength of the material when 
the slenderness ratio is zero. A straight-line equation for the 


ultimate strength passes through S, when ris zero, and coincides 
with Euler’s curve at the point of tangency. Beyond the point 


; l 
of tangency, Euler’s equation must be used. When ee! 0 


‘ : : P 
in Rankine’s formula, the denominator is unity, and vine Da 


Rankine’s formula, therefore, satisfies one condition. To make 
it satisfy the other condition, the value of g must be so chosen 
that 7 shall be the same in Rankine’s and Euler’s formulas for 


large values of the sler.derness ratio. 


iP _ we . Su 
eee c(,)) 


For large values of : the second term in the denominator of Ran- 


(1) 
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kine’s formula is so large relatively that the first term (unity) 
may be dropped. Then 
Su 


a @) 
(4) 
q = 3 ; @) 


This value of g is Ritter’s rational constant. 


Problems 


1. Find the value of q for steel for which the modulus of elasticity is 29,000,- 
000 pounds per square inch, and the ultimate compressive strength is 


36,000 pounds per square inch. Ans. g = 7.950 
? 
2. Find the unit load in pounds per square inch for values of the slenderness 
ratio at intervals of 40 from 40 to 200 if g = 5500 and S, = 36,000 
© ’ 
pounds per square inch. 
40 80 120 160 200 
Ans. 
30,000 20,000 12,857 8,571 6,000 


eS hae) 


3. Find the value of 7*# which makes g = =500 when S, is 36,000 pounds 
d 
per square inch. From this value solve Problem 2 by Euler’s formula. 


4, Extend the solutions of Problems 2 and 3 up to * = 400. 


COLUMNS WITH ROUND ENDS 
FOR STEEL 

Sy =16,000 

Ew=13,000,000 

I RANKINE’S Sune 


$000 
II SECANT CURVE FOR 
ee 
Bea pata 
III RANKINE’S CURVE 


0 Laat at 
0 20 40 60 80 100 120 140 160 180 200 220 240 
LENGTH+LEAST RADIUS OF GYRATION 


Fie. 172.—Curves for steel columns. 
Curve I of Fig. 172 is drawn from Rankine’s formula for steel 
with an allowable unit stress of 16,000 pounds per square inch 
and a working modulus of elasticity of a little less than 
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13,000,000. These constants make g = _— and give a factor 


of safety of about 2.25 for both the compressive stress and 
the modulus of elasticity. Curve II is drawn from the secant 


a : 
formula with ik 0.1. For small slenderness ratios, Curve 


I is above Curve II. For most values of ° the Rankine’s 
curve with Ritter’s constant errs on the side of safety. 


Curve III is calculated from g = i8 sar which is Rankine’s 


constant for pin-end columns. For relatively short columns, 
the results are approximately correct, but for long columns 
there is a large error on the side of danger. 


The constant of the Philadelphia Building Laws is il iroag fo for 


medium steel, which represents a fair compromise between 3. =a00 


and Since most columns in buildings have square or 


Vist . 
18,000 
fixed ends, and the remainder have hinged ends, which are partly 
fixed by friction, there is some justification in using a constant 
which brings the unit load for large slenderness ratios slightly 


above the results of Euler’s equation. The Philadelphia formula, 


P 16,250 
7 ce (4) 
1 + 3700072 


is recommended, therefore, as a satisfactory equation for struc- 
tural steel columns of any length. 
The Philadelphia Building Laws specify for mild steel 


P 14,500 
is I? > 
ter 13,500r? 


This, also, is a good formula for columns of any kind of structural 
steel. It may be used for all values of the slenderness ratio. 


Problems 


6. Find - by Equation (5) for values of : from 20 to 200 at intervals of 20. 


Compare with the American Bridge Company formulas. 
6. Solve Problem 5 of Article 142 by means of the Philadelphia formula 
for medium steel. 
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144. Selection of a Column for a Given Load.—The problem 
of designing or selecting a column of a given length to carry a 
given load varies with the form of the section. If the sections 
which are considered are all similar figures, the radius of gyration 
varies as the first power and the area varies as the second power 
of any dimension. For a circle of radius a, for instance, r = 


2 
A problem of this class may be solved algebraically for the un- 
known dimension. Euler’s equation gives the fourth power 
of this unknown quantity (since the moment of inertia varies 
as the fourth power). The required result is obtained by extract- 
ing the square rootof asquare root. Astraight-line formula gives 
a quadratic equation. Rankine’s formula gives a quadratic 
equation in terms of the square of the unknown dimension. 
Any one of these equations may be easily solved. 


and A =7a% Fora square of side b, r = se and A = b?, 


Example I 


A square steel bar, as a column 10 feet long, carries a load of 12,000 pounds. 
Find its dimensions by the working Euler’s formula, Equation (2) of Article 
141. 

P _ 123,860,000. (1) 
A 120? 


r2 


2 
If 6 is one side of the square, r? = us and A = b?, 


12 
12,000 _ _ 123,860,00002 : 
2 120 x 120 X 12 2 
120 X 120 X 12 x 12,000 
Re a Ne as ’ ad e 
e 123,860,000 rte) (3) 


b? = 4.09; b = 2.02. 


Example II 


A square steel bar as a column 10 feet long, carries a load of 65,000 
pounds. Find its dimensions by Formula XXIX. 


65,000 70 X 120 V/12 

r7 = 16,000 — EGE aS? (4) 
65,000 = 16,000b? — 8,400 +/12b; (5) 
160b? — 84+/12b — 650 = 0; (6) 


= 3.12 inches. 
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Example III 
Solve Example II by the Philadelphia formula for medium steel. 


65,000: 16,250 
11,0000? 
b? _ 11,0006? + 172,800, (8) 
4 11,0006? ; 
11064 — 440b? — 6,912 = 0; (9) 
_ 440 +. 1,798 _ 
b? = 290 = 10.17 


b = 3.19 inches. 


Problems 


1. Solve Example I for a solid circular section. 

. Solve Example II for a solid circular section. 

3. Solve Example III for a hollow section with the inside diameter one-half 
the outside diameter. 

4. Wind the value of the slenderness ratio for each of the examples above. 


i) 


Since the sections of rolled shapes of different sizes are not 
similar figures, the selection of a column must be made by the 
method of trial and error. The steel handbooks make it possible 
to select a column which is approximately correct. Carnegie 
gives a table which contains the unit loads for values of the 
slenderness ratio at intervals of 5 as calculated from the Ameri- 
can Bridge Company formula, the American Railway Engineering 
Association formula, Gordon’s formula with Rankine’s con- 
stant for fixed ends, and the building laws of nine of the principal 
cities. This handbook also gives the total safe loads for a 
series of I-beams as columns and for a large number of plate-and- 
channel and plate-and-angle columns. These are computed by 
the American Bridge Company formulas. Where these formulas 
are specified, the tables may be used directly with no calculation. 
Cambria Steel gives the safe load on a great variety of shapes 
and built columns. These are calculated by Rankine’s formula 


with a constant of and a maximum unit load of 12,500. 


1 
36,000 
For small slenderness ratios, this formula gives larger columns 
than most of the other column formulas. For relatively long 


columns, on the other hand, the reverse is true. 


Example IV 


Select a plate-and-channel column, 30 feet long, to carry a load of 100,000 
pounds by the New York Building Laws. 


286 STRENGTH OF MATERIALS [Arr. 145 


A 30-foot column made of two 10-inch by }4-inch plates and two 8-inch, 
11.25-pound channels according to Cambria Steel will carry a load of 104,000 
pounds. The area of this column is 11.70 square inches and the least radius 
of gyration is 2.98 inches. 

iz 70 X 360 


nti 16,000 — 2.98 


per square inch. Since this is more than one-third of 16,000, the slenderness 
ratio does not exceed the limits for the application of this formula. 

7,544 X 11.70 = 88,265 pounds, 
which is about 12 per cent. too small. An inspection of the table shows that 
the column with 3¢-inch plates has an area of 14.20 square inches and a 
least radius of gyration of 2.97. The unit load for this section and length 
is 7,515 pounds per square-inch and the total load is 106,710 pounds. 


= 7,544 pounds 


Problems 


5. Find the I-beam as a column 14 feet long to carry 50,000 pounds by an 
American Bridge Company formula. 

6. Select a latticed channel column, 28 feet high, to carry a load of 200,000 
pounds by the Philadelphia formula for medium steel. 

7. Solve Problem 6 by the New York Building Laws. 

Solve the next four problems algebraically, if possible. 

8. A rectangular steel column is 4 inches wide and 15 feet long. Find the 
thickness to carry a load of 180,000 pounds by the New York Building 
Laws. 

9. Solve Problem 8 if the load is 480,000 pounds. 

10. Solve Problem 8 by the working Euler’s formula, Equation (2) of 
Article 141 
11. Solve Problem 8 by Philadelphia Building Laws for medium steel. 


145, Concrete Columns.—For concrete columns, it is custom- 
ary to specify an allowable load in pounds per square inch, and 
a maximum ratio of length to diameter or minimum breadth. 
Most cities specify a maximum unit load of 500 pounds per 


4 L 
square inch and a maximum D of 15. The report of the Joint 


Committee on Concrete and Reinforced Concrete gives 450 
pounds per square inch for 1:2:4 concrete which has an ultimate 
strength of 2,000 pounds per square inch. 


Problems 


1. Concrete columns, 14 feet long, are designed to carry a floor load of 400 
pounds per square foot. The columns are circular and are spaced 12 
feet apart one way and 15 feet apart the other way. What is the diam- 
eter of each column? 

2. Solve Problem 1 if the columns are 16 feet apart each way. 

3. Solve Problem 1 if the columns are 20 feet long. 
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146. General Conclusions.—The calculation of the strength of 
columns is not as satisfactory as that of Leams. This is due to 
two reasons: the location of the load and the relative freedom 
of the ends. In a beam, the location of the load is known with 
a large relative accuracy. A 1-inch displacement of the load in 
a horizontal beam 10 feet long produces a very small change of 
the maximum unit stress; an equal displacement of the load at 
the end of a block 6 inches square doubles the maximum stress if 
the block is short, and has still greater effect if the block is 
relatively long. Again, most beams are entirely free to turn at 
the supports, or are perfectly fixed at one end, so far as the 
moment is concerned, and entirely free to turn and move at 
the other end. The results obtained in the calculation of beams 
are correct inside the elastic limit and are approximately true 
beyond that limit. If a column is perfectly free to turn at the 
ends, and if the location of the load is known with the same 
relative accuracy as in a beam, the unit stress may be calculated 
with the same relative accuracy in both. There is this apparent 
difference: in a beam the unit stress varies with the load; in 
a column it increases more rapidly. Again, a column which is 
fixed at one end and free to move and turn at the other may be 
calculated with the same accuracy as a cantilever with one end 
free, provided the load is located with the same relative accuracy 
and the end is so well fixed thet the relative change in moment 
which is due to change in tangent at the ‘‘fixed end” is the same 
for both. The change in moment which is caused by a change 
in the tangent at the fixed end is proportional to the rate of 
change of the cosine of a small angle in the case of a beam, 
and is proportional to the rate of change of the sine of a small 
angle inthecaseofacolumn. Thechange in moment is, therefore, 
much greater in a column than in a beam for the same change of 
angle. Since the load is greater in a column than in a beam 
of equal section, the change in moment which is caused. by 
a change in slope at the end is increased still further. 

Beams fixed at both ends or fixed at one end and supportea 
at the other are indefinite, because it is not possible to fix the 
beam perfectly so that it will not turn, or support it so that it 
will not move. For these reasons the calculation of the unit 
stresses in relatively stiff beams of these kinds is always open to 
question. The same is true of columns fixed at both ends, or 
fixed at one end with a hinge connection at the other. 
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The error in the case of the fixed column is relatively greater 
than in a fixed beam, for a change in the slope of the tangent at 
the ends of the column makes a relatively larger change in the 
bending moment. 

Euler’s formula gives the ultimate load which will cause a 
column with practically no eccentricity to deflect without limit. 
Unless the slenderness ratio is large the column will fail by crush- 


P 
ing before this load is reached. Jf the value of ve calculated by 


Euler’s formula is greater than the elastic limit of the material, 
at must be discarded and the calculation repeated with a formula 
which fits shorter columns. It is best to limit the use of Euler’s 


; B : : 
formula to slenderness ratios where it gives values of 7 which, after 


division by the factor of safety, are less than one-third of the allowable 
unit compressive stress of the material. 

For shorter columns draw a straight line through the propor- 
tional elastic limit of the material and tangent to Euler’s curve 
and divide by the factor of safety, or construct an Euler’s curve 
by means of a working modulus of elasticity obtained by dividing 
E by the factor of safety and draw a line tangent thereto through 
an intercept on the Y axis of which the ordinate is the allowable 
unit compressive stress. 

The effect of eccentricity is taken into aczount by using a 
limiting stress for short columns, as in the case of the American 
railway formula, and by the use of a large factor of safety (well 
called a factor of ignorance) to take care of any uncertainties 
in this respect. (The real factor of safety in many columns 
which are standing is probably much less than figured by the 
designer.) 

Rankine’s formula is used by some engineers. With Ritter’s 
constants it is always safe—unnecessarily safe for columns of 
moderate length. With Rankine’s constants it should not be 
used for long columns. 

If the eccentricity of the load were sufficiently well known, 
the secant formulas of Article 134 are strictly correct for round- 
end columns, provided the stress is below the elastic limit. A 
set of curves like those of Fig. 164 may be drawn and employed 
in the calculations to save labor. 

Riveted ends, hinged ends, and square ends fix the ends to 
a greater or less degree. Riveted ends and flat ends are some- 
times considered as perfectly fixed and half the total length is 
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used as 1 in the equations. This is dangerous practice. More 
frequently some factor is used to change the coefficient or the 
effective length of the column in the calculations. The determi- 
nation of such a factor is a question of engineering judgment in 
each design. Most practical specifications, at present, use the 
same formulas and constants for all kinds of end connections 
except the unusual one, a column which is fixed at one end and is 
free to turn and move at the otherend. In calculating a column 
of this kind, the length in the formulas must be twice the length 
of the column. 

147. Failure of a Beam by Buckling of the Compression 
Flange.—The compression flange of a beam acts as a column and 
may fail by lateral deflection. In the calculation of this failure, 
the unit bending stress in the extreme outer fibers is taken as 


the unit load = of the column formulas. Unless the moment 


is constant in the beam, the unit stress increases from the end 
to the middle and the compression flange of one half a beam 
which is supported at the ends is equivalent to a column which 
is fixed at one end, free at the other, and carries a load which is 
distributed along its length. The problem is not, therefore, 
exactly the same as that of an ordinary column. 

The American Railway Engineering Association specifications 
(Second Edition, May, 1923) state that the stress per square 
inch in the compression flange of an I-beam shall not exceed 


S, = 16,000 — 150 = (1) 
in which / is the length of the unsupported flange, between 
lateral connections or knee braces, and 6 is the flange width. 
Since the flange may be regarded as a rectangle of breadth b, 


eR) ‘ ; 
its lateral radius of gyration is Vi2 Equation (1) is, therefore, 
equivalent to a column formula 


i) l 

4 = 16,000 — 43.3. (2) 
Since the load is not applied at the end but is distributed, there 
is some justification for the smaller constant of 43 instead of 
50 which is used in the American Railway formula for columns. 
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The American Bridge Company recommends the formula 
l 


Unit compressive stress = 19,000 — 300 5 (3) 


with a maximum of 16,000 pounds per square inch. 
Example 


Calculate by Equation (1) the maximum distance between lateral supports 
for a 12-inch, 31.5-pound I-beam if the maximum bending stress is 14,000 
pounds per square inch. 


14,000 = 16,000 — 150 55 
301 = 2,000; 
= 67 inches. 
Problems 


1. Find the maximum allowable bending stress in an 18-inch, 55-pound 
I-beam, 15 feet long, with no lateral supports for the compression flange 
by the American Railway formula. ; 

' Ans. S. = 11,500 pounds per square inch. 

. Solve Problem 1 by the American Bridge Company formula. 

3. Find the I-beam for a span of 20 feet to carry a distributed load of 

6,000 pounds per foot with a maximum unit stress of 15,000 pounds per 
square inch. How many lateral stiffeners will be needed? 


bo 


The table in Cambria in the article entitled “‘Lateral Strength 
of Beams without Lateral Support”’ was derived from the Ran- 
kine formula for fixed-end columns. 


P 18,000 18,000 
i ET a cake be a 
' + 36,000 | * 3,00088 


by substituting b? for 12r?.. The numerator is taken at 18,000 
pounds per square inch instead of the usual 16,000 pounds per 
square inch on account of the fact that only a part of the flange 
is subjected to the maximum unit stress. 


Problems 


4. Find the total safe load, uniformly distributed, on a 15-inch, 42-pound 
— I-beam, 22 feet long, which is supported at the ends and has no inter- 
vening lateral supports. 
Ans. Maximum S, = 10,181 pounds per square inch; total load = 
18,170 pounds. 
5. Solve Problem 4 by Equation (1). 


There is a considerable variation in the distance between lateral 
supports of the compression flange of a beam as given by the 
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different formulas.* However, any one of these formulas is 
safe; they differ only in the magnitude of the factor of safety. 
The dangerous condition is that of the inexperienced engineer 
who forgets to use any formula and computes his I-beams for 
bending stress alone. 

148. Failure of Beam by Buckling of the Web.—It was shown in 
Article 31 that vertical shear produces compressive stress, which 
is a maximum at 45 degrees with the vertical, and that this 


<I 


NE (ee eee 


Fig. 173.—Web of I-beam as a column. 


maximum compressive stress is equal to the unit vertical or 
horizontal shearing stress. The web of an I-beam subjected to 
vertical shear may be regarded as made up of a series of parallel 
columns, as FG, Fig. 173, with fixed ends. The thickness of 
this column is t, the thickness of the web. The vertical distance 
‘between the flangesisc. (This distance c of Fig. 173 is the same 
as 1 of the Cambria diagrams.) Since the column FG makes an 
angle of 45 degrees with the vertical, its length is c+1/2. The 
average vertical shear in the web of an I-beam isfound by dividing 
the total vertical shear by the area td, in which t is the thickness 
of the web and d is the total depth of the beam. Since the unit 
compressive stress in the inclined column FG is equal to the unit 
shearing stress in the web, 


Se = td (1) 


* A full discussion of this subject is to be found in Bulletin No. 68 of 
The Illinois University Engineering Experiment Station, by Pror. HERBERT 
F. Moore. 

See also paper by R. Fiemine in Engineering News, April 6, 1916, and 
paper by Henry Kercuer in Engineering News, May 4, 1916. 
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: ; ; P 
This unit compressive stress is equivalent to ai of the column 


formulas. To find the safe value of V it is only necessary to 
2 


t 

12 
for a rectangular section of thickness ¢. The column FG may be 
regarded as 1 inch wide andtthick. CambriaSteel uses Rankine’s 
formula with a numerator of 12,000 pounds per square inch and 


iz : 
solve for ii by any column formula, remembering that r? = 


1 
7 * 36,000 
Peel? 000 12,000 
vies ; aye ; ce (2) 
“ 36,000r? T 75002 
Problems 


1. Find the maximum value of the unit shear, the total vertical shear, and 

* the total load uniformly distributed, on a 12-inch 31.5-pound I-beam, by 
means of the above formula. 

Ans. 7,488 pounds per square inch, 31,450 pounds, and 62,900 pounds. 

2. Solve Problem 1 for a 15-inch 42-pound I-beam. Compare results 
with Cambria under ‘‘ Maximum Loads of I-beams and Channels Due to 
Crippling the Web.” 

3. If the allowable unit stress due to bending is 16,000 pounds per square 
inch, what is the minimum length for which the fuil bending stress may be 
developed by a uniformly distributed load without producing excessive 
buckling stresses in a 12-inch 31.5-pound I-beam? 

4. Solve Problem 3 for a 20-inch 65-pound I-beam for the maximum load 
and minimum span without crippling the web if the load is concentrated 
at the middle. 

5. Solve Problem 1 by the American Railway column formula. 

6. Solve Problem 2 by New York Building Laws. 


CHAPTER XV 
COMBINED STRESS 


149. Resultant of Shearing and Tensile Stress.—Figure 174 
represents a block of breadth dz, height dy, and length 1, subjected 
to tensile stresses of -intensity s, perpendicular to the left and 
right vertical faces, to shearing stresses of intensity s, parallel 
to these faces, and to shearing stresses of equal intensity in the 


ger Unit Area” 
ame 


SHEAR“ 
HEAR 
Ca 


I II 


Fig. 174.—Combined shear and tension. 


top and bottom faces. The shear on the left face is upward and 
on the top face toward the left. It is desired to find the unit 
shearing stress parallel to the diagonal BG or CF and the unit 
tensile stress normal to the plane BCFG. The block may be 
considered as divided by the plane BCFG into two equal triangu- 
lar prisms. The prism which lies to the left of this plane will be 
taken as the free body in equilibrium. The forces which act on 
this free body are five in number: 

Total tension s,ldy, toward the left, applied at center of 
BCED; 

Total shear s,ldy, upward, applied at center of BCED; 

Total shear s,ldr, toward the left, applied at center of DEFG; 

Total shear on BCFG, parallel to BG, applied at center of 
BCFG; 

Total tension normal to BCFG at its center. 
The unknown unit shearing stress in the plane BCFG will be 
represented by s, and the unknown unit tensile stress by s; 

293 
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The total shear on this plane is then s‘Jds, where ds is the length 
of the diagonal BG. The total tension on the diagonal plane is 
silds. The five forces which act on the wedge BCEDFG are repre- 
sented in a single plane in Fig. 174, II. 

The magnitude of the unknown shearing stress s; may be 
found by resolving parallel to the line BG. If 4 is the angle 
between BCFG and the horizontal, the resolution parallel to 
BG, after dividing by l, is 


s,dy cos 6 + s,dx cos 0 — s,dy sin @ = sids. (1) 


When Equation (1) is divided by ds, and and a are expressed 


in terms of the cosine and sine of @, the result is 


s, = s, Sin 0 cos 6 + 8s, (cos’ 6 — sin? 4); (2) 
3 = 5 sin 20 + s, cos 26. (3) 


The resolution normal to ds gives 


s:dy sin 6 + s,dx sin 6 + s,dy cos 6 = sds; (4) 
sj = s, sin?6 + 2s, sin’ 0 cos 0; (5) 
3 = " (1 — cos 26) + s, sin 20. (6) 


These equations apply when the external shearing stresses on 
the block have the directions of Fig. 174. If the shear is reversed. 
some of the signs are changed. 


Problems 


1. A block is subjected to a horizontal tensile stress of 320 pounds per 
square inch and a horizontal and vertical shearing stress of 200 pounds 
per square inch, as in Fig. 174. Find the resultant unit shearing stress 
at 20° with the horizontal. 


Ans. a = 256.0 pounds per square inch. 


2. In Problem 1, find the resultant unit tensile stress across a plane which 
makes an angle of 20° with the horizontal. 


Ans. oy = 166.0 pounds per square inch. 


150. Maximum Resultant Unit Shearing Stress.—The direction 
which the plane BCFG of Fig. 174 should have in order that 
the unit shearing stress in it shall be a maximum is found by 


Cuap. XV] COMBINED STRESS 295 


differentiating the expression for s{ of Equation (3) of the preced- 
ing article with respect to 6. This is 
d : ; 7 
ao ss) = S, cos 26 — 2s, sin 26 = 0 for maximum or minimum (1) 
ee 
Budi aee 
tan 20, = DE kaa (2) 


The value of the maximum resultant unit shearing stress 
may be calculated by substituting in Equation (3) of the pre- 
St 

ceding article the values of cos 26 and sin 26 when tan 20 ==. 


To find cos 26 and sin 26 a right triangle may be formed with 
ss as the base and = as the altitude, Fig. 175. The angle adjacent 
to the side s, is 20, the hypotenuse is 


St 


e+ (3) 


s . 2 
Cosi , sin 20 = —-———_.. (3) 


Ie S1\? ‘ 2 )) 
yi+ Coe 
When these values of cos 26 and sin 20 are substituted in the 
expression for s, and a common factor is divided out, the result is 


max ss = + Vs ve (BY. Formula XXXI. 

A comparison of the equations with Fig. 175 shows that the 
maximum resultant shearing stress is the hypotenuse of a right 
triangle of which the applied unit shearing stress is the base and 
one-half the applied unit tensile stress is the altitude. The 
angle between the maximum resultant shearing stress and the 
direction of the applied tension is one-half the angle which the 
hypotenuse of this triangle makes with the applied tension. 
The broken line through C in Fig. 175 gives the direction of 
one maximum shearing stress. 

For any given tangent there are two angles which differ by 
180 degrees; consequently there are two values of 20 which are 
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180 degrees apart and two corresponding values of 6 which are 
90 degrees apart. These correspond to the two values of maxi- 


Ss 
Ss Ss 
—> St 
St 
Ss 


Fia. 175.— Maximum resultant shearing stress. 


mum shear at right angles to each other. The second maximum 
(or minimum) is along the broken line through D in Fig. 175. 


Example 


A part of a solid is subjected to a horizontal tensile stress of 400 pounds per 
square inch and a horizontal and vertical shearing stress of 100 pounds per 
square inch. Find the direction and magnitude of the maximum resultant 
unit shearing stress. 

a 20 = 63° 26’ or 243° 26’; 
6 = 31° 43’ or 121° 43”. 
Maximum s; = 1001/5 = +223.6. 


Lans2e)— 


\p- 


S,100/b. Ss 100/b. P oe ae 
aes) \p- 
S { § NG S2 o 
: t \ Aw 
400 Ib. |, 400%. BN ic 
S5 /001b. : OX 31°43! 
Ss 
Oy 
Vr 76°43" 
t 


Maximum 


I rg 
resultant 4" oS. 6/6 
tension") IV 
Fig. 176. 


Figure 176, I, shows the applied tension and shear of this example. 
Fig. 176, II, shows the maximum resultant shearing stresses which act on 
a portion of the body from the material outside this portion. The magnitude 
of each of these four shearing stresses is 223.6 pounds per square inch. 
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Figure 176, II, shows the shearing stresses on only one side of each plane. 
In Fig. 176, III, the shearing stresses are shown on both sides of two of the 
planes which intersect at O. In Fig. 174, s; is the shearing stress which the 
material to the right of the plane CBFG exerts on the material to the left 
of this plane, and the equations of Article 149 are based on this relation. In 
Fig. 176, III, s; is the shearing stress which the material to the right of the 
plane OC exerts on the material to the left of the plane. If the positive 
direction is from O toward C, s, is the maximum unit shearing stress. At the 
plane OD, at right angles to OC, s, is the stress which the material to the 
right of the plane exerts on the material to the left of the plane. Since this 
stress is opposite the positive direction of OD, it is taken as negative, and 
is, therefore, the minimum, which is represented by —223.6 pounds per 
square inch. . 


Problems 


1. A part of a solid is subjected to a horizontal tensile stress of 600 pounds 
per square inch and a horizontal and a vertical shearing stress of 400 
pounds per square inch. Find the direction and magnitude of the maxi- 
mum unit shearing stress. 

Ans. 20 = 36° 52’ or 216° 52’; maximum unit shearing stress = 500 
pounds per square inch at 18° 26’ and at 108° 26’ with the horizontal. 

2. Find the maximum resultant shearing stress which is caused by a hori- 
zontal tensile stress of 400 pounds per square inch and a horizontal and 
vertical shearing stress of 300 pounds per square inch. 

3. The maximum resultant of a horizontal tensile stress and of a horizontal 
and a vertical shearing stress is a shearing stress of 500 pounds per 
square inch at an angle of 25° with the horizontal. Find the applied 
tensile and shearing stresses. 

4. The maximum resultant of a horizontal tensile stress of 240 pounds per 
square inch and a vertical and a horizontal shearing stress is a shearing 
stress of 350 pounds per square inch. Find the applied shearing stress 
and the direction of the maximum resultant shearing stress. 

5. In the example above, find the resultant shearing stress at angles of 
45°, 60°, 75°, 90°, and 120° with the horizontal. Also find the angle at 
which the resultant shearing stress is zero. Ans. s; = 0 at 55° 02’. 


151. Maximum Resultant Unit Tensile Stress.—From Equa- 
tion (6) of Article 149 


Ss = = (1 — cos 26) + s, sin 20. (1) 
(sj) = s, sin 20 + 2s, cos 20. (2) 
For the maximum and minimum s;, 
po = (3) 
St t 


298 STRENGTH OF MATERIALS [Arr. 151 


Comparison with Equation (2) of the preceding article shows 
that the double angle for maximum and mimimum tensile stress is 
normal to corresponding direction for maximum shear, and, 


Fig. 177.— Double angle for maximum resultant tensile stress. 


consequently, the directions of maximum and minimum tensions 
are at 45 degrees with the directions of maximum and minimum 
shear. - 

The double angle in the second quadrant, Fig. 177, gives 


St 


sin 20°=—__=— =, cos 20 =" — 


ee, oe 
at ase 
Vs e A 
When these values of the sine and cosine of 24 are substituted in 
Equation (1), the result is 


F “181\2 
maximum s; = 5 bh \s + (5) = 


: + max s; Formula XXXII. 


For the double angle in the fourth quadrant, the sine of 26 is 
negative and the cosine is positive. When these are substituted 
in Equation (1), the result is 


* eons Mee SEV ee , 
minimum s; = 5 — {8 -+ (3) =5 — Max s.. (4) 


Since the maximum unit shearing stress is always equal to or 
greater than one-half the unit tensile stress, the second term of 


(4) is never less than the first term and the minimum stress is 
compressive. 


r 
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Example 


Find the direction and magnitude of the maximum unit tensile stress for 
the example of the preceding article. 


ane 20;—— 202 = —26° 34’ cr 153° 26’; 6: = —13° 17’ or 
(Gn Ase 
Maximum si = 200 + 223.6 = 423.6 pounds per square inch; minimum 


8; = 200 — 223.6 = 23.6 pounds per square inch compression. Fig. 176, 
III, shows this tension and compression. 


45200? 


Problems 


1. Find the maximum resultant tensile stress for Problem 1 of the preceding 
article. 

2. Find the maximum resultant shearing and tensile stress which are pro- 
duced by a horizontal tensile stress of 1,000 pounds per square inch and 
a horizontal and vertical shearing stress of 600 pounds per square inch. 

3. A body is subjected to a horizontal tensile stress of 600 pounds per square 
inch and to a horizontal and vertical shearing stress. The maximum 
resultant tensile stress is 800 pounds per square inch. What is the 
maximum resultant shearing stress? What is the maximum resultant 
compressive stress? 

4. Find the direction of the maximum resultant tensile and shearing stresses 

_-~in Problem 38. 

5. Find the maximum resultant shearing and tensile stresses which are 
caused by a horizontal tension of 300 pounds per square inch and a 
horizontal and vertical shear of 160 pounds per square inch. 

Ans. Tan 20 = 0.9375; 6, = 21° 35’ or 111° 35’. 
Max s, = 219.32 lb. /in.? 
Max s} = 369.32 lb./in.?; min s; = — 69.32 lb. /in.? 


TENSION 


Fie. 178.—Direction of resultant tension. 


Figure 178, which applies to Problem 5, indicates a method 
for finding whether the maximum tensile stress is 45° above 
or 45° below the direction of the maximum shearing stress. The 
tension which is caused by shear alone is 45° below the horizontal 
on the right side. The tension which results from this and the 
tensile stress of 300 pounds combined must lie between the two, 
and is, therefore, below the horizontal. The maximum shearing 
stress is 21° 35’ above the horizontal. The maximum tensile 
stress is 21° 35’ — 45° 00’ or 23° 25’ below the horizontal. The 
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minimum tensile stress, which is a compression of 69.32 pounds 
per square inch, lies in the direction of the broken line of Fig. 178. 

-152. The Resultant Stress in a Beam.—In a beam, the maxi- 
mum resultant stress is due to a shearing stress which is a maxi- 
mum at the neutral surface, and a tensile or compressive stress 
which is the greatest at the outer fibers. It is not usually neces- 
sary to calculate the maximum resultant tensile stress in a Leam, 


since it is seldom greater than the bending stress in the outer 
fibers. 


Problem 


A 6-inch by 10-inch beam is supported at points 30 inches apart and carries 
a load of 20,000 pounds midway between the supports. Find the magnitude 
and direction of the maximum resultant tension, shear, and compression, 
at sections 5 inches aud 10 inches from the left support at points 0, 1, 2, 3, 4, 
and 5 inches from the neutral axis. 

Table XVI, below, gives the results of the calculation for this problem. 
It will be noticed that the tension is at 45 degrees with the horizontal at 
the neutral surface and is 250 pounds per square inch. At 5 inches from the 
end the resultant tensile stress increases to 500 pounds per square inch in 
the outer fibers, and at 10 inches from the end it increases to 1,000 pounds 
per square inch. 


Taste XVI.—RESULTANT SHEAR AND TENSION IN A BEAM 


pe te EE S$ 
Ten- : : . Maximum com- 
Shear Se Maximum shear | Maximum tension pression 


Distance below 
axis 


Pounds}|Pounds Pounds} Angle Pounds Angle Pounds| Angle, 


0° 0’ | 250.0}—45° 07250. 


0| 250 0 |250.0 0} 45° 0’ 

At 5 1) 240 | 100 |245.2] 5° 53’ | 295.2|—39°07'|195.2) 50° 53° 
inches 2) 210 | 200 |232.6)12° 44’ | 332.6 |—32° 16’ |1382.6] 57° 44° 
from 3] 160 | 300 |219.3 21° 35’ | 369.3 | —23° 25’| 69.3) 66° 35’ 
end 44 90 | 400 |219.0|32° 53’ | 419.0}—12°07’| 19.0) 77° 53’ 
5 0 | 500 /250.0/45° 0’ | 500.0 02802) 20 90° 0’ 

250 0 |250.0} 0° 0’ | 250.0)—45° 0’|250.0| 45° 0’ 

At 10 240 | 200 |260.2]11° 49’ | 360.2 |—338° 11’|160.2] 56° 49’ 
inches , 210 | 400 |290.0|21° 48’ | 490.0 |—23° 12’| 90.0] 66° 48’ 

0 0 0 


90 | 800 |410.0/38° 40’ | 810.0|— 6°20’| 10.0} 83° 40’ 
0 |1,000 |500.0)45° 0’ |1,000.0 O25: 0: 220 90° 0’ 
a a ea ee 


0 
il 
2 
from 3] 160 | 600 |341.0/|30° 58’ | 641.0}—14° 2’| 41.0] 75° 58’ 
4 
5 


The shearing stress is 250 pounds per square inch at the neutral 
surface at both sections. At the outer fibers the shearing stress 
is entirely due to the tensile stress and is 250 pounds per square 
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inch at the section 5 inches from the support and 500 pounds 
per square inch at the section 10 inches from the support. 

The tension at the neutral surface, which is entirely due to 
shear, is 250 pounds per square inch and makes an angle of 45° 
with the length of the beam. The maximum tension in the 
outer fibers is the same as if there were no shear. 


KS 
oe 
” COMPRESSION x 
Sie Or4 
"PS 250" sHear ' & 
i 1°39 @ 


", 


\ oq! 
CH aia ai5e 1 500# SHEAR 
7] i 
te % « ' 410# 
3 re 219 * 90-48 
* 
et ‘ ‘ 5 341 
o> 233 a pane 
" \ # . 
PS ose co 260# 
S 
o— B 250*sHEAR & 250#SHEAR 
- S 2504 TENSION y 504 TENSION 
1 — 
3! 295% 360# 
! 333% 4907 
3 —— 
309% 


TENSION 


” 
56— NACE 5O0*TENSION ==? \“—="- —"_ 1000 TENSION 
1 1 
5" FROM LEFT SUPPORT 10” 


+etteetee 


_ 
= 


Fic. 179.—Resultant stress in a beam section. 


Since the shear is a maximum at the neutral surface, where 
the bending stress is zero, and the tension is a maximum in the 
outer fibers, where the shear is zero, the maximum resultant 
stress at any point in a beam is seldom greater than the stress 
in the outer fibers which is due to bending alone. In a short 
I-beam, it may happen that the resultant tension in the web 
at the connection with the flange may slightly exceed the stress 
in the outer fibers. An 18-inch, 42-pound I-beam, for instance 
may have a unit bending stress of 13,500 pounds per square inch 
in the outer fibers. At one inch from the top, the bending stress 
is : X 13,500 = 12,000 pounds per square inch. If the total 
vertical shear is 41,400 pounds, the average unit shearing stress 
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41,400 
18 X 0.46 
stress 8 inches from the neutral surface is a little less than 5,000 
pounds per square inch, but may be assumed to have that 
value. 

Max s, = 6,000 + 1,000 +/36 4- 25 = 13,810 lb./in.? 
which is very little more than the bending stress in the outer 
fibers. 

In a reinforced concrete beam, the steel in tension is mathe- 
matically equivalent to a very wide flange of concrete. The 
unit shearing stress in the concrete which adjoins the reinforce- 
ment is large. Since the steel is near the outer surface, the 
bending stress in the concrete is also large. Uhe resultant ten- 
sile stress in the concrete is relatively large, and such beams often 
begin to crack along surfaces at right angles to the direction of 
the maximum resultant tension. 

153. Bending Combined with Torsion.—In a shaft subjected 
to bending moment, the maximum tensile stress is found in 
the fibers at the dangerous section which are most remote from 
the neutral surface. When 
subjected to torsion, all the 
outer fibers are at the maxi- 
mum shearing stress. When 
the shaft is subjected to the 
combined effect of bending 
moment and torque, those 
fibers at the dangerous section 
which are farthest from the 
neutral surface are subjected 
to the combined effect of the 
maximum tensile or compres- 

Fia. 180.— Torsion and bending. sive stress and the maximum 

shearing stress which may be 
much larger than the results of Formulas VII and XIV. 


is = 5,000 pounds per square-inch. The shearing 


Example 


A l-inch rod projects from a vise. A wrench, at right angles to the rod, 
grips it 8 inches from the vise. The wrench is turned by a force of 60 pounds, 
perpendicular to the plane of the rod and wrench, which is applied to the 
wrench 12 inches from the axis of the rod. Find the maximum resultant 
shearing and tensile stress. 
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The bending moment at the vise is the same as if the force of 60 pounds 
were applied directly to the rod at 8 inches from the vise, Fig. 180. 


M =60X8 _ = 480 inch-pounds. 
8, = BOX 8? _ S80 XS = 4,889 Ib. /in? 


Tv 
T = 60 X 12 = 720 inch-pounds. 
8, — BORN = S40 2 — 3,667 tb. /in.? 


wv 
Maximum S, = +/3,6672 + 2,444? = 4,407 lb. /in.? 
Maximum S, = 2,444 + 4,407 = 6,851 Ib. /in.? 


ll 


Since the section modulus used in torsion is twice that used in bending, and 
the force P is the same for both torque and bending moment, there is a large 
common factor which may be taken out to reduce the labor of computation. 


Biba which is equal to 1,222. 


wv 


Max S! = 1,222 +/3? 4 22 = 1,222+/13 = 4,407 lb./in.? 


In this problem the factor is 


Problems 


1. A 2-inch rod, which projects from a vise, is twisted by a pipe wrench, 
which is applied 20 inches from vise. A force of 360 pounds at right 
angles to the plane of the rod and the vise is applied 40 inches from the 
axis of the rod. Find the maximum unit shearing and tensile stress in 
the rod. ; 

/ Pie 4-inch solid shaft transmits 200 hp. at 150 r.p.m., and is subjected to 

\* a compression of 40,000 pounds in the direction of its length. Find the 

maximum resultant compressive and shearing stress. 


Ans. Max Si = 6,874 lb./in.2; max S; = 8,465 lb./in.? 


Ans. Max Si = 10,249 lb./in.?; max S; = 14,883 lb./in.? 


154. Equivalent Moment and Torque.—For a circular section 
J = 2I, and, when the outer radius is a, 


_Ma 8; _ Ma, 


Pye a6 oy (1) 
Ta Ta 
Se = ae = oT (2) 


a 72 1 yf2 
Max S! = ./S? + (S) = 2 vee - 1PM 


The term 1/7 + M? may be regarded as the equivalent torque 
resulting from the combination of torsion and bending. In 
the example of the preceding article M = 480 inch-pounds, 
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T = 720 inch-pounds and the equivalent torque is 240 1/13 = 
865.3 


Max 6! 2 oe = A AOD Ibi ane 
, M a / P2 2 /m2 1 Af2) 
Mex ; => +o Ee oe + M?). (4) 
M+/T? + M? 


The term may be regarded as the equivalent 


2 
bending moment. 


Problem 


A hollow shaft of 4 inches inside diameter and 6 inches outside diameter 
is subjected to a torque of 2,000 foot-pounds and a bending moment of 
1,500 foot-pounds. Find the equivalent maximum torque and moment and 
find the maximum unit shearing and tensile stress. 


155. Shear Combined with Tension in Two Directions.— 
Figure. 181 represents a block subjected to shearing stress and a 


horizontal tension as in Fig. 
174 together with a vertical 
tension of intensity s,. To 
find the intensity of the 
resultant unit shearing and 
tensile stresses in any direc- 
tion, the block is divided by a 
plane which makes an angle 
6 with the horizontal, and the 
wedge to the left of this plane 
¥1e. 181—Tension in two directions is taken as the free body. 

Ba ae och cere The shearing stress at an 
angle @ with the horizontal is found by resolving parallel to this 
plane. If the length of the block perpendicular to the plane of 
the paper is taken as unity, the resolution is 


sids = s,dy cos 6 + s,dxcos6@ — s,dysin@ — s,dxsin@. (1) 
When Equation (1) is divided by ds, and cos @ is substituted 


for S and sin @ is substituted for wy, the result is 


sf = (8s, — Sy) sin 6 cos 6 + s,(cos? 6 — sin? 6); (2) 
s, = “LS sin 20 + s, cos 26. (3) 
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Equation (3) is the same as Equation (3) of Article 149 except 
that s; — sy replaces s;. 

To get the direction of the maximum unit shearing stress, 
Equation (8) is differentiated with respect to 0, and the derivative 
equated to zero. 


(sz — Sy) cos 20 — 2s, sin 26 = 0; (4) 
Sti seSy 
2 
tan 29 = —_— (5) 


When the values of the sine and cosine of @ from Equation (5) 
are substituted in Equation (3), the result is 


Max sf = fs a (= BT) (6) 


which is the same as Formula XX XI with s; — s, in place of s:. 

To find the resultant unit tensile stress across the inclined 
plane, a resolution is taken perpendicular to it. The equation 
of equilibrium is 


s,ds = s,dy sin @ + s,dz sin @ + s,dy cos 0 + s,drcos@; (7) 


si, = s sin? 6+ s, cos? 6+ 2 s, sin 6 cos 9; (8) 
os 5 (1 — cos 26) + a (1 + cos 26) + s, sin 26. (9) 
For the direction of maximum unit tensile stress, 
S 
— ed g ) 10 
tan 26 ape (10) 
2 


which is normal to the double angle for the maximum shearing 
stress. 


cas 2 
Max sj = 22 * ts +4) ++ (= 5 ay (11) 


If the vertical stress is compressive it may be regarded as 
negative tension. If s, is this compressive stress, 


max s; = Ne a (Pees ys (12) 


&— 8s 
max si} = — 9 + max si. (13) 
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St — Sy 


If s, is zero, Equation (6) gives a 2s the maximum unit 


shearing stress at 45 degrees with both s; and s,. There is, 
: : . St. 
however, a greater unit shearing stress of magnitude ain a plane 


parallel to s,, at an angle of 45 degrees with the direction of the 
greater stress, 8;. 

Equation (11) shows that when the shearing stress is zero, the 
maximum tensile stress is s;. 


Problems 


1. A block is subjected to a horizontal tensile stress of 600 pounds per 
square inch, vertical compressive stress of 200 pounds per square inch, 
and horizontal and vertical shearing stress of 300 pounds per square inch. 
Find the maximum unit shearing and tensile stress. 

Ans. Max st = 500 Ib./in.?; max s; = 700 Ib./in.? 

2. A 1-inch round rod projects from a vise and is twisted by a force of 60 
pounds at the end of a 12-inch wrench. The pressure at the jaws of the 
vise is 4,000 pounds per square inch. Find the maximum stresses if the 
wrench is applied 10 inches from the vise and the direction of the force of 
60 pounds is normal to the plane of the jaws. 

Ans. Max s, = 6,245 lb./in.?; max S; = 7,300 lb. /in.? 

8. A block is subjected to a horizontal tensile stress of 600 pounds per square 
inch, and a vertical tensile stress of 260 pounds per square inch, together 
with horizontal and vertical shearing stress of 300 pounds per square 
inch in the plane of the two tensile stresses. Find the maximum unit 
shearing stress. Ans. Max s, = 360.6 pounds per square inch. 


4. Solve Problem 3 if the unit shearing stress be only 100 pounds per square 
inch. Ans. Max s, = 223.6 pounds per square inch. 


CHAPTER XVI 
RESILIENCE IN BENDING AND SHEAR 


156. Resilience in Bending.—It was shown in Article 12 that 
2 

the elastic energy per cubic inch is on and that the total energy 
in a body is the energy per cubic inch multiplied by the volume 
of the body. The unit stress in a beam varies as the distance 
from the neutral axis and also varies as the moment at the section. 
The total elastic energy may be determined in either of two ways: 
(1) The total work of the external forces may be calculated. 
(2) An expression may be written for the internal unit stress 
s, and this expression may be integrated over the entire volume 


of the beam. 


—————_ 
———— 
3 Il 
Fig. 182-—Work of deflection. 


157. Resilience by External Work.—If a load P causes a 


PYmax. 


deflection Ymax at its point of application, the work is 9 


In a cantilever with a single concentrated load, Fig. 182, 


Bel 4: 
ane SPIT 
273 
external work = a (1) 


In a beam supported at the ends with a load at the middle, 


iP PE led he 
external work = 5) x 48EI ~ 96EI (2) 


307 
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When there is a uniformly distributed load of w pounds per 
unit length, the increment of load on a length dz is wdx, and the 
work done by this increment is ae in which y is the deflection 


of the particular part of the beam upon which the increment 
rests. In Fig. 183, II, one increment wdz is deflected a distance 


w Pounds Per Unil Lengti 
CO 


R, 


wd wide Il R, 


Fie. 183.—External work. 


Yi, a second increment is deflected a distance ys, and so forth. 

The different values of y are determined from the equation of 
the elastic line. The total work is the sum of these increments of 
work. 


w 
Total work = 3 dé ydx, (3) 


with the ends of the beam as the limits. 
For a cantilever with a uniformly distributed load, 


Noles at (314— 4]8x + x4) (4) 


if y is taken as positive downward. (If y is taken positive upward 
in the usual way, the deflection is negative. The load w of 
w dx is also negative and the work is positive.) The work of an 
increment w dz is 


2 
aU = Tea (314 — 4182 + x4)da; (5) 
ee. Se ly ¥ KE oad Ngee ae 
0 = apmr | Ste — he + S| = aon (6) 


Problems 


1. Find the total external work on a uniform beam which is supported at 
the ends and carries a uniformly distributed load. 
wis 


AnsnUe=— 240ET 
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2. A beam of length J is supported at the ends and carries a load P at a 
distance a from one end. If 1 — a = 8, find the external work in terms 
of a, b and l. 

P2a*b? 

6EIl 

158. Expression for Internal Work.—The unit stress at a 


Aas. UE = 


distance v from the neutral axis of a beam is a Figure 182, I, 


shows an element of volume of cross-section dA and length dz 
at a distance v from the neutral axis. The energy in this element 
of volume dA dz is 


ie Mv? 
iptaiew ore ia: bea Mea Ad (2) 
Otal WO eam = J fae X. : 


The integration of Equation (2) with respect to v as the 
variable gives the work done upon the volume of length dx 
between two vertical planes. Throughout this volume, 2, 
M, and J are constant. The integral of v’?dA across the beam 
from the bottom to the top is J. 


M2 
Work = ff Sart (3) 


Equation (3) may be used to calculate the internal work in 
any beam. Unless M and J are constant, they must be expressed 
as functions of x before integrating. 

159. Internal Work in a Beam under Constant Moment.—In a 
beam of uniform section, when the bending moment is constant, 


M? M? t Ml 
ae ser f = oul *], = oar a) 


Equation (1) gives the total work in terms of the bending moment. 
It is often desirable to find the work in terms of the unit stress 


in the extreme fibers. If the neutral axis is midway between 


2 
the extreme top and bottom fibers, ¢ = 5 and M = af When 


this value of the moment is substituted in Equation (1), the 


result is 


_ AST 28°11 (2) 
~ 2EId? Ed? 


U 
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For a rectangular section, 
He 2970GE) bd 82 
TOE, St OHA OF 


xX volume. (3) 
S? 
6E 
as great as that in a block subjected to a uniform stress S. 


The average energy per unit of volume is ’ which is one-third 


Problems 


1. Find the average energy per unit volume in a solid circular section 
subjected to a uniform bending moment. 

2 
3K 
2. A steel bar 2 inches wide and 1% inch thick is 8 feet long and rests on two 

supports 6 feet apart and carries two equal loads on the ends. If # 
is 30,000,000 pounds per square inch, what is the total elastic energy in 
the part between the supports when each load on the ends is 100 pounds? 

Ans. 82.9 inch-pounds. 


160. Internal Work in a Beam under a Uniformly Distributed 
Load.—For a cantilever with uniformly distributed load with 


Ans. 


2 
the origin of codrdinates at the free end, the moment is Oe and 


2 
2 Lp4 
Gee eae 1 
sz J, I o 
When J is constant E 
wl wes 
C= 40nT ART: (2) 


For a section which is symmetrical with respect to the neutral 
axis 


Wi _ 281. 
ee 
4877] 
U = 10Ed 8) 
: : bd 
For a rectangular section, for which J = 72” 
S*bdl S? 
total work = 30H = 308 x volume. (4) 


The total energy in a cantilever of rectangular section with 
uniformly distributed load is one-fifteenth as much as that in a 


block of the same volume with uniform compressive stress 
throughout. 
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For a beam supported at the ends with uniformly distributed 


wle wa? 
load, M = oe = Ras 
w? 22 3 4 
U = oF (l?4? — 2la? + x4)dz, (5) 
= w 1243 lat 2 1 a, w?l> 
ee =ale = 940EI (6) 


which agrees with the answer to Problem 1, of Article 157. 


Problem 


Find the work per unit volume in terms of the maximum unit stress in a 
beam of rectangular section which is supported at the ends and uniformly 
loaded. 


4S? 
Ans. 45E 


161. Internal Work in a Beam with a Single Concentrated 
Load.—For a cantilever with a load on the freeend, M = — Pz. 
When the section is constant, 


_ Pp ate een l _ PB 

Um ey f sae = del 2*|, = (1) 
For a beam supported at the ends with a load P at a distance a 
from one end and at a distance b from the other, the reaction at 


the end of the length a is = and the moment in this length is 
Pbz 


ao The work in this part of the beam is, 
U =o aL wide = Ee (2) 
Similarly in the length }, 
Work = 7a (3) 
For the entire length, 
Total work = Uti Ja san Slt (4) 


6EI? - Che 


When the load is at the middle, a = b = ; and 


P23 
total work = OORT. (5) 
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Problems 


1. Check Equation (5) by external work. 
2. Find the elastic energy per unit volume in terms of the maximum unit 
stress, for a cantilever of rectangular section with a load on the free end. 
2 
Ans. isk 
3. Solve Problem 2 for a beam which is supported at the ends and loaded at 
the middle. 
4. Solve Problem 2 for a beam which is supported at the ends and loaded at 
any point. 
5. Find the elastic energy per unit volume in a hollow cylindrical cantilever 
in terms of the maximum unit stress. 
S?(R; + Ri) 
Ans. U 24R2E 
inside radius. 


, in which Rz is the outside radius and R; is the 


162. Beam of Variable Section.—In a beam of variable section, 
the moment of inertia is a variable. At a distance v from the 
neutral axis of any beam, s = kv, in which k is a constant depend- 
ing upon the external moment and upon the form of the section. 

ky? 


Work per unit volume = OR’ (1) 


The element of volume for a rectangular section of breadth b 
is bdvdz. For the integration with respect to », the terms k and 
b are constant. 


: . 
a 

U= = 4 bk? if , Wdr)de = = - ah bk2d3dx (2) 
2 


Since is equal to S, the maximum fiber stress, 


1 
U =a fi S°bd de. (2) 


If the beam is so designed that S is constant for all sections, 


2 2 
" bd dx = ie X volume. (4) 


Oa 6E 


The elastic energy per unit volume in a beam of constant strength 


and rectangular section is ee which is one-third as great as that 


in a block subjected to uniform compressive stress equal to S. 
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163. Calculation of Deflection by Internal Work.—The work 
done in a beam affords a method of finding the deflection under a 
concentrated load. If P is the load and y is the deflection, 


a a ; LARA 
the external work is a When this expression is equated to 


the internal work, the value of the deflection may be found in 
terms of the load. In Article 161, for instance, the internal work 
caused by a single concentrated load on a beam supported at 


the ends was found to be Aa . To find the deflection under the 
load 
27 22 
3 > a (1) 
242 
£ ae (2) 
Problems 


1. A 4-inch by 6-inch wooden beam, 20 feet long, is supported 5 feet from 
each end and carries a load of 200 pounds on each end. Calculate the 
total internal work, and find the deflection at each end, if H = 1,000,000 
pounds per square inch. Ans. Deflection at each end = 0.8 inch. 

2. A 6-inch by 2-inch plank, 20 feet long, is supported 5 feet from the left 
end and held down at the left end. A load of 20 pounds is placed at the 
right end. Find the deflection if H = 1,200,000 pounds per square inch. 

Ans. 10.8 inches. 


164. Deflection of Beam of Constant Strength by Internal 
Work.—For a cantilever of constant strength, constant depth, and 
rectangular section, with load on the free end, the breadth varies 


as the distance from the free end. The volume is i in which 
B is the maximum breadth and D is the depth. 


© AG, ydiliie danas 
Total work = G5 < pes (1) 


The maximum fiber stress, from the dimensions at the fixed 
end, is 


ey, 


Ss = oI, (2) 
in which I,, is the moment of inertia at the fixed end. 
2 3/3 
Total work = BE dis, (25 


ASE ILS P22 
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Since 
BD 
Tie 
P28 P max 
“ike, F ae (8) 
_ PB 
vern ORT 


(Compare with Article 119.) 

In a rectangular cantilever beam of constant strength and 
constant breadth with a load on the end, the depth is given by 
the equation of the parabola 

6Px 
Die eee a 
q SB 


The area is and the volume is ae Making the same sub- 


stitutions as in the preceding case, 


ee? ate 
Ymax = 351, (4) 
Problem 


Find the deflection at the end of a cantilever of constant strength and 
square section due to a load on the end. 
3Pi8 


Ans. Ymax * SE 


165. Internal Work in a Shaft.—The unit shearing stress s, 


produces a deformation of 7 in planes at unit distance apart. 


The work of shear is the product of half the unit stress by the 
total deformation, 


work per unit volume = ~ X = = =] (1) 


Ss 
2 
In a solid circular shaft at a distance r from the axis, the unit 


shearing stress is kr and 


energy per unit volume = hai (2) 


The element of volume of length | is 2rrldr and 


a Ik?a4 
total = 7 Sy tae 
otal energy E, fr dr 1 (3) 
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in which ais the radius of the shaft. The maximum unit shearing 
stress in the outer surface is S, = ka and 


2 

total energy of shear = ie ral = a xX volume. (4) 
Since the modulus of elasticity in shear is about two-fifths 
as great as the modulus in tension or compression, the total 
energy of a rod in torsion, for equal values of the unit stress, 
is one-fourth greater than that of the same rod in tension. 
However, since the elastic limit of steel and other similar materials 
in shear is somewhat smaller than in tension, the total energy 
which may be stored is approximately the same in both cases. 
166. Work of Shear in a Rectangular Beam.—In a beam of 
rectangular section of breadth b and depth d subjected to a verti- 

cal shear V 


a 


V Vilip? 2a Oy: 
eg OP 0 Ne (Gt eh 1 
$y v dv a az ¢ v?) (1) 
2 2 
=! ee haat 168). (2) 


QE, 128E,I1? 


When the second member of Equation (2) is multiplied by the 
element of volume, which is 6 dv dz, and the product is integrated 


with respect to v with the limits of — : and S the result is 


V°bd> DN (38 
USS if peer 6 3 +} )ate 7 ipa 5E.bd oe; (3) 


When Y is constant, the last term of Equation (3) for a beam 


2 
of constant section is U = Sit For a cantilever beam with 
a load on the free end, V = — P and 
3P2 
Y= 5Hbd i. 


To find the deflection which is caused by shear at the end of a 
cantilever with a load on the end, 
Lys sort 
2” 5E,bd 
ech eel 2 Vim 12a 
eid we ibd, . ui; 


in which s/ is the average unit shearing stress. 


(5) 
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The same relation holds for a beam supported at the ends with 
a concentrated load at the middle. 

167. Sections of Maximum Resilience.—To obtain the maxi- 
mum resilience per unit volume, the stress in all parts of the 
solid should be the maximum allowable unit stress. This condi- 
tion of maximum efficiency can be secured only when the material 
is used in direct tension or compression. On account of the 
small displacements and the large forces, it is not practicable to 
use any solid material, except soft rubber, as a spring in direct 
tension or compression. 

Since only the outer fibers reach the maximum unit stress 


when the material is subjected to bending or torsion, the energy 
, S? 
per unit volume must always be less than oR In a rectangular 


beam of constant strength or in a rectangular beam of uniform 
section subjected to constant moment, the energy per unit vol- 
ume is one-third as great as it would be if it were subjected 
to the maximum stress throughout, and is three times as great 

a p 28 the energy of a beam of 
uniform section which is sup- 
ported at the ends and loaded 
at the middle. 

The common leaf springs (Fig. 
184, II) are beams of constant 
strength made up of separate 
parts or leaves, each of which is 
subjected to constant bending 
moment throughout most of its 
length. In Fig. 184, I, the leaves 
are shown straight with each 
leaf resting on a pair of supports on the ends of the leaf below. 
In the upper leaf, the moment is constant from A to B, and the 


Fia. 184.—Leaf spring. 


; re wes 
energy in that portion is 6 The overhanging parts act as 


cantilevers loaded at the ends, and the energy per unit volume 
2 


is only 18E Between C and D, the moment is constant in the 


second leaf. If the distance from the load P to A is equal to 
the distance from A to C the moment at C is equal to the 
moment at A and, consequently, the moment between C and D 
in the second leaf must be equal to the moment between A and 
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B in the first leaf. If the overhang of each leaf is the same, and 
if the contacts are at the ends, as in Fig. 184, I, the unit stress 
in each leaf between the points of contact with the leaf below, is 
constant. In the actual leaf spring, as shown in Fig. 184, II, 
the contact takes place over a considerable area and the stresses 
and deflections are modified by friction. 


ra. 185: 


A leaf spring is approximately equivalent to a spring of 
constant thickness and variable width. Figure 185 shows a can- 
tilever which may represent one-half of a spring of four leaves. 
The broken lines show a beam of constant strength for which the 
stress is equal to the maximum stress in the actual spring. The 
deflection of the beam which is represented by the -troken lines 
is somewhat less than that of the spring. The deflection of a 
cantilever of constant depth and triangular plan which is loaded 


at the end is 
PE 


Ymax = ~ OFT, 
in which J, is the maximum moment of inertia. For a leaf 
spring, Jm is the moment of inertia of a rectangle of width equal 
to the total width of the leaves and thickness equal to that of a 
single leaf. 

Since a relatively large part of an I-beam section is in the 
flange, where the unit stress approximates the maximum, the 
energy per unit volume is greater than in a rectangular section. 

In a solid circular section in torsion, the energy per unit volume 

2 


was shown in Article 47 to be ce In a hollow shaft of inside 


s 


radius b and outside radius a, 


total energy = E, f° dr = 4B, lh (1) 
2 4S b4 
total energy = Se (2) 


Since the volume is r(a? — b?)l and ka = S,, 
2 2 2 2 2 
mee ule) x volume = Ga 


TE, 1h, xX volume (8) 
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Problems 


1. What is the energy per unit volume of a hollow cylinder in torsion if ay 
25S? 


642, 
2. What is the total elastic energy of torsion in a hollow steel rod 5 feet 
long, 1 inch outside diameter and 4 inch inside diameter, when the unit 
shearing stress is 80,000 pounds per square inch and &, is 12,000,000 
pounds per square inch? Ans. 5,890.5 inch-pounds. 
3. A hollow rectangular beam is 6 inches by 8 inches outside and 4 inches 


by 4 inches inside. Find the energy per unit volume if the pice 

11S? 

48E 

4. A spring, 48 inches long, is made of 6 leaves, each 2.5 inches wide and 0.1 
inch thick. The load on each end of the spring is 300 pounds. Find the 
maximum fiber stress, and find the deflection. What effect has lubrica- 
tion upon the strength of the longest leaf of a spring subjected to impact? 
What effect does it have on the other leaves? 


inside diameter is three-fourths of the outside diameter? Ans. 


moment is constant throughout the length. Ans. 


Vil 
Fig. 186.—Effect of sudden loads and impact. 


168. Impact Stresses.—In the discussion of resilience, it has 
been assumed that the load is applied so gradually that the 
average force is one-half the sum of the initial and final loads. 
If the initial load is zero and the final load P, the average load is 
- and if the displacement under the load is y, the work is ae 

There are several ways of applying a load to meet these condi- 
tions. A load may be made up of a number of small parts and 
applied little at a time. For instance, a vessel may be hung 
from a beam or spring and gradually filled with water or sand. 
In testing large floors, bags of sand are added one at atime. In 
testing machines, the loads are applied gradually by means of 
slowly moving screws. 


Figure 186 represents different ways of applying a single load. 
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Figure 186, I, shows a single spring. In Fig. 186, II, the same 
spring is shown with a mass W attached but with the entire 
weight of W carried by the support B. In Fig. 186, III, the 
support has been lowered. Part of the weight W is now carried 
by the spring and the remainder by the support B. In Fig. 186, 
IV, the support has been entirely removed and the mass W is 
at rest with the spring stretched a distance y:. When the elonga- 
tion of the spring was one-half of y:, the spring carried one-half 
the weight and the support carried the other half. As the elonga- 
tion increased, the portion of the load carried by the spring gradu- 
ally increased and the portion carried by the support gradually 


decreased. The average load on the spring was 9 and the 


average load on the support was the same. The total work. of 
gravity in moving the weight W the distance y; was wy;. Half 
of this work was expended in stretching the spring and the other 
half in assisting the motion of the support B. 

If K is the force required to stretch the spring unit distance, 
the force required to stretch it a distance y; is Ky;, which is equal 
Kyi 

oe 

If the support B is suddenly removed from W in the position 
II, the entire force of gravity is effective throughout the whole 
distance. At first the spring offers no resistance and the entire 
load goes to accelerate the mass (provided the mass of the spring 
is negligible). As it is stretched, the resistance of the spring 
increases. At the position IV the pull of the spring is equal to 
the weight and the acceleration is zero. The mass has its highest 
velocity at the point where it would come to rest under a gradu- 
ally applied load. Beyond this point, represented by IV, the 
upward pull of the spring is greater than the weight and the body 
is negatively accelerated. It finally stops at the position of 
Fig. 186, V, at which the elongation of the spring is y2. Since 
all the work of gravity has been expended in stretching the 
spring, the magnitude of the elongation yz may be calculated 
by equating this work to the energy of the spring. 


to the weight of W; the energy stored in the spring is 


2 
Wye ~ ae (1) 
2W 
9° =S ———oe = 2 
Yo= ae = 2y, (2) 


Ky, = 2W. (3) 
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When a load is suddenly applied, the maximum force is twice 
the weight of the load, and the deflection is twice as great as it 
would be if the same load were applied gradually. After reaching 
the maximum elongation, the body vibrates back to the original 
starting point (provided the spring is perfectly elastic). 

Figure 186, VI, shows the mass W lifted a distance h above the 
position of II, in which it exerts no pull on thespring. Ifreleased 
suddenly, it falls this distance before it begins to stretch the 
spring. The total work done by gravity is the weight multiplied 
by the total distance h + y. At the lowest position VII this 
work has been transformed to energy of the spring. 


Waty) =AL. (4) 


Problems 


1. A force of 8 pounds stretches a given spring 1 foot. A 6-pound mass 
is placed on the spring and gradually lowered. How much will the spring 


be stretched? Ans. 9 inches. 
2. In Problem 1 the load is applied suddenly. What is the elongation of 
the spring and the maximum pull? Ans. 18 inches; 12 pounds. 


3..In Problem 1 the load is lifted 1.44 feet and suddenly released. Find 
the maximum elongation and the maximum pull. 
Ans. 2.4 feet; 19.2 pounds. 
4. A spring board is made of plank 12 inches wide and 2 inches thick, and 
acts as a cantilever 10 feet long. Find the maximum unit stress when a 
boy weighing 60 pounds moves very slowly from the support to the 
free end. Ans. 900 pounds per square inch. 
5. Solve Problem 4 if the boy steps suddenly on the free end, neglecting 
the effect of the mass of the spring board upon its vibrations. 
Ans. 1,800 pounds. 
6. Solve problem 5 if the boy jumps down on the end of the spring board 
from a height of 6 inches if the modulus of elasticity is 1,200,000 pounds 
per square inch and the effect of the mass of the spring is neglected. 


Since a variable load is usually applied somewhat gradually, 
the stress produced by a live load is generally somewhat smaller 
than twice the stress of an equal static load. The mass of the 
body which is subjected to the load and the natural vibration 
period of the parts of this body are factors which modify the 
maximum stress. 

When a locomotive runs over a bridge, the effective unit stress 
may be 50 per cent. greater than that caused by its weight alone. 
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A structural engineer would say that an impact factor of 50 
per cent. should be added to the live load stress. 


For an impact formula for bridges, see American Railway Engineering 
Association General Specifications for Steel Railway Bridges for Fixed Spans 
Less than 300 Feet in Length, Second Edition, 1923, page 7. 

For experiments on the impact of moving trains, see paper by F. E. 
Turneaure, Transactions of American Society of Civil Engineers, vol. XLI, 
pages 410-466. 


169. Proof of the Proposition of Equivalent Deflections.— 
In Article 75, the proposition of equivalent deflections was given 
but not proved. This proposition is: If A and B are two points of 
an elastic body, the deflection at A which is caused by a given load 


at B 1s equal to the deflection at B which is caused by the same load 
at A. 


iG Si. 


Figure 187 shows a beam which is supported at the ends. 
When a load P is placed at A, the deflection under the load is ya 
and the deflection at B, which is caused by this load, is ya. In 
the second part of Fig. 187, the load P has been placed at B. 
The deflection under the load is y» and the deflection at A is 
Yoo. The proposition of equivalent deflections states that ya = 
Ysa. This will now be proved: Let the load P; be placed on the 
beam at A and an equal load P2 be then placed at B. The work 


Meee Loita ; 
done at A when the load P; is applied is Sa The point B 


is lowered a distance ya» when the load P; is applied at A but, since 

there is no force at B, no work is done. Let the load P: be now 
: eed os 

applied at B. The deflection at B is y and the work is - 


At the same time the point A is deflected an additional Ysa 
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under the full load of P;, and the additional work is Piyya. The 
total work is 


Piya Fe 
yer Pie (1) 
If the load P2 be placed on B first and then the load P; on A, 
work = me + Poya + ae (2) 


Since the work represented by Equation (1) is equal to the 
work represented by Equation (2), the two expressions are 
equal. When P; is equal to P: the first and last terms of Equa- 
tion (1) are equal to the first and last terms of Equation (2), hence 


PYcg = Pye? You"= Yar 


While the proposition has been proved by a beam which is 
supported at the ends, it applies equally well to any elastic 
solid with any number of supports. 


Professor G. E. Beggs has applied this principle to models of arches and 
many other types of indeterminate structures. See paper entitled “An 
Accurate Mechanical Solution of Statically Indeterminate Structures by 
the Use of Paper Models and Special Gages,’’ which was presented to The 
American Concrete Institute, Feb., 1922. 


CHAPTER XVII 
THEORIES OF ELASTIC LIMIT AND FAILURE 


170. Principles Involved.—In Chapter XV, methods are 
given for finding the maximum tensile, compressive, and shearing 
stresses developed by a combination of stresses. It is a question 
which of these stresses determines the elastic limit and the failure. 
Also in Chapter I it was shown that stress in one direction causes 
a deformation in the opposite sense in all directions at right 
angles to the direct applied force. For instance, if there is a 
compressive stress along the X axis producing unit deformation 
6, there is unit elongation od along the Y and Z axes. If, at 
the same time, there is a tensile stress along the Y axis, the total 
elongation along that axis is that due to the tension in its direction 
in addition to the elongation due to the compression along the 
X axis. It is a question whether the failure which may occur at 
right angles to the tensile stress is influenced in any way by the 
additional elongation due to the compression. 

As a result of these various considerations there are several 
theories to account for the relation of the stresses to the elastic 
limit and the failure. 

171. The Maximum Stress Theory.—The maximum stress 
theory, called also Rankine’s theory, assumes that failure is due 
to the single stress which is the largest, without reference to 
other stresses in other directions, except insofar as the compo- 
nents of these stresses affect the value of the maximum unit stress. 
If a block is subjected to a tensile stress s; and to another tensile 
stress s, at right angles to the first stress, if s; is greater than s,, 
the maximum stress is equal to s:. This may be shown by resolu- 
tion as in Article 155 or by means of Equation (11) of that article 
when s, is equal to zero. According to the maximum-stress 
theory, the block will fail by rupture along a plane approximately 
- normal to the maximum stress when this stress s; reaches the 
ultimate strength of the material and the value of s; to produce 
rupture is independent of the other stress s,. 

While this theory can hardly be said to be accepted by any one 
who seriously considers the subject. it is, nevertheless consider- 
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ably used in practice. In a boiler, for instance, the circumfer- 
ential tensile stress tending to rupture the shell longitudinally 
is twice as great as the longitudinal tensile stress, and it is custo- 
mary to calculate from the circumferential stress alone without 
reference to the other. 

172. The Maximum Strain Theory.—This theory, which is 
also called St. Venant’s theory, assumes that a solid reaches 
its elastic limit when the unit deformation reaches a given limit 
and that there is an ultimate unit deformation which cannot be 
exceeded without rupture, no matter in what way the stresses 
are applied which cause the deformation. 

Suppose a block, Fig. 188, is subjected to a direct tensile stress 
of s, and to a compressive stress at right angles thereto of s., 
and suppose the material reaches its elastic 
limit in tension when the unit elongation is 
0.001. According to the maximum strain 
theory, if the unit elongation which is due to 
tension is 0.0008 and there is an additional 

unit elongation of 0.0002 in the same direc- 
eee eee tion which is due to transverse compression, 
right angles. the combined unit elongation of 0.001 brings 
the material to the elastic limit. 

The tensile strength of some materials is much smaller than 
the compressive strength. If the ratio of the tensile strength 
to the compressive strength is less than Poisson’s ratio for the 
material, a compressive load should cause failure by transverse 
tension. This is what seems to happen with porcelain and 
concrete. A porcelain rod, 1 inch in diameter and 16 inches long, 
supported a compressive load of 20,000 pounds per square inch 
and failed by splitting lengthwise. When porcelain is tested in 
tension, the heads of the specimen must be much larger than the 
minimum section, or the specimen will fail 
at the grips. Figure 189 shows the form of 
a series of bars of rectangular section. The 
pressure was transmitted to the heads 
from the grips through leather or lead Fie. 189. 
sheets. Instead of failing at the minimum 
section, the bars failed along a curved surface AB at one of the 
heads. According to the maximum strain theory, the unit 
deformation across this curved surface which was caused by ten- 
sion and the unit deformation which was caused by compression 


Cuar. XVI] ELASTIC LIMIT AND FAILURE 325 


were together greater than the unit deformation in the smaller 
sections which was caused by tension alone. 

The behaviour of porcelain under stress strongly supports the 
maximum strain theory for brittle materials. 


YELLOW PINE 

IN COMPRESSION . 
 /(66"X 168" 
LOAD /2000* 


YELLOW. PINE 
IE 9 UTE 
LOAD 25,2007 


Fia. 190.—Timber in compression. 


173. The Maximum Shear Theory.—This is frequently called 
the Guest* theory or the Guest-Hancockyf theory. According 
to this theory, a given material reaches its elastic limit in tension 


*See J. J. Gust, “On the Strength of Ductile Materials under Com- 
bined Stress,” Philosophical Magazine, July, 1900, pages 69-132. 

+ E. L. Hancock, ‘‘The Effect of Combined Stress on the Elastic Proper- 
ties of Steel,’”’ Proceedings of the American Society for Testing Materials, 1905, 
pages 179-186; 1906, pages 295-307. 
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or compression, when the unit shearing stress, as calculated by 
Equation (12) of Article 155 or by Formula XX XI, reaches the 
elastic limit of the material in shear, and failure occurs when the 
unit shearing stress, as calculated by these formulas, reaches 
the ultimate shearing strength of the material. 

As stated above there is no question as to the truth of the 
theory. Figure 190 shows three wooden blocks which were tested 
in compression. Failure has taken place by shear along planes 
at about 45 degrees with the direction of the stress, at which 
angle the unit shearing stress is a maximum. In a tensile test 
of soft steel the edges at the fracture are inclined at an angle 
of approximately 45 degrees to form the sides of the so-called 
crater. 

It is evident that a bar in tension or compression will fail by 
shear provided it does not fail in some other way before the unit 
shearing stress (which, at 45 degrees, is one-half the unit tensile 
or compressive stress) reaches the ultimate shearing strength of 
the material. It is also evident that when the unit shearing 
stress reaches the elastic limit in shear, there will be large linear 
deformations which will appear as the elastic limit in tension or 
compression. The point upon which there is not agreement is 
whether a solid ever reaches its elastic limit in tension or com- 

P pression before reaching the elastic 
limit in shear, and whether failure 
is always by shear. 

The tests made by Guest and 

Hancock were upon ductile ma- 

\ terials, and neither of them claimed 
that the maximum shear theory 

applies to brittle solids. 
The maximum unit shearing 

P stress which is caused by tension or 

Fra. 191.—Shear failure caused by compression is at an angle of 45 
ean ies degrees. Shear failure, h 

g ailure, however, 
frequently takes place at a much higher angle. The difference 
is due to friction. In Fig. 191, the component of the applied 
force, is P sin 0; the component normal to this plane is 
load P along the plane BC at an angle @ with the normal to 
P cos @. If A is the area of the normal cross-section the area of 
the plane BC is A sec 0; and if s, is the unit shearing strength, 
the shearing resistance is s,A sec 6. 
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When a resolution is taken parallel to BC, the equation is 


P sin @ = Pf cos 6 + 8,A sec 6, (1) 
in which f is the coefficient of friction. 
IP sec 0 
sA sin 0 —f cos 6 ) 
yy Oe 
P = sin 0 cos 6 — f cos? 6, 
a = sin 26 — f(1 + cos 26). (3) 


The load P is a minimum when the second member of Equation 
(3) is amaximum. When this is differentiated with respect to 6 
and equated to zero, the result is 


cos 20 +f sin 20 = 0; 
cot 20 =— f; 26 = 90° + arc tan f; 


Gus 5 pees (4) 


The angle whose tangent is the coefficient of friction is called the 
angle of friction, and is generally represented by the Greek letter 
¢. Equation (4) may be written 


es ee S. (5) 


Failure takes place along a plane which makes an angle of 45 
degrees plus one-half the angle of friction with the plane normal 
to the compressive force. 

174. Failure.—<As previously stated, failure of ductile material 
in tension largely takes place by shearing at about 45 degrees 
with the direction of the tensile stress. In ductile steel test 
bars the failure is at about 45 degrees at the circumference of the 
rod, and is normal to the length at the middle. Some fairly 
soft steel fails by shear across the entire bar and does not form 
“‘craters.”’ Non-ductile material, such as cast iron or porcelain 
fails at right angles to the direction of the tensile stress. 

Since the shearing stress at 45 degrees is one-half the tensile 
stress, failure by shear indicates that the shearing strength is 
less than one-half the tensile strength. 

Figure 192 shows a wooden bar which was tested in tension. 
To prevent failure at the grips, the section was cut down at 
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the middle. The fracture (not clearly shown in the print) 
is along lines at angles much greater than 45 degrees. Tim- 
ber has small shearing strength parallel to the grain, which 
accounts for this kind of failure. In compresson, timber fails 
by shear at about 45 degrees, as shown in Fig. 190. The blocks 
shown in this figure are exceptional in that the 
shear occurs for a considerable distance in one 
plane. Generally the specimen shears for a 
short distance and then splits to another shear 
plane. 

Shear failure in timber under compression 
is usually nearer to 45 degrees than to 45 degrees 
plus one-half the angle of friction. It seems 
that shearing displacement takes place by 
bending the fibers rather than by sliding. 

Figure 193 shows pieces of wrought-iron pipe 
which have been tested in compression. The 
material flows under stress and finally splits. 

Figure 194 shows hard brick in compression. 
The failure takes place at an angle much greater 
than 45 degrees. The coefficient of friction of 
brick on brick is relatively large, and the angle 
is somewhere near 45 degrees plus one-half the 
angle of friction. 

Figure 195 shows two 4-inch by 4-inch blocks 
of 1:1 cement mortar, each of which failed by 
shearing at the ends and then splitting length- 
wise. The longitudinal fracture may be ex- 

E : plained as caused by the wedge action of the 
Fic. 192.Timber Shear pyramids. Such wedge action would 

in tension. not, however, be likely to split the blocks the 
entire length. Another explanation is that 
this failure is due to the lateral expansion which results from the 
longitudinal pressure. If Poisson’s ratio is 0.15, the compressive 
load of 4,000 pounds per square inch which was applied to 
these prisms would produce a lateral elongation equivalent to a 
tensile stress of 600 pounds per square inch. This casily accounts 
for the failure by the maximum strain theory. The friction of 
the compression heads of the testing machine resist the lateral 
expansion at the ends and prevents splitting throughout the 
entire length. 
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The bearing strength of a solid depends upon the relative size 
of the surface of contact and the entire dimensions of the body. 
In the treatment of bearing stress there are two limiting cases. 
The first is that shown in Fig. 196 in which the surface of contact 


Fia. 193.—Metal in compression. 


is equal to the entire cross-section of the body B, and the length 
in the direction of the applied force is at least equal to the thick- 
ness of the body. In this case the bearing strength is equivalent 
to the compressive strength. Used in this way, a soft material 


Fig. 194.—Hard brick in compression. 


like babbitt metal would show little -bearing strength. Figure 
197 shows a second case. Here the load is applied to a small por- 
tion of the body which is of unlimited extent or is confined later- 
ally by another body. The portion outside of the loaded area 
acts as a hoop to prevent the lateral expansion. In this form, a 
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body composed of separate particles may have considerable 
bearing strength if the coefficient of friction is fairly high. Dry 
sand is an example. In a mass of wheat or flaxseed, where 
the coefficient of friction is small, the bearing strength is very 
low. 


Fig. 195.—Cement in compression. 


Figure 198 shows two types of bearing pressure intermediate 
between Figs. 196 and 197. When a post of wood or metal 
is placed on a concrete wall with no metal plate between them 
to transmit the pressure, the concrete wall or pier is given the 
form of one or the other support B of Fig. 198. 

Cutting with a knife or chisel depends upon the bearing 
strength of the tool and of the material which is cut. The 
bearing strength of the tool under the conditions of Fig. 196 
1oust be greater than the bearing strength of the material under 
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the conditions of Fig. 197. At first there is a depression in the 
material under the edge of the tool, as shown in Fig. 199, I. 
When the unit stress under the edge of the tool exceeds the bear- 
ing strength of the material, it is permanently pushed back. 


: 
Fie. 196.— Fie. 197.—Bearing on Fig. 198.—Cases of bearing pressure. 
Bearing. large body. 


In a plastic non-porous material, some of the substance is forced 
up by the pressure, as shown in Fig. 199, II. In a porous body 
such as wood, there is an increase in density adjacent to the 
cutting surface. The wheel of a wagon cutting into soft earth 
illustrates both cases. If the earth is wet clay, it is pushed up 
at the sides of the tire. If it is dry loam, it is compressed under 
the tire. 


T o8 Ill 
Fig. 199.—Cutting. 


When a cutting tool has penetrated a little distance, it acts 
as a wedge and exerts a tensile stress upon the material in front 
of itsedge. This is shown in Fig. 199, III. 

Figure 200 shows the behavior of a pair of scissors or shears. 
At the beginning, the cutting is due to the bearing stress on the 
cutting edges, as shown in Fig. 200, I. As the edges penetrate 
into the material, the bearing force is increased at each blade. 
These forces produce shearing stresses in all portions of the body 
in the plane of the cutting edges. The corresponding shearing 
deformations are shown by the dotted lines in Fig. 200, II. 
Fig. 201 represents the punching of a metal plate. The plate is 
bent a little at first, which makes the surface of contact a narrow 
ring at the edge of the punch and die. When the compressive 
stress on these rings exceeds the bearing strength of the plate, 
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cutting begins. This is followed by shear, as in the case of cut- 
ting with scissors. 

Figure 202 shows some slugs which were punched from steel 
plates. The ends of these slugs are permanently curved. 
The sides show the appearance of the fracture. The two slugs 
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Fie. 200.—Cutting with shears. Fic. 201.—Punching a plate. 


of least diameter were punched from a relatively thick plate. 
The bearing stress was too great, and the punch failed after 
making about a dozen holes. 


Fre. 202.—Slugs punched from steel plates. 


175. Biaxial Loading.—The most common forms of biaxial 
loading consist of two tensions, one tension and one compression, 
or two compressions at right angles to each other. Figure 203 
represents two tensile stresses of intensities s, and s,. With 
this form of loading, the maximum unit shearing stress is = no 

Sy matter how great s, may be (provided it is not 
greater than s,). If the maximum shear theory is 
St valid, the material subjected to biaxial loading 

should reach its elastic limit at the same valueof s; 

irrespective of the direction or magnitude of sy. 
On the other hand, a tensile stress s, will diminish the unit strain 
in the direction of s; and a compressive stress in the direction of 


St 
Sy 
Fie. 203. 


Cap. XVII] ELASTIC LIMIT AND FAILURE 333 


S» will increase the unit strain in the direction of s; The unit 
strain in the direction of s, is given by 


ya ae (1) 


If the maximum-strain theory is the correct one, the unit stress 
in the direction of s, at the elastic limit or yield point will be in- 
creased as s, is increased, and will be diminished if s, is changed 
to compression. 

Prof. Albert J. Becker* has performed an extensive series of 
experiments with biaxial loading to determine these points. 

These tests were made on hollow steel cylinders. The pressure 
of a liquid inside these cylinders produced a circumferential 
tensile stress, and an axial tensile stress. The axial stress was 
further increased by the direct pull of a testing machine. In each 
test the ratio of the circumferential unit stress to the axial unit 
stress was kept constant. Johnson’s apparent elastic limit for 
the axial deformation was taken as the limit to be determined. 

Table XVII gives approximately the results of one set of 
experiments. { 


TaBLE XVII.—BraxiaL Loapine TESTS 


At apparent elastic limit 
Ratio of 
Tube number circumferential stress 

to axial stress Axial unit stress, Axial unit 

lb./in.? elongation 

5 0.0 43,000 0.00165 

1 0.240 46,000 0.00168 

2 0.475 50,000 0.00152 

4 0.69 50,000 0.00152 

3 0.92 50,000 0.00140 


Tube No. 5, with no circumferential stress, reached the elastic 
limit at the tensile stress of 43,000 pounds per square inch. The 
maximum unit shearing stress at 45 degrees was 21,500 pounds 
per square inch. If failure always takes place by shear, the other 
tubes should reach the elastic limit at the same unit stress. It 


* A. J. Bucxer, ‘The Strength and Stiffness of Steel under Biaxial Load- 
ing,” Bulletin No. 85 of The University of Illinois Engineering Experiment 
Station. 

1 The data of Table XVII were estimated from the curves of Fig. 17 of 
Bulletin No. 85 of the University of Illinois Engineering Experiment Station. 
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is seen, however, that tube No. 1 reached the elastic limit at 
about 46,000 per square inch axial stress, and the others at about 
50,000 per square inch. It will be noted that the axial unit de- 


_ formation at the elastic limit is about the same for the first two 


tubes and is less for the other three. It is evident that there 
are two sets of limiting conditions which determine the elastic 
limit. The material reaches its elastic limit when the unit de- 
formation is about 0.00166; it also reaches the elastic limit when 
the unit shearing stress becomes about 25,000 pounds per square 
inch. Tubes 5 and 1 reached the limiting deformation before 
reaching the limiting shearing stress. In the other tubes, the 
greater transverse tension so reduced the axial deformation that 
they reached the limiting unit shearing stress while the unit 
stain was still considerably below the limit. 

From the entire series of tests, of which Table XVII is only a 
small part, Becker concludes:* 


‘“‘For increasing values of the ratio of the biaxial stresses the yield- 
point strength follows the maximum-strain theory until the value of 
the shearing stress reaches the shearing yield point, then the shearing 
stress controls according to the maximum-shear theory. There are 
thus two independent laws each dominant within proper limits instead of 
some single law as has heretofore been assumed.” 


Table XVII shows that the elastic limit in shear is about 60 
per cent. of the elastic limit in tension. If the maximum shear 
theory were true for all cases, the elastic limit in shear would be 
50 per cent. of the elastic limit in tension. 

In thin cylinders, such as boilers, the longitudinal unit stress 
is one-half of the circumferential unit stress, and both are tension. 
If s, is the unit circumferential stress, the unit longitudinal stress 


is oe The circumferential unit deformation is reduced by the 


longitudinal unit stress. If Poisson’s ratio is 14 the unit deforma- 
tion circumferentially is 
St 

$2 SS 
8 = 78: 
E = SE’ (2) 
and the actual unit deformation is only seven-eighths as great 
as that which would be produced by the circumferential unit 


stress acting alone. It is not customary to consider this in cal- 


6= 


* Bulletin No. 85, Illinois University Engineering Experiment Station, 
page 85, 
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culating the strength of boilers. The error, when it is neglected, 
is on the side of safety. The error is really small, for the weak 
part of a boiler is at a joint. At a longitudinal joint, on account 
of the lapping of the plates or the butt straps, there is much 
more material to resist longitudinal tension than in the main 
plates, and the longitudinal unit stress is less than = There 
is also an unequal distribution of both stresses on account of 
the material cut away to form the rivet holes. This causes an 
error on the side of danger. For these reasons, it is not advisable 
to make any allowance for the reduced strain which is due to the 
combination of stress. 

176. Combined Tension and Shear.—It was shown in Article 
151 that 2 combination of tensile stress with shearing stress 
parallel and perpendicular to it gives 


2 
Maxs-= 5 + ,/s? + G ; Formula XXXII. 


Min's= ot xs! ey } (2) 


2 
eens t + (Z)- (3) 
The unit deformation in the direction of the tensile stress is that 


produced by the maximum tensile stress plus the effect of the 
compressive stress at right angles to the tensile stress. 


ee y ae t+ (2) +o(-$ + Je +): (4) 


Es = ae —o) +(1+¢) Ve + (3): (5) 
When Poisson’s ratio is 44 
_ 38; 5 ot + (3) 
Bs == +4/st + (5) (6) 


It is well known that brittle materials, under these conditions, fail 
by tension. A cast-iron rod broken by torsion, or by torsion and 
bending combined, fails along a curve which is approximately 
normal to the maximum tensile stress. 
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The same is true of concrete. Figure 204 shows a character- 
istic failure of a reinforced-concrete beam supported at the ends 
and loaded at the third points. A diagonal crack starts near the 
bottom and runs up to the point of application of one load. Such 
cracks are usually found in reinforced-concrete beams which are 


Fic. 204.— -Failure of a reinforced-concrete beam. 


so loaded as to develop large shear. Between the two concen- 
trated loads on the beam of Fig. 204, the shear is zero (except 
that which is due to the weight of the beam) and the cracks 
in that part of the beam are vertical. The large crack in Fig. 204 


me extends horizontally along the 


line of the reinforcement. 
\ This crack, however, only 
I opened as the bar approached 
\ total failure, while the diag- 
XO : La Le Le Le iL onal crack is one of a number 
Ps which appeared at about one- 

Oars half of the ultimate load. 
Figure 205, I is a drawing 
showing the same effect. The crack between the loads, running 
nearly vertical is called a tension crack, while the one on the right 
is called a shear crack. Both are really tension cracks, but the 
one on the right is due to the tension which results from the 


combination of tension with shear, while the one on the left is 
from tension alone. 
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To prevent failure by combined tension and shear, beams are 
reinforced as shown in Fig. 205, II. The diagonal bars are called 
shear bars and are placed in approximately the direction of 
the maximum resultant tensile stress and normal to the direction 
of the so-called shear cracks. 

It is not known whether these failures are the results of maxi- 
mum stress or maximum strain. Since there is not a great differ- 
ence between the maximum stress (Formula XXXII) and the 
stress which corresponds with the maximum strain (Equations 
(5) or (6)), careful measurements will be required to differentiate 
between them. In calculations of this kind to find the allowable 
load, it is customary to use formula X XXII. 

Combined tension and shear have been used to test the theories 
of failure as applied to ductile materials. J. J. Guest* tested 
cylinders of soft steel, iron, brass, and copper by combined tension 
and torsion. Some of these cylinders were solid but most of them 
were thin hollow tubes. The internal pressure of a liquid was 
also applied to some of the tubes. He determined the yield point 
in tension in the cylinder thus subjected to combined stress and 
came to the conclusion that the yield point is reached when the 
resultant shearing stress as calculated by Formula XXXI 
reaches a definite value. These researches, which are regarded 
as classic, are open to the criticism that several sets of determina- 
tions were made on the same tube, so that the elevation of the 
yield point when the material is stressed to its yield point becomes 
a disturbing factor. 

Later, E. L. Hancock tested hollow steel cylinders under com- 
bined shear and tension. His experiments show definitely that, 
“The presence of a torsional stress lowers the unit stress and the 
unit strain at the elastic limit in tension and also lowers the 
modulus of elasticity, somewhat.” f 

Hancock calculated what he called the true tensile stress, by 
Equation (5) for Poisson’s ratios of 44and 14. Healso calculated 
a value, which he called the true shearing stress, by the formula 


SNE 
(1 +c) 3? =f (5) , and arrived at the conclusion that this 


“true unit shearing stress’ determines the elastic limit of the 
material. 


* Philosophical Magazine, July, 1900. 
t Proceedings of the American Society for Testing Materials, 1906, page 301. 
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In the present state of our knowledge of combined shear and 
tension or compression it is best to calculate the unit shearing 
stress by Formula XX XI and the unit tensile stress by Formula 
XXXII and see that neither of these exceeds the allowable unit 
stress of its kind. In place of the tensile stress by Formula 
XXXII, the stress which corresponds with the maximum unit 
strain may be computed by Equation (5). 


Problems 


1. The allowable unit tensile ».wess is 15,000 and the allowable unit shear- 
ing stress is 10,000 pounds per square inch. Would a direct tensile stress 
of 12,000 pounds per square inch combined with a shearing stress of 7,000 
pounds per square inch be allowable? 

Ans. No, since the maximum resultant tensile stress of 15,219 pounds per 
square inch exceeds the limit in tension. 

2. If the unit tensile stress in Problem 1 were 8,000 pounds per square inch 
and the unit shearing stress were 9,000 pounds per square inch, what 
combined stress would determine the safety? 

Ans. The combined shearing stress, which is 9,849 pounds per square inch, 
is only a little below the limit. 

3. If the allowable shearing stress is two-thirds of the allowable tensile 
stress, for what ratios of direct shear to direct tension will each govern the 
design? 


Ans. Ii s, is less than ae the combined tensile stress governs the 


design. 
If greater, the combined shearing stress governs. 


177. Elastic Hysteresis.—In anelastic body subjected to stress, 
the deformation lags behind the applied force. If a constant 
pull is applied to a body, the body will stretch quickly for a 
considerable amount and will continue to stretch slowly for some 
time. If the load is reduced, the body will shorten in a similar 
way. When a steel rod is stretched in an ordinary testing ma- 
chine, the load is applied by means of the screws until the beam 
is balanced at the desired load. If the machine is then stopped, 
the beam slowly falls as the rod continues to elongate. This may 
continue for several minutes. If the beam is again lifted by 
running the machine for a short interval, it will fall more slowly 
the next time, if it comes down at all. If the stress is near the 
yield point, the beam will fall more quickly, and it may be neces- 
sary to lift it several times before the test bar will permanently 
support the load. 
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A similar effect is produced when the load is decreased. If 
the poise of the testing machine is set at a given load, and the 
tension in the test bar is reduced until it is balanced, the beam 
will rise slowly after the machine has stopped. This shows that 
the rod continues to shorten for some time. 


Taste XVIII.—Test or Sorr Stren, In TENSION 


Area of section, 0.600 square inch 


Total load Unit stress per square inch SS Plc machine 
a After one min-,) When machine/After one min- 3 j 
Bek we * stopped feces In 8 inches Unit 
Pounds | Pounds Pounds Pounds Inches Inch 
30 30 50 50 0.0 0.0 
6,150 6,000 10,250 10,000 0.00270 0.00034 
9,000 8,650 15,000 14,420 0.00405 0.00051 
12,200 11,800 20,330 19,670 0.00550 0.00069 
15,000 14,400 25,000 24,000 0.00675 0.00084 
18,000 17,100 30,000 28,500 0.0082 0.00102 
19,200 18,250 32,000 30,420 0.0085 0.00106 
19,800 18,600 33,000 31,000 0.0087 0.00109 
20,400 19,150 34,000 31,920 0.0092 0.00115 
21,000 | 19,200 35,000 32,000 0.0121 0.00151 
20,600 19,350 34,330 32,250 0.0450 0.00562 
20,600 20,000 34,330 33,330 0.0530 0.00662 
21,000 19,000 35,000 31,670 0.0733 0.00916 
21,000 19,200 35,000 32,000 0.1740 0.02175 
21,600 | 20,900 36,000 34,830 0.2121 0.02651 
22,800 21,750 38,000 36,250 0.2393 0.02991 
24,000 22,900 40,000 38, 160 0.2773 0.03466 
26,400 25,050 44,000 41,750 0.3873 0.04841 
28,800 26,900 48,000 44,830 0.5506 0.06882 
31,200 29,050 52,000 48,520 0.83 0.104 
32,400 30,600 54,000 51,000 1.30 0.162 
32,800 | 30,850 54,670 51,420 1.62 0.202 
32,850 | 31,200 54,750 52,000 1.89 0.236 
32,750 | 30,950 54,580 51,580 2.08 0.260 
32,600 30,900 54,330 51,500 2.52, 0.315 
PALO sl meshed SOOO |e aes 2.98 0.372 


Broke at 23,400 pounds. The area of the neck was 0.196 square inch. 
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Table XVIII gives the results of a test of soft steel in tension. 
In making this test, the machine was run rapidly and then 
stopped. The reading of the load was then taken. After one 
minute, the poise was moved backward until the beam again 
balanced. For instance, the machine was balanced at 25,000 
pounds per square inch. After one minute, the balance was at 
24,000 pounds per square inch. 

The curves of Fig. 206 were plotted from the results of Table 
XVIII. From these curves and the table, it is evident that speed 
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Fic. 206.—Effect of time on stress-strain diagram. 


of the test is an important factor in determining the apparent 
strength and modulus of elasticity of a ductile material. When 
the machine was run rapidly, the apparent ultimate strength of 
this steel was 54,750 pounds per square inch. The quiescent 
load which it would permanently support is below 52,000 pounds 
per square inch. 

If a ductile material is stretched nearly to the yield point, 
and the load then removed, a repetition of the load will show less 
lag in the deformation. There are usually internal strains in the 
test bar, which are relieved when the first pull is applied. 

Table XIX gives part of the test of a rod taken from the 
same bar as that of Table XVIII. The tension was first raised 
to 42,000 pounds per square inch and then reduced to 50 pounds 
per square inch. There was a permanent set of 0.3 inch in the 
gage length of 8 inches. Curve I of Fig. 207 applies to this por- 
tion of the test up to the elastic limit. The remainder of this 
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curve has been omitted to save space. Table XIX gives the 
results of a second loading which followed this preliminary test. 
While the actual gage length at the beginning of this second run 
was 8.3 inches and the area was correspondingly smaller than 
0.600 square inches, the unit stresses and unit deformations have 
been calculated from the original dimensions. 
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Fig. 207.—Stress-strain cycles. 


It will be observed that the effect of time is much smaller than 
in Table XVIII. For instance, the unit stress falls from 35,000 
pounds to 32,000 pounds in one minute in Table XVIII, while 
it falls from 35,000 to 34,830 pounds in Table XIX. 

Table XIX shows also the increase of stress after a shert 
interval when the load has been reduced. For instance, when 
the load was dropped from 25,000 pounds per square inch to 
20,000 pounds per square inch and the machine then stopped, 
it increased to 20,375 pounds per square inch in the first minute. 

Part II of Fig. 207 begins with the unit elongation of 0.0375. 
The portion of the preliminary test from B (of Part I) to C has 
been omitted. The curve was then drawn from C to D, which 
represents the maximum stress and elongation of the preliminary 
test. The load was then lowered to 50 pounds per square inch. 
Table XIX begins at this point at a unit elongation of 0.0375 
inch, which corresponds with 0 of the table. From 5,000 to 
40,000 pounds per square inch, the curve is nearly a straight 
line. At 40,000 pounds, there is a rapid change in slope and the 
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effect of time is very greatly increased. There is practically a 
new yield point at 40,000 pounds per square inch, whereas the 
original yield point was under 35,000 pounds per square inch. 
It will be seen from Table XVIII that when the apparent unit 
stress was 42,000 pounds per square inch it dropped to about 


TaBLE XIX.—ReEpEATED TrEstT oF Sort STEEL 


Total load Unit stress per square inch pong rile machine 
wine After ore min- Av hen ce After one min- Taesiinenes Unit 
Pounds Pounds Pounds Pounds Inch Inch 
30 30 50 50 0 0 
3,000 3,000 5,000 5,000 0.00105 0.00013 
6,000 6,000 10,000 10,000 0.00260 0.00032 
9,000 8,900 15,000 14,830 0.00435 | 0.00054 
12,000 11,900 20,000 19,830 0.00610 | 0.00076 
15,000 14,950 25,000 24,920 0.00785 | 0.00098 
18,000 17,825 30,000 29,710 0.00965 | 0.00121 
21,000 20,900 35,000 34,830 0.01160 0.00145 
24,000 23,600 40,000 39,330 0.01355 0.00169 
24,600 24,200 41,000 40,330 0.01540 0.00192 
25,200 24,550 42,000 40,920 0.01765 0.00221 
24,000 23,900 40,000 39,830 0.01735 0.00217 
21,000 21,150 35,000 35,250 0.01580 0.00197 
18,000 18,100 30,000 30,170 0.01420 0.00177 
15,000 15,075 25,000 25,125 0.01230 | 0.00154 
12,000 12,225 20,000 20,375 0.01080 0.00135 
9,000 9,300 15,000 15,500 0.00900 0.00112 
6,000 6,225 10,000 10,375 0.00730 0.00091 
3,000 3,125 5,000 5,210 0.00520 | 0.00065 
30 120 50 200 0.003850 
30 30 50 50 0.00330 0.00041 


40,000 pounds after one minute. The rod of Table XIX was 
raised to 42,000 pounds and then lowered and the new yield 
point on the second application of load is now raised to the load 
which it would permanently support with the elongation originally 
produced by 42,000 pounds per square inch. 

When steel or wrought iron is stressed beyond the yield point, the 
yreld point at the next application of load is found at the permanent 
stress previously reached. 
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The elastic limit is also raised. On the other hand, if the yield 
pownt in tension is raised by straining the bar beyond its original 
yield point, the yield point in compression is lowered so that the 
length of the interval between these two yield points remains 
nearly constant. 

The descending curve from D is concave toward the left, 
while the ascending curves are concave toward the right. This 
difference in curvature always leaves an area between the ascend- 
ing and descending curves, even when the stress is so low that 
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Fia. 208.— Watertown Arsenal test. 


there is no permanent set. This area represents the energy which 
is lost in the cycle. The curves which enclose this area form the 
loop of elastic hysterests. 

At F, which represents the end of Table XIX, the bar was 
allowed to rest for 40 hours without load. The load was then 
raised to 40,000 pounds per square inch at G and again lowered to 
50 pounds per square inch. It will be seen that the hysteresis 
loop has a small area, and that both the ascending and descending 
curves are nearly straight. Also, there is no temporary set. 

Figure 208 shows some of the results of similar experiments at 
the Watertown Arsenal (‘‘Tests of Metals,” 1886, Part 2, pages 
1571-1617). These tests were made on eye-bars about 25 feet 
long. The gage length was 260 inches which made it possible 
to measure the elongation with great relative accuracy. 
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Table XX represents the first part of the test. The inital 
load was 1,000 pounds per square inch. After each load the 
machine was reversed to the initial load and a reading taken for 
set. Under the heading “ Unit elongation,” the table gives the 
values obtained by subtracting the original reading at the initial 
load from the reading at the given load. Under the heading of 
“Net unit elongation,” the table gives the values obtained by 
subtracting the set at initial load following a giren reading from the 
elongation at that load. Curve I of Fig. 208 shows both elonga- 
tions. The line of greatest slope drawn through the circles rep- 
resents the net unit elongation. The values of the modulus of 
elasticity as obtained by the two methods are quite different. 


TaBLE XX.—WatTrERTOWN TESTS OF STEEL EYE-BAR 


196,000 | 37,330 
198,000 | 37,710 


.001330 
.001423 


Elongation 
Unit st i 
Total ioad is square Tn 366 - eras pede ae x 
inches Unit 
Pounds Pounds Inches Inch Inches Inch 
5,250 | 1,000 | 0.0 0.0 
26,250 5,000 | 0.0456 | 0.000175 | 0.0065 | 0.000150 | 26,670,000 
52,500 | 10,000 0.0915 | 0.000352} 0.0085 | 0.000319 | 28,210,000 
78,750 | 15,000 0.1369 | 0.000526 | 0.0089 | 0.000485 | 28,860,000 
105,000 | 20,000 | 0.1815 | 0.000698 | 0.0096 | 0.000661 | 28,750,000 
131,250 | 25,000 0.2264 | 0.000871 | 0.0101 | 0.000832 | 28,850,000 
157,500 | 30,000 0.2720 | 0.001046 | 0.0109 | 0.001004 | 28,880,000 
183,750 | 35,000 0.3194 | 0.001229 | 0.0147 | 0.001172) 29,010,000 
0 0 
0 0 


200,000 | 38,090 | 0.5665 | 0.002179 
204,750 | 39,000 | 1.07 | 0.0041 

210,000 | 40,000 | 2.35 | 0.0090 

S60 O00 gr, 260 alte oan ile wie ae 30.42 


After the load of Table XX was released, the bar was again 
tested. The results for one cycle are given in Table XX and 
by Curve II of Fig. 208. The unit elongation was calculated 
from the original length of 290.4 at the beginning of this test 
instead of the length of 260 inches at the beginning of the first 
run. Readings were taken at a given load and again after an 


Cuar. XVII] ELASTIC LIMIT AND FAILURE 345 


interval of three minutes. With this large gage length, the elonga- 
tions could be measured with a high degree of accuracy. The 
results agree with those of Table XIX. With increasing loads, 
the unit elongation continued to increase. With decreasing 


Taste XXI.—Warrertown Test or Stent Eyn-nar RePrarep 


Area, 4.70 square inches. Gage length, 290.4 inches. 
Bar previously stretched from 260 inches by a load of 369,000 pounds 


Elongation in 290.4 inches 
Unit st I diat: it 
Total load pateroinehe Themodinve After three min- Nelongation 
utes 
Pounds Pounds Inch | Inch Inch 
5,250 1,117 0 | 
26,250 5,585 0.0503 0.0504 0.000173 
52,500 11,170 0.1093 0.1099 0.000376 
78,750 16,755 0.1685 0.1690 0.000582 
105,000 22,340 0.2299 0.2309 0.000792 
131,250 27,925 0.2922 0.2935 0.001006 
157,500 33,510 0.3562 0.3575 0.001226 
183,750 39,095 0.4209 0.4222 0.001449 
210,000 44,680 0.4868 0.4885 0.001676 
236,250 50,265 0.5533 0.5549 0.001905 
262,500 55,850 0.6209 0.6230 0.002148 
236,250 50,265 0.5660 0.5659 0.001949 
210,000 44,680 0.5082 0.5080 0.001750 
183,750 39,095 0.4491 0.4489 0.001546 
157,500 33,510 0.3886 0.3880 0.001338 
131,250 27,925 0.3262 0.3252 0.001123 
105,000 22,340 0.2631 0.2620 0.000906 
78,750 16,755 0.1980 0.1971 0.000682 
52,500 11,170 0.1331 0.1319 0.000455 
26,250 5,585 0.0655 0.0627 0.000225 
5,250 1,117 0.0048 0.0030 0.000016 


loads, it continued to decrease. The difference for a three- 
minute interval was never more than one-half of one per cent. of 
the total elongation, 
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These tests show that there is a relatively large hysteresis the 
first time the load is applied and much less hysteresis when the 
loading is repeated. There is also some set, which slowly 
vanishes. 

The form of the ascending curve at the second application of the 
load depends largely upon the length of time which has elapsed 
after the first load was removed. If the second loading is applied 
before most of the temporary set has vanished, the curve will be 
very steep at first and will have an apparent elastic limit at a low 
stress. This is seen in Fig. 207 where there is a change in slope 
at 5,000 pounds per square inch, and then practically a straight 
line up to D. The curve starting from F has no such bend, be- 
cause the kar rested before this load was applied. 

178. Fatigue of Metals.—There is a considerable area between 
the ascending and descending curves of a “loop” in Figs. 207 
and 208. Since one coordinate is force and the other is displace- 
ment, this area represents work which is expended in stretching 
the bar and is not returned when the load is released. 

Since energy is lost in a cycle of this kind, it is natural to expect 
that a great number of repetitions of stress would cause failure 
at a maximum stress lower than the ultimate strength of the 
material. The experiments of Wohler and many other investi- 
gators show that this is true. Steel which is subjected to a com- 
plete reversal of stress will fail under a great number of repeated 
applications of a stress which is considerably below the pro- 
portional elastic limit. For instance, steel of 0.49 of one per 
cent. carbon which was tested by Moore and Jasper* had an 
ultimate tensile strength of 91,500 pounds per square inch and a 
proportional elastic limit of 44,700 pounds per square inch. 
When this steel was tested under complete reversal of stress, 
the endurance limit was found to be 33,000 pounds per square 
inch. If the unit stress was changed from 33,000 pounds per 
square inch tension to 33,000 pounds per square inch compression 
the specimen would stand an indefinite number of repetitions 
without failure. Two specimens of this material were each 
subjected to over 100,000,000 repetitions of a stress which varied 
from 33,100 pounds per square inch tension to 33,100 pounds 
per square inch compression. Neither of these failed. A third 


* Bulletin No. 186 of the Engineering Experiment Station of the Univer- 
sity of Illinois, by H. F. Moore and T. M. Jasper, pages 23 and 31. 
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specimen was subjected to one billion repetitions of a stress which 
varied from 33,000 pounds per square inch tension to the same 
compression without failure. The stress of 33,000 pounds per 
square inch is, therefore given as the endurance limit of this steel 
for complete reversal of stress. When the stress in this material 
varied from 34,000 to —34,000 pounds per square inch, each of 
the two specimens tested failed at about 4,000,000 repetitions. 
At 37,000 pounds per square inch, the failure was at 1,225,000 
repetitions; and at 50,000 pounds per square inch, the failure was 
at 42,000 repetitions. 

If the stress is not completely reversed, the endurance limit 
is higher. The smaller the range between the maximum and 
minimum stress the greater is the maximum stress which the 
material will endure for an indefinite time. The carbon steel 
above mentioned* has an endurance limit of 33,000 pounds per 
square inch for complete reversal of stress. The same material 
stood an indefinite number of repetitions when the stress ranged 
from 36,000 pounds tension to 21,600 pounds compression, 
from 47,000 pounds tension to zero, from 60,000 pounds tension 
to 12,000 pounds tension, or from 69,000 pounds tension to 34,500 
pounds tension. These tests and many others show that the 
endurance is higher the smaller the range of stress. 

179. Design for Variable Stress.—A number of methods have 
been proposed for designing members which are subjected to 
variable loads. This may be done by reducing the allowable 
unit stress or by adding an increment to the applied load. 

Professor John Goodman} suggested a rule for this purpose. 
Goodman’s ‘‘dynamic”’ rule is: Add to the maximum load the 
difference between the maximum and minimum loads and treat the 
sum as a static load. Under this rule, a load which varied from 
12,000 pounds tension to 12,000 pounds compression would be 
equivalent to 12,000 + 24,000 = 36,000 pounds tension or 
compression; a load which varied from 12,000 pounds tension 
to 6,000 pounds compression would be equivalent to 12,000 + 
18,000 = 30,000 pounds tension; and a load which varied from 
12,000 pounds tension to 4,000 pounds tension would be equiva- 
lent to 20,000 pounds tension. 


* Bulletin No. 136 of the Engineering Experiment Station of the Univer- 
sity of Illinois, page 77. 
+ Goodman’s ‘‘Mechanics Applied to Engineering,” page 535. 
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Problems 


1. If the maximum allowable unit stress for a given material is 15,000 pounds 
per square inch, what is the required area of cross-section when the 
applied load varies from 20,000 pounds to 30,000 pounds? 

Ans. 2.67 square inches. 

2. What is the cross-section required to carry a load which varies from 
30,000 pounds compression to 60,000 pounds tension if the allowable 
static unit stress is 12,000 pounds per square inch? 

Ans. 12.5 square inches. 


Moore and Jasper have shown* that Goodman’s ‘‘dynamic”’ 
errs on the side of safety. They suggest the following formula, 
which is the equation of a straight line. 


a= 6. (84) 


in which r is the ratio of the minimum stress to the maximum 
stress, S, is the endurance limit for the ratio r, S_; is the endur- 
ance limit for complete reversal. When the stress is reversed, 
r is negative. For instance, if the stress changes from 8,000 
pounds per square inch compression to 20,000 pounds per square 
inch tension, ris —0.4. To use this formula, of course, the endur- 
ance limit for complete reversal must be determined experi- 
mentally. Moore and Jasper state further: “This formula can 
be used only up to the limit at which the maximum unit stress 
set up reaches the proportional elastic limit of the material, and 
for most steels this eliminates rat'os of minimum stress to maxi- 
mum stress greater than zero. Beyond the proportional elastic 
limit the static properties of the steel are the governing factors 
rather than the fatigue properties.”’ 


Problems 


3. A load varies from 20,000 pounds compression to 40,000 pounds tension 
If the endurance limit for complete reversal is 32,000 pounds per square 
inch, what is it for this loading? 

Ans. S_s = 32,000 X 1.25 = 40,000 pounds per square inch. 

4. The endurance limit for complete reversal for 3.50 nickel steel tested 
at the University of Illinois was 60,000 pounds per square inch. What 
should it be when the load changed from 100, 000 pounds tension to 
40,000 pounds compression. 

Ans. 78,000 pounds per square inch. One set of tests gave 83,000 and 
another gave 81,000 pounds per square inch. 


* Bulletin No. 186 of the Engineering Experiment Station of the Univer- 
sity of Illinois, pages 82-89. 
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180. Determination of Endurance Limit by Rise of Tempera- 
ture.—The determination of the endurance limit by subjecting 
each specimen to a variable load for several million times is 
a long drawn out process. Results which agree very closely 
with these long fatigue experiments may be secured in a short 
time. When work is expended on a body, heat is generated. 
When a specimen of steel is subjected to repeated stresses and 
the rise in temperature is measured, it has been found that there 
is a sudden increase in rate of generation of heat, and, conse- 
quently, in the rate of rise in temperature, when the endurance 
limit is reached. This principle, which has been applied success- 
fully by Putnam and Harsch, makes it possible to find the 
endurance limit of a test specimen in a relatively short time.* 

181. Crystallization under Repeated Stress.—When steel 
fails under repeated applications of load, the fracture has a 
crystalline appearance. For this reason it was long thought that 
repeated stresses cause the formation of crystals in the steel. 
Microscopic} examination shows that all steel is crystalline and 
that crystals do not form at atmospheric temperatures. The 
crystalline appearance of the fracture is due to the fact that the 
fracture has taken place across the crystals of the steel. 


* W. J. Putnam and J. W. Harsch, Bulletin No. 124 of the Engineering 
Experiment Station of the University of Illinois, pages 119-127. 

} For a complete list of papers on the Fatigue of Metals see Bulletin No. 
124 of the Engineering Experiment Station of The University of Illinois, 
pages 168-178. 


CHAPTER XVIII 
CURVED BEAMS AND HOOKS 


182. Stresses in Curved Beams.—Figure 209 represents a por- 
tion of a curved beam between two planes AB and CD, each of 
which passes through the center of curvature of the beam. The 
plane AB, at the left end, is regarded as fixed, while the plane CD, 
at the right end, is rotated through an angle @ to the position C’D’ 
when the beam is bent. The unit stresses in a beam of this kind 
do not vary directly as the distance from the neutral axis, because 


Fia. 209.—Curved beam of rectangular section. 


the length of the filaments are not the same. If the neutral 
axis were midway between C and D the elongation DD’ would be 
equal to the compression CC’ but the unit elongation at the top 
would be less than the wnit compression at the bottom, since the 
original length BD is greater than AC. 

Since the length of any filament, such as EF is proportional 
to its distance from the center of curvature, the unit deformation 
and the unit stress vary as the quotient of the distance from the 
neutral axis divided by the distance from the center of curvature. 

350 
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In Fig. 209, R is the inside radius, Rz is the outside radius, 
Ro is the radius of the neutral surface, r is the radius of any fila- 
ment and v is the distance of the neutral axis from the center of 
gravity of the cross-section. The angle at the center of curvature 
subtended by the portion of the beam is ¢, so that the original 
length of any filament is7¢. The angle through which the plane 
CD is turned when the beam is bent is 6. If the assumption 
that a cross-section of a beam remains plane when the beam is 
bent be valed for curved as well as for straight beams, the defor- 
mation of a filament at a distance r — Ry from the neutral axis 
is (r — Ro)é and 


unit deformation = ria (1) 
unit stress = s = oe io =k @ = ) (2) 
At the innermost fibers 
Se n(1 2 7). (3) 
At the extreme outer fibers 
Soe (1-2 aoe (4) 


The location of the neutral axis is ee by means of the condi- 
tion that the total stress across any section is zero. 


Stress on element of area dA = ae _ HN aA; (5) 
total stress = k He (Cae iN A eet, (6) 
Ri 
Rad A 
aA Bo f aa Ro = a (7) 
r 


The resisting moment of the stress on the area dA is the product 
of this stress multiplied by distance r — Ro. 


Re aes 2 
Me=k up WO yy (8) 
Ri r 


The values given by Equations (7) and (8) depend upon the 
form of the section, that is, upon the value of dA as a function of r. 

To find the unit stress at any point in terms of the moment, 
eliminate k between Equations (2) and (8), and to find S at the 
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inner or outer fibers, use R, or R2 for r in the equation thus 
obtained. 

183. Curved Beams of Rectangular Section.—For arectangu- 
lar beam of unit width, dA = dr and A = R, — Ri =d, in 
which d is the depth. From Equation (2) of Article 182, 


A A d 
Ro = - Badr i F Rs 7 ae a (1) 
Ri if g R, 8 Ry 
R R d 
vy = BE _ y= Ri +5 — Ro (2) 
Example 


In a beam of rectangular section the inner radius is 4 inches and the outer 
radius is 8 inches. Find the distance of the neutral axis from the center of 
gravity of the section. 


— 7 . R2 — . 
d = 4 inches; no 26 


4 4 2 
Ip = log 2 ~ 0.69315 5.771 inches. 


vo = 6 — 5.771 = 0.229 
= 0.0572. 


ve 
d 


In a rectangular beam of depth equal to the radius of the inner surface, the 
neutral axis is shifted toward the center of curvature 0.0572 of the depth, or 
nearly 6 per cent. 

To find the resisting moment, substitute dr fer dA in Equation (8) of the 
preceding article. 


Re rR? 72 R2 
M=k 2h + 2 )tr =p 9 ~ 2Ror + Ri tog (3) 
Ri r Ri 
Che Bot oe 
M= oe 5 R, dae 2Ro(R2 _ R;) + Re log i 7 (4) 


Substituting the value of Ry from Equation (1), 
‘S = Ri 2h i (Ro — =) 


M=k 2 Ry R, (5) 
log R, log R, 
(e — Ri _ (R: — Ri)? Rs + Ri d 
M =k 2 Re )- ta meats R)) (6) 
log p log R, 
Rsk 
M = ki(“25—> — Ro) = hoe. (7) 
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For a rectangular section of width b instead of unity, multiply 
by 6, 
M = koobd. (8) 


Equation (7) may be derived more quickly by taking moments 
with respect to an axis through the center of curvature. The 
moment arm of the stress on an element dA is now equal to r, and 


Memb f(a 7 pad = & fo — Roar, 


for a rectangular section of unit breadth. 


M =1{5 - Ror] Eee ee em): 
M = (es z Ro) = kvod. (7) 


For a beam of breadth 6, Equation (7) becomes 


M = koobd (8) 
Eliminating k between (8) and Equation (2) of the preceding 
article, 
M(1 - ali 
ab oe Ge (9) 
buod 


In the above example, to find the unit stress at the inner fibers, where 
r = R, = 4 inches, 


5.771 
u(t Es a) 
4 0.4427M 
Si 4X 0.229 /-0.916™ = — 


For a straight beam 1 inch wide and 4 inches deep, the unit stress in the 
extreme fibers is 0.875M. The unit stress at the inner fibers of a rectangular 
beam for which the outer radius is twice the inner radius is 0.483 + 0.375 = 
1.288 times as great as the stress in the extreme fibers of a straight beam of 
the same section. 


Table XXII below gives the displacement of the neutral sur- 
face and the ratio of the unit stresses in the extreme inner concave 
surface and the extreme outer convex surface of a curved beam 
of rectangular section to the unit stresses in the extreme fibers of 
a straight beam of the same section. 
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Taste X XII.—DispLAcEMENT oF NEUTRAL SURFACE AND EXTREME FIBER 
Srresses IN CurvepD BEAMS OF RECTANGULAR SECTION 


. Distance of neutral 

Ratio of depth ; 
to inner radius, axis from Sevan) 
d in terms of depth, 


Unit stresses in extreme fibers com- 
pared with straight beams of same 


section 


Ri Gh Concave Convex 
0.50 0.0326 1.1538 0.875 
1.00 0.0572 1.288 0.811 
1.50 0.0753 1.409 0.764 
2.00 0.0897 1.528 0.726 
3.00 0.1120 ies 0.682 
4.00 0.1287 1.923 0.652 

we 


1.6 + 
oe LF 
oh ZF 
at 
Wha a 
1.4 cate 
Nace 
ete 
1.2 < 
7 | 
ae 
Wz 
0.8 
Stress at Cony 


oO 
© 
for) 


So 

° 

= 
=I. 


i=) 
. 
~w 


FIBER STRESS IN CURVED BEAM — FIBER STRESS IN STRAIGHT BEAM 
— 
i) 


0 0.5 1.0 1.5 2.0 


2.5 


DEPTH=!INNER RADIUS 
Fia. 210.—Stress at outer fibers cf curved beam of rectangular section. 


Figure 210 is plotted with ue as abscissa. 


Ry 


3.0 3.5 4.0 


The upper curve is 


the ratio of the unit stress at the concave surface of the curved 
beam to the unit stress in a straight beam of the same section. 
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The lower curve is a similar ratio for the unit stress at the convex 
surface of the curved beam. 


Example 


A rectangular beam, 4 inches wide, has an inside radius of 2 inches and an 
outside radius of 7 inches. By means of the curves of Fig. 210, find the 
maximum unit stress when the bending moment is 150,000 inch-pounds. 

This moment would cause a unit stress of 9,000 pounds per square inch in 
a 4-inch by 5-inch straight beam. When the ratio of the depth to the inner 
radius is 2.5, the curve of Fig. 210 reads 1.63. The unit stress at the inner 
fibers is 9,000 X 1.63 = 14,670 pounds per square inch. 


Problems 


1. Verify Table XXII for Me =3. 
1 


2. A curved beam of rectangular section is 6 inches wide and 7 inches deep, 
and has a radius of 2 inches at the inner surface. Find the unit stress 
in the extreme fibers and the displacement of the neutral axis when the 
bending moment is 280,000 inch-pounds. 

The stresses at the concave surface are numerically the greatest and are 
the most important, except in a curved beam of cast-iron which has the con- 
vex surface in tension. 

The broken straight line of Fig: 210 differs little from the actual stress 
ratio for the concave surface. Thesslope of this line is 0.25 and its equation 
is 

=1+ 0.252, (10) 
Ry 

in which y is the ratio of the unit stress in the curved beam at the concave 

surface to the unit stress in a straight beam of the same section. Based on 

this line, the unit stress at the concave surface of a beam is given by the 
approximate formula 


d 
Si = Prt + 0.255 -). (11) 


3. The inner radius of a curved beam of rectangular section is 5 inches, the 
outer radius is 13 inches, and the breadth is 4 inches. By means of 
Equation (11), find the unit stress at the concave surface when the bend- 
ing moment is 25,600 inch-pounds. 

Ans. S = 600(1 + 0.4) = 840 pounds per square inch. 


184. Beams of T-section:—Figure 211 shows a T-section. 
The method of calculation is the same as for a rectangle, except 
that two sets of limits are required. Since the width of the 
flange is 4 inches and the thickness of the stem is 1 inch, the 
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two expressions must be multiplied by 4 and 1, respectively. 


A 10 - , 
feo = 3 9 £5co monde ioscan a BRESS 
4 log 5) + log 3 


Since the center of gravity is 2.6 inches from the inner surface, 
Vo = 2.6 — 1.676 = 0.924 inch. 


GRAVITY 


Fie. 211.—T-section. 


The relative displacement of the neutral axis in a T-section 
or in an I-section is greater than in a rectangular section. 

The resisting moment is calculated with respect to the axis 
of curvature. 


3 9 
M= a f (r — Ro)dr + ef (r — Ro)dr; (1) 
2 3 

2 3 r2 9 
M = 4k as 3.676 | +k sya 3.676 | = 9.24k; (2) 

; J2 3 

M 

paLons, (3) 


When this value of k is substituted in Equation (8) of Article 182, 


M 3.676 


At the convex surface 


M 
x= s5i(1 = = 0.064M. 


Aus _ 5.324M 
0.7/9 10 509.54 


Cast-iron beams are frequently made of T-section and used with 
the stem in compression in order to have the compressive stress 
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in the outer fibers greater than the tensile stress. In a straight 
beam of the section of Fig. 211, the stress at the top of the stem 
would be about 70 per cent greater than the stress at the bottom 
of the flange. With a curved beam the advantage of using a 
T-section is less. Unless the radius of curvature is large, the 
unit stress at the flange is greater than at the top of the stem. 


Problem 


Find the unit stress in the extreme fibers of a rectangular beam, which is 

2 inches wide and 5 inches deep, if the inside radius is 2 inches. Compare 

with the results for the T-section above. If this rectangular beam is made 

of cast-iron, which surface should be in 
tension ? 

Ans. 8S; = 0.212M; S2 = 0.089M. 


185. Curved Beams of Circular 
Section.—From Fig. 212, the ex- 
pressions for finding Ro are 

dA = —2asin 6dr; 
r=c+acos6; 
dr = —asin 6d6; 
= 2a? sin? 6d6, 


Q 
a 
| 


(1) 
in which c is the radius from the 
center of curvature to the center of the circle, and a is the radius 
of the circle. 


Fig. 212.—Circular section. 


dA 2a? sin? 0d6- 


= 2 
r c +acos 6 (2) 
CAas iy 2(c? — a?) 
cm = (—20 cos 9 + 26 — “TF, Nao. (3) 
dA : es a Os a COS LONG 
a =| -20 sin 0+200+24I a (sin PNG cose , (4) 


= er +2V ce? — a°(sin-" Sea ely Aah ate *) (5) 


c—a c+a 
= 2ern —2r Ve? — a? = Ar(c — Ve? — a?). (6) 
Ta? c+ Ve — @ 
a — es if 
Fie Qn(c — Vc? — a?) 2 we) 
Since c = egies pwavel (0) aS ey 


Ry +2VRiko+ RB: (VRi + VR)? (8) 
Ro = oak 4 


4 
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To find the resisting moment in a curved beam of circular sec- 
tion with respect to an axis through the center of curvature, 


Mas Ef (i - = rdA = tfc — Ro)a? sin? 6d0; — (9) 


WEES Ef (“ — Ro)2a? sin? 6 =f 2a? sin? 6 cos 6 ao; (10) 


om ka’| (0 ae Ro) (0 na a) is “a sin’ a], (11) 

M = ka’r(c — Ro). , (12) 
The moment in these equations is taken with respect to the 
axis of curvature. If the total tension is equal to the total 
compression, these forces form a couple and the moment about 
this axis (or any parallel axis) is the same as the moment about 
the neutral axis. 


At the concave surface where r = a 
S, = k(1 ep 


When k is eliminated between this eee and Equation (12) 
the result is 


is ma2(¢ — Ro) tis) 
When the values of Ro and ¢ are substituted in Equation (13), 
the stress at the concave surface is found to be 


(3R, —:2\/Biks = Ra)M 


= : 14 
; wRy,a?(Ry i 2~/ Riko + Re) ( ) 

At the convex surface where r = Re, 
(3Ra — 2\/ Rik: — RDM (15) 


= wRa?( Ry = 2\/ RiRe Re + Re) 


Example 


The inner radius is 4 inches and the outer radius is 9 inches. Find the 
displacement of the neutral axis from the center of gravity of the section, 
and find the ratio of the unit stress in the extreme fibers to the unit stress 
in a straight beam of the same cross-section. 


Ro = -rers — OR inches. 


= 6.5 — 6.25 = 0.25 inch. 
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The relative displacement, in terms of the radius is 0.25 + 2.5 
= 0.10. The relative displacement in this example is one-tenth 
of the radius of the section. 

From Equation (14), the stress at the inner surface is 
(12% 1210) 9M  _2.25M 


| ~ 4na2(4—124+9) 4a? wa? 

From Equation (15) the stress at the outer surface is 

_ (7 —-12—-4)M _ 11M _ 1.22M 
9ra2(4—124+9) Qra? = ra? 

In a straight beam, 5 inches in diameter, 

. M 4M 1.6M 


Si 


S2 


S = = t—4 
mas 51a? Ta” 
4 2 
Problems 


1. A beam of circular section is 2 inches in diameter, and is curved so that 
the inner radius is 1 inch. Find the displacement of the neutral surface 
and the unit stress in the extreme fibers compared with the unit stress 
in a straight beam of the same section. 

Ans. v9 = 0.184 inch; S; = 1.6168; S2 = 0.7058. 

2. Show that in a beam of circular section the maximum possible displace- 
ment of the neutral axis is one-half the radius. 


Tasie XXIII.—Curvep Beams or CircULAR SECTION 
——e———e—eEEeEE———EEEE——EEEEEE—— Ee 


ie ; ie Unit eden eompared with Bpensce 

‘ A istance of neutral! in straig eam of same section 

"feinnerradiusy [48 from center 
D v0 Concave, Convex, 
Ri D S1 S: 

Ss S 

0.2 0.0114 1.071 0.935 
0.4 0.0210 1.142 0.887 
0.6 0.0293 1.207 0.841 
0.8 0.0365 i 2a 0.817 
1.0 0.0429 1.332 0.791 
1.5 0.0563 1.478 0.741 
2.0 0.0670 1.616 0.705 
2.5 0.0758 1.748 0.678 
3.0 0.0833 1.875 0.656 
4.0 0.0955 2.118 0.623 
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Figure 213 is plotted from Table XXIII. Therelative stress at 
the concave surface does not differ greatly from that represented 
by the cee line, 


1 = S(1 +032 ) = (1 +032). (16) 


RATIO OF STRESS IN CURVED BEAM TO STRESS IN STRAIGHT BEAM 


0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4,0 
RATIO OF DIAMETER TO INNER RADIUS 


Fig. 213.— Unit stress in outer fibers of curved beam of circular section. 


186. Curved Beams of Trapezoidal Section.—In a trapezoidal 
section, let C be the distance from the center of curvature to the 
point of intersection of the non-parallel edges of the section, and 
let m be the increase of width of the section per unit distance 
measured along the radius, Fig. 214. In the figure, C is greater 
than R. and m is negative. C may be less than Ri, in which 
case m is positive. 


s = (1 — =). (1) 
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An element of area is m (r — C)dr, and 


total stress = km fp ( — NG — C)dr; (2) 
r2 


total stress = km| 5 


Re 
Ror — Cr + CRo log rl. : (3) 


total stress 


po ee OY 
= km(™ So Rol; — Ra) — C(Rs Fe) + CR log 2 Ra) 
1 


UA esc 


Fia. 214.—Trapezoidal curved beam. 


If there is no resultant stress normal to the section, the total 
stress is zero, and 


oe) 
Re = , (5) 
d — C log Ks 
é Ry 
in which d = Rz. — Ry. 
When C = 0, Ro = on 


and the neutral axis is midway between the surfaces. 
To find the moment of the trapezoidal section with respect to 
the center of curvature, 


M= km f(r — Ro)(r — C)dr; (6) 
M = km{(r?— (R+ Cyr + CRo)dr; (7) 
73 2 R2 

M = km| — (Ro + C5 + CRer | 


22 
em kma (“2 a ee pee eC) — + CRo).(8) 


362 STRENGTH OF MATERIALS [Arr. 186 


At the concave surface where r = Ri, 
(Ri — Ro)M 


ra( + sas +R ps cet 


[Sh c= 


(9) 
Re é Ry 4 CRo) 


At the convex surface where r = Re, a similar formula gives the 
fiber stress, 


So mt (Re aa Ro)M (10) 
Ps 2 
mRzd( “2 ot oe =(Ro Lees +CRo) 
Example 


A trapezoidal curved beam is 2 inches wide at the concave surface, 1 inch 
wide at the convex surface and 2 inches deep. ‘The inner radius is 4 inches. 
Locate the neutral axis and find the maximum unit stresses in terms of the 
moment. 


R, = 4 inches, R2 = 6 inches, C = 8 inches, d = 2 inches, m = —0.5. 


(5—8)2 _ 6 
cee log. 2 1.2437 


= 4.824 inches. 


Ro = 


The center of gravity of the section is 4.889 inches from the center of 
curvature and vy = 0.065 inch. 


a (4 — 4.824) M 
a ; 
0.5xX4x te — 12.824 X54+8X 4.824) 
0.824M 
Si = 4X 0.195 ~ 1.084, 
_ (6 — 4.824)M _ 
S» 6 S01oh 1.005M. 
For a straight beam of the same section, 
12M 
15M 
S. = sisi 1.154M. 


Equation (5) shows that the location of the neutral axis is independent of 
the slope. ‘The unit stress at the extreme fibers is inversely proportional to 
m. The ratio of the unit stress of the curved beam to the unit stress of a 
straight beam of equal area of cross-section is independent of m. 

For any given ratio of C to Ri, a set of values might be computed for the 
ratio of the maximum unit stress in the curved beam to the maximum unit 
stress in a straight beam of equal section, and a curve might be plotted as 
was done for beams of circular and rectangular sections. A set of such 
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curves might be made for different values of a However, since the calcula- 
iw 


tion of the center of gravity and section modulus of a trapezoidal section is 
as laborious as direct substitution in Equations (5), (9), and (10), it is not 
worth while to make these curves. 


187. Hooks.—A hook is equivalent to a curved beam which is 
subjected to eccentric tension. As in a short block which 
is eccentrically loaded, the total pull P may be replaced by 
a pull P through the center of gravity of the section and a bending 
moment Pe, in which e is the distance of the center of gravity 
of the section from the line of the load. The direct tensile 


rhe 3 : : : 
stress is 7G If the hook is straight at the section under considera- 


; ; eee fs Phu ey 
tion, the tensile stress which is due to bending is ae and the 


total stress at the innermost fibers is 


te ec 
At the outermost fibers, if the hook is straight at the section 
under consideration, 
P ec 
S= a = *): Q) 


Since the eccentricity of the load on a hook is always so great 
ec : ; : : 
that a is greater than unity, S is a compressive stress. 


While Equations (1) and (2) afford an approximate method 
of finding the maximum stresses in a hook or curved bar which 
is subjected to tension or compression, there is an error on the 
side of danger, unless the curvature at the section under considera- 
tion is relatively small. For accurate results, it is necessary to 
regard the hook as a curved beam in calculating the bending 
stress. At the innermost fibers of a hook, 


8. =F +5, (3) 


in which S, is the unit stress at the concave surface calculated 
for a curved beam with the moment Pe. At the outermost 


fibers, 


12 
A’ (4) 


in which S2 is the bending stress at the convex surface calculated 
for a curved beam with moment Pe. 


S. = Se —- 
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188. Curved Bars of Rectangular Section.—While hooks are 
not made with rectangular sections, curved bars frequently 
have this form. 


Example 


A curved bar of rectangular section is 2 inches wide. At the section 
farthest from the applied load the inner radius is 3 inches and the outer 
radius is 6 inches. The load is 3,000 pounds tension and passes through the 
center of curvature. Find the maximum unit tensile and compressive stress 
at the most remote section. 


R, = 3 inches; R2 = 6 inches; d = 3 inches; b = 2 inches. 


M = 3,000 X 4.5 = 13,500 inch-pounds; A = 6 square inches; 
aye: mils 

a 500 Ib. /in. 

Ro = : : = 4.328 inches. 


loge 2 0.69315 
ve = 4.500 — 4.328 = 0.172 inch. 


The unit stress at the innermost fiber due to bending, by Equation (9) of 


Article 183 is, 
2 (3. 4,828)19, 5000 Ric ae 
Si = 3xX%2xX3X0172 > 5,790 lb. /in.? tension. 
S; = 5,790 + 500 = 6,290 lb. /in.? 
At the convex surface, 
g, = (6 = 4.328)13,500 
me OSS x ON2 
Se = 3,638 — 500 = 3,145 Ib. /in.? 
If the bar were straight and the eccentricity were the same, the bending 
stress in the outer fibers would be 
13,500 X 6 
PB) Se SE 
The approximate value of the unit bending stress, as calculated by Equa- 
tion (11) of Article183, is 4,500 (1 + 0.25) = 5,625 lb. /in.?, and the approxi- 
mate S; is 5,625 + 500 = 6,125 lb./in.? 


= 3,645 lb. /in.? compression. 


Ss = = 4,500 pounds per square inch. 


Problems 


1. A curved beam of square section is 2 inches wide. The inner radius is 
3 inches and the outer radius is 5 inches. The load is 2,000 pounds and 
passes through the center of curvature. Find the maximum tensile 
and compressive stress. Ans. St = 7,866 lb. /in.? 

2. A curved bar of rectangular section is 3 inches wide. The inner radius is 
6 inches and the outer radius is 10 inches. The load is 6,000 pounds and 
the line of the load is 3 inches from the concave surface of the bar. Find 
the maximum tensile stress. 


189. Hooks of Circular Section.—The problem of finding the 
unit tensile stress at the concave surface of a hook of circular 
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section is solved by means of Equation (14) of Article 185. If 
tension is regarded as positive, the complete expression for 
the unit stress at the concave surface is 


Pe(R, + 24/ Rik, — 3R1) P 


S.= ———— : 1 

* ra2Ry(Ri — 2>/Rikea + Re) + ra ) 

S: ap a e(Re + 2” RR, Ss 3R,1) ae 1) (2) 
TaN Ri(Ry — 20 Rikz + Re) 

At the convex surface, from Equation (15) of Article 185 

_ P (eR, — 2VWRiR2 — R,) 

i= seal (3) 
TaN Ri(Ri — 20 Ri Re + Re) 


Example 


A hook of circular section is 2 inches in diameter. The inner radius of 
curvature is 3 inches and the outer radius is 5 inches. The load is 2,000 
pounds with the line of its resultant 1 inch inside the concave surface. Find 
the unit stress in the extreme fibers. ; 


Ri = 8 inches; Ry = 5 inches; a = 1 inch; e = 2 inches. 


©, = 636.6 Ib. /in.? 

Sie 636.6(5° ae = a 1). 

Si 636.6( 5 ae A 1) = 636.6 X 10.83 = 6,894 Ib. /in.? 
ee 636.6( = . — 1) = 636.6 X 5.699 = 3,628 Ib. /in.? 


Problem 


A hook of circular section is 3 inches in diameter. The inner radius of 
curvature is 4 inches and the distance from the center of the section to the 
load line is 3inches. If the maximum allowable unit stress is 10,000 pounds 
per square inch, what is the safe load? Ans, 6,400 pounds. 


190. Hooks of Trapezoidal Section.—Hooks are frequently 
made of trapezoidal section with the larger base toward the center 
of curvature. In the actual hooks the corners are rounded as in 
Fig. 215. Such a hook may be calculated as if it were the full 
trapezoidal section and the bending stress in the actual hook may 
then be computed by multiplying the stress obtained from the 
full trapezoid by the ratio of the moment of inertia of the full 
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trapezoid to the moment of inertia of the actual section. This 
moment of inertia may be calculated with respect to the center 
of gravity or with respect to the neutral axis of the full section. 


I II 
Fia. 215.—Hooks. 


Example 


A hook of trapezoidal section is 2 inches wide at the concave surface, 1 
inch wide at the convex surface and 4 inches deep between these surfaces 
at the section most remote from the line of the load. The inner radius for 
this section is 4 inches and the line of the load is 2 inches from the concave 


surface. Find the unit stress in the extreme fibers when the load is 8,000 
pounds. 


To find the bending stress: 


Ri = 4 inches, Re = 8 inches, C = 12 inches, m = — i 
24 : 
Ro = 43178 7 5.558 inches. 
g (4 — 5.558)M _ 1.558M 
1 


~ 4(37.333 — 105.348 + 66.696) 5.276 


The center of gravity is 17% inches from the concave surface so that the 
moment arm is 37% inches. 


S1 = 0.2952 X 8,000 X 37% = 8,920 lb. /in.? 
P _ 8,000 


qe ee Sse. 


S; = 10,253 Ib. /in.? 


ne 


Problem 


Solve the example above for the unit stress in the extreme outer fibers. 

191. Variation of Dimensions and Curvature of Hooks.—In a 
hook or curved rod subjected to tension or compression parallel 
to its length, the sections most remote from the line of the load 
must have the greatest section. Since the unit stress at the con- 
cave surface is made smaller by increasing the radius of curvature 
it is desirable to make the radius of the more remote sections as 
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great as practicable. In Fig. 216 the section at A has the inner 
radius OA while the section at B has the smaller radius CB, and 
the section at H, where the moment is small, has a still smaller 
radius. 


Fie. 216.—Curved bar. 


The same principles may be applied to the design of a hook, 
but the increased length needed when the larger radius is used 
may require more material than would be necessary with the 
smaller radius and larger section. 

In Fig. 215, I, the section CD is subjected to considerable shear- 
ing stress which must be taken into account in designing the 
section. The section HF is subjected, not only to shear, but also 
to a concentrated compressive stress for which due allowance 
must be made in the design. 


CHAPTER XIX 
CENTER OF GRAVITY 


192. Center of Gravity—When each of the particles which 
compose a body or system of bodies is subjected to a force which 
is proportional in magnitude to the mass of the particle and 
parallel to the similar forces in every other particle, the line of 
application of the resultant of these forces passes through the 
center of gramty of the body or system. 

The location of the center of 
gravity is determined from the in- 
tersection of two such resultants. 

Figure 217 represents three particles 
of relative masses 2,3 and 4, united 
by weightless rods to form a single 
body. In Fig. 217, I, these particles 
are subjected to forces directed 
vertically downward. The resultant 
of these forces is a force of 9 units 

, along the line CD. The center of 
Fic. 217.—Center of gravity of 5 : 5 
three particles. gravity is located at some point on 
this line. In Fig. 217, il, the forces 
are horizontal, and their resultant is a horizontal force of 9 units 
along the line HF. The point O at the intersection of HF with 
CD is the center of gravity. 

The center of gravity is also called the center of mass. 

193. Determination of the Center of Gravity by Balancing.— 
The force with which the earth attracts the particles of a body is 
proportional* to the mass of each particle. 

Since these forces are directed toward the center of the earth, 
they intersect at a distance of 4,000 miles, and may, therefore, 
be regarded as parallel within the limits of accuracy of measure- 
ment. The resultant force of gravity on any body passes through 


* The difference in the force of the attraction of the earth which is due 
to inequality of distance from the center is about one part in ten million 
for a difference of one foot. This is negligible for ordinary bodies. 

368 
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the center of gravity. A body may be held in equilibrium by a 
single force, provided that force is along the line of the resultant 
of all the other forces. When a body is supported by a flexible 
cord or by a point about which it is free to turn without friction, 
the center of gravity must be on the vertical line through the 
point of application of the cord or point (provided, of course, no 
forces are acting except gravity and the cord or point). 

Figure 218 shows the same body as Fig. 


217. In Fig. 218, I, the body is supported 3 

by a cord at C. A plumb line which is let 

fall from C passes through the center of l 
gravity. In Fig. 218, II, the body is sup- , D 


ported on a point or knife-edge at H and I 
turns under the action of gravity until its 
center of gravity comes directly below 
the point of support. The intersection 
of the plumb line from EF with the line CD 
(which has been marked in some way) gives 
the center of gravity O. 

Since the center of gravity is usually 
surrounded by solid material, this method 
of finding it is of little practical use. It Frc. 218—Location of 
is sometimes valuable for relatively long CoE Seer as 
bodies, especially if there are some plane surfaces which may 
be used as planes of reference. Figure 219 shows a beam 
balanced on a knife-edge. The center of gravity is in the vertical 
plane above the line of support. To completely locate the 
center of gravity of a solid, three planes must be determined 
which pass through it. The point of intersection of all three 

planes is the point required. 
, 7 194. Center of Gravity by 
¢ : Moments.—In theoretical discussions, 
Fia. 219.—Center of gravity ; 2 
by balancing. the center of gravity is usually located 
by moments. The plane of applica- 
tion of the resultant of any set of parallel forces may be 
determined by dividing the sum of the moments of these forces 
about any axis by the resultant force. 


Example 


Four masses are attached to a straight rod. These are: 16 pounds at 
the left end, 20 pounds at 7 feet, 8 pounds at 10 feet, and 12 pounds at 14 
feet from the left end. The rod weighs 4 pounds and its center of gravity is 
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8 feet from the left end. Find the center of gravity of the rod and bodies 
combined. 

Moments are taken about an axis through the left end perpendicular to 
the length of the rod. The solution may be arranged in convenient tabular 
form as follows: 


Mass Moment arm Moment 
16 0 0 
20 7 140 
4 8 32 
8 10 80 
12 14 168 
Total 60 pounds. 420 foot-pounds 


When the moment of 420 foot-pounds is divided by the total 
force of 60 pounds the result is 7 feet, which is the distance of 
the center of gravity from the left end of the rod. 


Problems 


1. Check the example above by moments about an axis which is 3 feet from 
the left end of the rod. 

2. A straight horizontal rod is 12 feet long, weighs 40 pounds, and has its 
center of gravity at the middle. It carries 48 pounds on the left end, 72 
pounds 4 feet from the left end, 60 pounds 7 feet from the left end, 30 
pounds 1 foot from the right end. Find the center of gravity by moments 
about an axis through the left end and check by moments about an axis 
through the right end. 


If the masses of the bodies in these problems are mi, m2, m3, 
ma, and so forth, and if the moment arms are 2, 22, %3, and 24, 
respectively, the sum of the moments is 

M = myx + mote + mst3 + max, and so forth, 
and the location of the center of gravity is given by 


= Mik, + Moke + Mats + madly 


Mi -F Mme + ms + M4 (1) 


in which @ is the distance of the center of gravity from the origin 
of moments: 

195. Center of Gravity of Bodies in a Plane.—When it is 
desired to find the center of gravity of a number of bodies which 
have their centers of gravity in the same plane, moments must be 
computed about two axes. Figure 220 represents four bodies in 
the plane of the paper. The masses of these bodies are mu, 
M2, ms, and m4, respectively. If a point in the line AB of Fig. 
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220, I, is taken as the origin of moments, and if the forces of 
gravity on the masses have the direction of the arrows, the moment 
arms are X1, V2, X3, and x4, and the equation of the preceding article 
gives . To find the other codrdinate of the center of gravity, 
the system may be rotated 90 degrees to the position of Fig. 220, 


Fic. 220.—Center of gravity by moments. 


II. It is better, however, to consider the system fixed in the 
position of Fig. 220, I, and to assume the forces to be rotated 
through an angle of 90 degrees to the direction shown in Fig. 220, 
III. If any point in the line CD is then taken as the origin of 
moments, the moment arms are 41, Ye, Ys, and ys, and 


— _ Miyi + Myo + Myst Maa, 
y mM, + me + m3 + Mm, 

For each of these calculations the axis of moments has been 
taken perpendicular to the plane of the paper. Instead of this, 
each axis may be regarded as parallel to the plane of the paper 
and the forces may be assumed perpendicular to that plane. 
In Fig. 220, I, the line AB may be taken as the axis of moments 
for finding Z. In fact, to find %, any axis may be used, provided 
it lies in a plane which is normal to 21, 22, etc. 

In finding the center of gravity, it is customary to speak of 
moments with respect to a plane. To find one coérdinate of a 
center of gravity, multiply each mass by the distance of its center 
of gravity from some plane of reference. The sum of these 
moments divided by the sum of the masses gives the required 
distance. 


Problems 


1. A body is composed of three particles in the same plane 


Mass x y 
3 5 i 
2 4 8 
5 3 6 
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Find & and 9. 

fe 2 Oo ee X See OX Sie Soe 
34+245 10 +2 

8X 7 = 21 

2X8 = 16 

5 X 6 = 30 

107 = 67 

sO 


The second form of solution is preferable, especially when the numbers 
are large. It is still better to arrange the data and results in a single 
table, as shown in Problem 2, with the multiplication and equality sign 
omitted. 

2. Find the coédrdinates of the center of gravity of 


Mass x y mx my 
12 4 3 
10 —3 4 
8 3 if 
x = 1.4 
] = ? 


8. Solve Problem 2 taking moments with respect to the planes x = 2, 
and y = 3. 


196. Center of Gravity of a Plane Area.—The location of the 
point which is called the center of gravity of a plane area is 
important in the study of Strength of Materials. A plane area 
may be regarded as a plate of uniform thickness and density. 
In calculating the moment, it is customary to consider this 
plate to have unit mass per unit area. 

The center of gravity of a few plane areas may be determined 
geometrically. If the area has a line of symmetry, the center of 
gravity lies in this line. If it has two lines of symmetry the cen- 
ter of gravity is at their intersection. The center of gravity of 
a circle is at the center. The center of gravity of the rectangle 
of Fig. 221 lies in the line of symmetry AB, which is midway 
between the ends. It also lies in the line of symmetry CD, 
which is midway between the sides. The center of gravity is, 
therefore, at the intersection of these lines. 

A triangle, Fig. 222, may be regarded as made up of an infinite 
number of infinitesimal rectangles, such as AB, all of which are 
parallel to the base BH. Since the center of gravity of each 
of these rectangles is at the middle of its length, the center of 
gravity of the triangle must lie in the median CD. In a similar 
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manner, it may be shown that the center of gravity of the triangle 
lies in the median EF and in the median GH. It is proved by 
geometry that the three medians of a triangle intersect at a 
point which is two-thirds the length of each median from the 


B 
A 
Fia. 221.—Center of gravity of Fia. 222.—Center of gravity of 
rectangle. triangle. 


vertex of the triangle through which it passes. The line OD is 
one-third of CD. If H is the altitude of the triangle, measured 
perpendicular from the base, the perpendicular distance ON, 


: abe 
from the center of gravity to the base is 3° 


The center of gravity of a parallelogram lies at the intersection 
of two lines parallel to the sides and midway between them. 

Many important figures are made up of combinations of tri- 
angles, parallelograms, and circles. 


Example 


Find the distance of the center of gravity of a 6-inch by 5-inch by 1-inch 
angle section from the back of the legs. 

The section may be divided into a 4-inch by 1-inch rectangle, and a 6-inch 
by l-inch rectangle (Fig. 223). To find , moments may be taken ith 
respect to the axis Y-Y at the back of the 5-inch leg. 


dey 0F57 t= 2 
Gi Ge oO l8 
10% = 20 
4 = 2 inches 
Problems 
1. In the example above find 7. Ans. 9 = 1.5 inches. 
2. Solve Problem 1 by dividing the section into two 5-inch by 1-inch 


rectangles. 
3. The lower base of a trapezoid (Fig. 224) is 10 inches, the upper base is 6 
inches, and the altitude is 12 inches. Find the distance of the center of 
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gravity from the lower base by dividing the trapezoid into a rectangle and 
a triangle. 
4. Solve Problem 3 by dividing the trapezoid into two triangles. 


6. 
19" 
I Il 


Fic. 223.—Center of gravity of Fig. 224.—Center of gravity of trapezoid. 
angle section. 


It is sometimes convenient to consider a given area as the difference 
between two areas. The angle section of Fig. 223 may be regarded as a 
6-inch by 5-inch rectangle from which a 5-inch by 4-inch rectangle has been 


subtracted. 
Area Arm Moment 
30 3 90 
— 20 3.5 — 70 
10% = 20 


z Bs 2 


le 


; 10° >| 
Fig. 225.—A channel section. Fie. 226.—Plate and channel 
section. 


Problems 


5. Solve Problem 3 by regarding the trapezoid as the difference between a 
10-inch by 12-inch parallelogram and a triangle with a 4-inch base. 

6. A rectangular board 20 inches long and 18 inches wide has a circular 
hole, 8 inches in diameter, cut out. The center of the hole is 5 inches 
from the left end and 6 inches from the lower edge. Find the center of 
gravity of the remainder. Check by means of axes through the center 
of the hole. 


; % = 10.81 inches from the left end. 
7. A 12-inch circular board has an 8-inch hole with its center 1 inch from 


the center of the board. Find the distance of the center of gravity from 
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the center of the board. Do not multiply by x to find the actual area 
of either circle. 

8. Figure 225 represents a standard 10-inch, 15-pound channel section. 
Find the distance of the center of gravity of the section from the back 
of the web, and compare with handbook. 

9. Look up the dimensions of a standard 15-inch, 33-pound channel, and 
calculate the area and the distance of the center of gravity from the 
back of the web. (For dimensions, see Cambria Steel, 1919 Edition, 
page 12 or Carnegie Pocket Companion, page 26. The curves and 
fillets are neglected and the section is assumed to be made up of rectan- 
gles and trapezoids as shown in Fig. 225 or by the figure on page 29 of 
Cambria.) 

10. A section is made of two 12-inch, 25-pound channels and one 14-inch 
by 14-inch plate. Look up area of channels in handbook and compute 
the distance of the center of gravity of the section from the common 
surface of the plate and channels. 


197. Center of Gravity by Integration—In the preceding 


article, the center of gravity has been found by dividing the area 
into a finite number of parts, such as rectangles, triangles, or 


a 


— 


III 
Fia. 227.—Elements of area. 


Ea 


circles, for each of which the area and location of the center of 
gravity is known. When the boundaries of the area are such 
that it can not be divided into these simple geometrical figures, 
the moment and area are found by integration. Figure 227 repre- 
sents several areas. If x’ is the distance from the plane with 
respect to which moments are taken to the center of gravity of an 
element of area dA, the moment of that element is x’dA and the 


moment of the entire area is i} v'dA. 


The total area is f dA, therefore, 
eas Be Svaa (1) 


oe 


i= Svea (2) 


ay 
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In Fig. 227, I, x’ is the same as x of the curve at the inter- 
section with the element of area. On the other hand, y’ is one- 
half the y of the curve. 

In Fig. 227, II, the element of area is horizontal and y’ is equal 
to y. The length of this horizontal element is a — x, and z’ = 


z+ 2 a v= aE e In Fig. 227, IIl, which is intended for 


double integration, x’ = x andy’ = y. 

Figure 227, IV, gives the polar coérdinates. The element of 
area for double integration is r dé dr; x’ = r cos 6; and y’ =r 
sin @. 


Example 


Find the center by gravity of a triangle of base 6 and altitude h by 
integration. 


Fria. 228.— Center of gravity of triangle. 


Figure 228 shows the triangle with the base parallel to the Y axis. The ver- 
tex C is placed at the origin of coordinates. The element of area is the strip 
FF’, which is dx wide. From similar triangles, the length of this strip is 


found to be . 
ba 
CAG yo (1) 
ot, bfatys bh? 
wae pie a 
{fe aes y 
h hL 2 jo 2 
Syecae 
= ah (3) 


The denominator of the last term of Equation (2) is the known area of the 
triangle, which shows that the increment of area and the limits of integration 
were correctly taken. 

The constant terms b and h occur in both numerator and denominator of 
Equation (2). The center of gravity would be correct if these were canceled 
before the first integration. It is best, however, to cancel no terms until 
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after the limits have been substituted in the final expressions. The two 
expressions then give the true moment and area and make it possible to 
compare these with any known values. Variable quantities must never be 
canceled before integration. If one limit is 0, a variable may be canceled after 
integration before the limits are substituted. If neither limit is 0, the divi- 
sion must not be made until after the limits have been substituted in the 
integral. 


Problems 
1. The lower base of a trapezoid is b, the upper base is c, and the height 


is h. By integration, find the distance of the center of gravity from the 
base and check by means of a triangle and a parallelogram. 


X 


Fria. 229.—Center of gravity of area bounded by a parabola. 


2. Find the distance from the Y axis of the center of gravity of the plane area 
bounded by the X axis, the parabola y? = 4a, and the ordinate x = 9 


(Fig. 229, I). 
The element of area 1s ydz, and the moment arm is z of the curve 


i xydx 
(4) 


) 


Since there are two variables in the integrals of Equation (4), one of these 
must be eliminated by substituting its value in terms of the other from 
the equation of the curve. First eliminate y by substituting 2./z, and 
integrate between the limits for z. Then eliminate x and dz by substi- 
tuting the values in terms of y and dy, and integrate between the limits 
for y. Compare the results. 
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3. 


» 


Solve Problem 2 for g, with the horizontal element of Fig. 229, II. 
Eliminate z and use y as the independent variable. The result should 
be greater than 2 and less than 3. Why? 


- Solve Problem 3 for g, with the vertical element of Fig. 229, I. 
. Solve Problem 2 for # with the horizontal element of Fig. 229, IT. 
. Solve Problem 2 for % by double integration, integrating first with 


respect to y. After substituting the limits in terms of z, compare with 
the second step of Problem 2. (See Fig. 229, III.) 


- Solve Problem 3 for g by double integration. Integrate first with 


respect to x (Fig. 229, IV). Compare with one of the single integrations. 


When an area is integrated by double integration, the result 
of the first integration after the limits are substituted is equiv- 
alent to one of the first steps of a single integration. When 


rectangular coérdinates are used, a double integration is seldom 
required in the solution of a problem of areas. With polar 


coordinates, on the other hand, double integration is generally 


preferable. 


TABLE XXIV 


al 


EQUATION | AREA Mz 


4Y; 


oo 
Ss 


Fig. 230.— Center of gravity of some plane figures. 


The student should always draw the diagram as in Fig. 229, 
construct the element of area, and determine how these ele- 
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ments should be joined together to form the entire figure. The 
algebra must always be interpreted in terms of the geometry 
and the geometry must be expressed in terms of the algebra. 

Table XXIV gives the area, the location of the center of 
gravity, and the moment with respect to a plane through the left 
end, for some plane figures. The first two of these are of especial 
importance in finding the deflection of a beam by the method 
of Area Moments, and the others are sometimes used for this 
purpose. 


Problems 


8. Verify the values of Table XXIV. 
9. Find the moment with respect to the Y axis of the area enclosed by the 
X axis, the line y = bz, and the ordinate x = c and x = d. Solve by 
means of the Table X XIV and check by dividing the area into a triangle 
and a rectangle. 
b(d§ — c?) 
3 

10. Find Z of the area bounded by the Y axis, the line y = 6, the hyperbola 
zy = 12, the line x = 12, and the X axis, using a vertical strip as the 
element of area. 


12 + fede 12 + 12 f ae 
1 2) 2 
pels te ee aot 


Ans, £)= a x 
12 + fyae 12 + {Zaz 12 + 12[log x), 


11. Find Z for a 60-degree sector of a circle of radius a 
with the X axis as one of the bounding lines (Fig. 
231). Solve by polar coérdinates, integrating first 
with respect to r. The order of integration is 
immaterial in this problem, as the limits of one 
variable are independent of the other. When the 
limits are not independent in a problem of polar 


Ans. M; = 


coérdinates, integrate first with respect to r.) Ais rs UES 
a f ° 
Ans. £ = V3 = 0.55l1a. a ONAN a sector 


Tv 


12. Using the value of # from Problem 11, find 7 without integrating. 
a 


Ans. § = — 
Tv 

13. Solve Problem 11 for Z if the sector is so placed that the X axis bisects 
it. Compare with results of the preceding problems. 

14, Find the center of gravity of segment of a circle of radius 10 bounded on 
one side by a straight line at a distance 5 from the center of the circle. 
Solve by rectangular coérdinates, using strips parallel to the boundary 
line as increments of area. Ans. & = 7.05. 
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Using only the half above the X axis and calling the radius a: 


‘a 
fevaz fw — x*)’xdx 
z= = 
uaz _ a? f sin? 6d6 


* (= fs «) |: a/3 
whe 8 


The independent variable is changed in the denominator and might also be 
changed in the numerator. Why is the upper limit in the denominator 0 


and not Be Explain the geometric meaning of each term in the denominator. 


15. Solve Problem 14, by double integration with polar coérdinates (Fig. 
PB Mi))e 3 
16. Find the center of gravity of a semicircular area of radius a. 


I 
Fia. 232.—-Center of gravity of a segment of a circle. 


198. Center of Gravity by Experiment.—Sections of materials 
subjected to bending are frequently of such form that it is diffi- 
cult to express the boundaries in mathematical symbols. For 
any such section, the center of gravity may be found by cutting 
it out of a sheet of card board or metal and balancing on a knife- 
edge. Where considerable accuracy is desired, it is best to cut 
out a short portion of the actual beam between two parallel 
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transverse planes and locate the center of gravity by moments on 
the beam of a delicate balance. 

Figure 233, I, represents a body AG, which is balanced by the 
poise P. If the body is then turned end for end on the balance 
beam to bring the point A to the position A’, while the opposite 
end remains stationary, the center of gravity is moved through 
the distance GG’, which is twice its distance from the large end 


Fig. 233.—Center of gravity by balancing. 


of the body. The poise P must be moved to the position P’. 
If the mass of the body is known in terms of the mass of the poise, 
the distance GG’ may be calculated. 


Problem 


1. A plate of uniform thickness is placed on a light horizontal shelf which is 
attached to the beam of a balance. When the plate is turned end for 
end about a given line, a poise weighing 20 grams is moved 2.40 inches 
to balance. The plate weighs 32 grams. How far is the center of gravity 
from the line of reference? Ans. 0.75 inch. 


Another method for finding the center of gravity is shown 
by Fig. 233, II. 

The body is placed on the beam as before and moved till 
equilibrium is secured with some convenient weight on the oppo- 
site end. It is then turned end for end and moved along the 
scale beam until the same balance is secured, with all other weights 
unchanged. The center of gravity is now in the same position 
which it occupied before turning. If the position of any point 
such as A is noted before turning and again after turning, the 
difference of these two positions is twice the horizontal distance 
of A from the center of gravity. This may be done with great 
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accuracy on the beam of a platform scale by clamping to the beam 
a small steel scale for determination of the displacement of the 
points as shown in the figure. 


Problem 


2. A body is balanced on a scale beam. When turned around and again 
balanced, it is found that the point originally at the left end is displaced 
3.32 inches. How far is the center of gravity from this end? 

Ans. 1.66 inches. 


CHAPTER XX 
MOMENT OF INERTIA 


199. Definition—The moment of inertia of a body with 
respect to an axis is the sum of the products obtained by multi- 
plying the mass of each particle of the body by the square of its 
distance from the axis. If m is the mass of any particle, and r 
is its distance from the axis, 

LT = 2mr?. 

For a continuous body, the definition expressed mathematically 

is 
I = fram, Formula XXXIII 


in which J is the moment of inertia and dM is any element of mass. 


Fig. 234.—Element of volume. Fria. 235.—Moment of inertia of 
parallelopiped. 


In Fig. 234, the moment of inertia is taken with respect 
to the Z axis. The element BB’, which extends through the 
body parallel to the Z axis, is the element of mass of Formula 
XXXIII. This element of mass might have the form of a 
hollow cylinder of radius r and thickness dr, or it might be 
infinitesimal in three directions. The mass dM is the volume 
of this element dV multiplied by the density 

dM = pdV. 

If the moment of inertia is taken with respect to the Z axis 
and if z’ is the length of an element parallel to the axis and 
extending entirely through the body, the expressions for dV 


and r are: 
383 
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With rectangular codrdinates, 
dV = dz dy dz for triple integration; 
dV = 2’dzx dy for double integration; 
r2 = g? + y?, 
With cylindrical or mixed codrdinates with the Z axis as the 
axis of the cylinder 
dV =r dé dr dz for triple integration; 
dV = 2’r dé dr for double integration; 
dV = 2r rz’ dr for single integration; 
(ee, 
With spherical coérdinates with the Z axis as the axis of the 
sphere from which 6 is measured, 
dV =r? sin 6 dé d¢ adr for triple integration 
dV = 2rr? sin 6 dé dr for double integration 
7g? soy? sin? 0, 


I 


Problems 


1. By double integration, find the moment of inertia of a rectangular paral- 
lelopiped of length J, width b, and height d with respect to an edge parallel 
to the length (Fig. 235). 


Ans. [= oar +d?) = a +d’), in which M is the total mass. 
2. Find the moment of inertia of a homogeneous solid cylinder of length 1 


and radius a with respect to the axis of revolution. Solve by double 


4 2 
integration with cylindrical coérdinates. ANS i= apla = Ma . 


2 2 


Cc 


Fie. 236.—Moment of inertia of | Fig. 237.—Moment of inertia of a cone. 
cylinder. 


The element of volume has a constant length 7 and cross-section r dé dr. 
The first integration with respect to r gives a wedge-shaped element between 
the planes whose traces on the front of Fig. 236 are the lines OE and OF. 
The second integration builds up the cylinder of a series of such wedges. 
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If 6 is integrated first between 0 and 2z, the result is a hollow cylinder of 
radius r and thickness dr. The volume of this hollow cylinder is 2zrl dr, 
and its moment of inertia with respect to the axis QO’ is 2rplr? dr, which 
might have been obtained directly without integrating. 

3. Find the moment of inertia of a right cone of height h and radius of 
base a with respect to the axis of revolution, by a single integration using 

a hollow cylinder as the element of volume. 


a Nace Cs _ xpath _ 3Me? 
Tai np frie dr 2nph [, rt) dp = TE s 


4. Find the moment of inertia of a homogeneous solid sphere of radius a 

with respect to a diameter. Use as the element of volume a ring of radius 

r and cross-section dr dz. Integrate first with respect to z. What is the 
form of the element after this integration? 

2Ma? 

Ans, f= ee 

5. Integrate Problem 4 first with respect to r. Show that the result of the 

first integration gives the moment of inertia of a disk of thickness dz. 

How would you solve the problem with a single integration and the 

results of Problem 2? 


6. Solve Problem 3 by a single integration building the cone of flat disks 


parallel to the base and applying the results of Problem 2 for finding the 
moment of inertia of each disk. 


2 
The moment of inertia of each disk is es in which a = r and 


2 
M = azpr’dz. 


200. Radius of Gyration.—The radius of gyration may be 
defined algebraically by the equations: 


Mk? = I, (1) 
ke = = (2) 


in which & is the radius of gyration. 

The radius of gyration is the distance from the axis at which 
the entire mass could be concentrated and leave the moment of 
inertia unchanged. In the case of a homogeneous solid cylinder 
with respect to the axis of revolution, 


Ma’. 
[= 93 

a? 
Dope pt hes 
k x 


k= Fi = 0.7071a. 


If the entire mass of a solid cylinder of radius a were condensed 
into a hollow cylinder of radius 0.707a and negligible thickness, 
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or into a single filament at a distance of 0.707a from the axis, 
the moment of inertia in each case would be the same as that of 
the solid cylinder. 


Problems 


1. A homogeneous solid cylinder is 24 inches in diameter. Find the radius 
of gyration with respect to the axis of the cylinder. 
Ans. k = 64/2 = 8.48 inches. 
2. A rectangular parallelopiped is 6 inches by 8 inches by 12 inches. Find 
the radius of gyration with respect to one of the 8-inch edges. 
Ans. k = 7.75 inches. 
3. A solid cylinder which is 20 inches in diameter and weighs 40 pounds is 
coaxial with a cylinder which is 12 inches in diameter and weighs 60 
pounds. Find the moment of inertia and the radius of gyration of the 
two cylinders with respect to their common axis. 
Ans. k = 5.55 inches. 
4. Find the radius of gyration of a homogeneous hollow cylinder of outside 
radius a and inside radius 6 with respect to the axis of revolution. 
uae + 0? 
Ans. k= : 
2 
5. By integration, find the moment of inertia of a homogeneous solid cylinder 
with respect to an element of the curved surface as an axis (CC’, Fig. 236.) 
Ans. I = 34Ma*. 
6. Solve Problem 5 with the origin of codrdinates at the axis of the cylinder. 
The element of area is r dé dr, in which r is measured from the axis of the 
cylinder, and the element of volume is Jr d@dr. In the expression 
redm, r is the distance from the axis of inertia to the element of mass. 
If this distance is represented by 14, 
ri = a? +7? + 2ra cos 6, 
in which @ is the external angle between the radius r and the plane 
through the axis of inertia and the axis of the cylinder. 
7. Find the moment of inertia of a homogeneous solid cylinder with respect 
to an axis which is parallel to the axis of the cylinder and is at a distance 


dfrom it. Solve with the origin of ccdrdinates at the axis of the cylinder 
(Fig. 238). 


a? 
PAWUS mel == u(a + ): 


201. Transfer of Axis.—The integration of Problem 5 of the 
preceding article is laborious. The method of Problem 6 is 
much easier. If an attempt were made to solve Problem 7 
with the origin of codrdinates on the axis of inertia (through 0, 
Fig. 238) the integration would be found extremely difficult. 
It is advisable, therefore, to choose as axes of codrdinates those 
axes which make the integration the simplest. All the advan- 
tages of this method, however, are secured by means of the prop- 
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osition for the transfer of the axis. If I is the moment of inertia 
of a body with respect to an axis through its center of gravity, 
and J is the moment of inertia with respect to any other axis 
which is parallel to this axis through 
the center of gravity and at a distance 
d from it, the proposition states that 
I =I,+ Md? 
Formula XXXIV. 
In Fig. 239, CC’ is an axis through 
the center of gravity of a solid, and 
OO’ is a parallel axis at a distance d 
from CC’. In Fig. 239, I, BB’ is an element of volume parallel 
to CC’ and OO’. Its coérdinates with respect to CC’ are (x,y). 
The coérdinates of CC’ with respect to OO’ are (a,b). 


Fia. 238. 


Sa ee 


ee = ar a er 


K—- 


Fie. 239.—Transfer of axis. 


d= 074-07: (1) 
When the moment of inertia is taken with respect to CC’, the 


value of r in the expression f r-dM is 


r= (a+ a)? + (b+ y)* (2) 

With respect to OO’ the expression for the moment of inertia is 
E = f(a? + 2ax + 2? +b? + Qy + y*)dM. (3) 

i = f @2+y am + (a? +09 f aM + 20 f 2d + 2b f yd 
(4) 


_ The first term of the second member of Equation (4) is the 
moment of inertia with respect to CC’. The second term is 
(a? + b?) M which is Md* 
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Nothing so far in the derivation limits the line CC’ to the center 
of gravity of the solid. Equation (4) applies to the transfer 
from any axis to any parallel axis, neither of which are through 
the center of gravity. The transfer is greatly simplified, how- 
ever, if one of the axes passes through the center of gravity. In 


the second member of Equation (4), iI zdM is the moment of the 
body with respect to a vertical plane through the axis CC’ and 
i ydM is the moment with respect to the horizontal plane through 


this axis. If the vertical plane through CC’ passes through the 
center of gravity of the body, the moment is zero and the third 
term of the second member of Equation (3) vanishes. If the 
horizontal plane through CC’ passes through the center of gravity, 
the last term vanishes. If, therefore, the line CC’ passes through 
the center of gravity of the body, the last two terms vanish and 
Equation (4) becomes 


I = [(?+y)aM + @? +9) faM = I, + Ma. 
: Formula XXXIV. 


Problems 


. Solve Problem 5 of the preceding article by means of transfer of axis. 

. Solve Problem 7 of the preceding article by means of transfer of axis. 

. A homogeneous solid sphere is 6 inches in diameter and weighs 40 pounds. 
Find its moment of inertia with respect to a diameter and find its moment 
of inertia with respect to an axis 20 inches from the center. 

Ans. Ig = 144; J = 16,144. 

4. A homogeneous solid sphere is 5 inches in diameter. Find the radius of 

gyration with respect to a diameter. Solve also for an axis 20 inches and 
for an axis 40 inches from the center. 

5. If ky is the radius of gyration with respect to an axis through the center 

of gravity and & is the radius of gyration with respect to a parallel axis 

at a distance d from the center of gravity, prove that 


on 


k? = k%y + d2, 


6. A rectangular parallelopiped is 10 inches long, 8 inches wide from left 
to right, and 6 inches high. The weight is 6 pounds. Find the moment 
of inertia with respect to an axis which is parallel to the 10-inch edges, 
is 5 inches below the plane of the lower surface and is 12 inches to the 
left of the left vertical plane. Solve by the complete Equation (4), 
with the lower left 10-inch edge as the axis CC’. 

Ans. [= 200+ 169 X64+2X12X4X64+2X5X3 X6 =1,970. 

7. Solve Problem 6 by transfer from the axis through the center of gravity. 

Ans. I = 50 + 1,920 = 1,970. 
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8. Find the moment of inertia of a rectangular parallelopiped with respect 
to an axis through the center of gravity, by a transfer of the answer of 
Problem 1 of Article 199 to the center of gravity. 

202. Moment of Inertia of a Plane Area.—The moment of 
inertia of a plane area may be defined mathematically by the 
expression 


T= frtda. (1) 


It is equivalent to the moment of inertia of a thin plate of mass 
unity per unit area and of such small thickness that the square of 
the thickness is negligible compared with the square of the other 
dimensions. 

There are two important cases of the moment of inertia of a 
plane area; in the first case the axis lies in the plane of the area; in 
the second case the axis is normal to the plane. 

The moment of inertia of a plane area with respect to an axis 
in its plane is an important constant in all problems concerning 
the strength or deflection of beams or columns. This moment 
of inertia is represented by the letter J. 

The moment of inertia of a plane area with respect to an axis 
perpendicular to its plane is called the polar moment of inertia. 
The polar moment of inertia is an important factor in all prob- 
lems concerning the strength of shafting in torsion and the 
amount of twist of such shafts. It is represented by the letter J. 

The polar moment of inertia of a plane area is equivalent to the 
moment of inertia of a solid plate of the same dimensions and of 
such thickness that the product of the thickness and density is 
unity. The radius of gyration of a plane area is given by: 


2 = a (2) 
i = 7 (3) 


which are the same as in the case of solids with the area used 
instead of the mass. 

Formula XXXIV for the transfer of axes is modified in the 
same way, 


I =1,+ Ad’. (4) 
Problems 


1. By integration find the moment of inertia of a rectangle of breadth b 


and depth d with respect to the side b. 
bd’ 
Ans. I = a 
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2. 


10. 


tile 


12. 


By transfer of axis find the moment of inertia of a rectangle of sides b 
and d with respect to an axis in the plane of the area parallel to b and 
passing through the center of the rectangle. 


. Find the moment of inertia and radius of gyration of a 6-inch by 10- 


inch rectangle with respect to an axis 2 inches outside the rectangle and 
parallel to a 6-inch edge. Solve by means of the answer to Problem 2 
and transfer of axis. Check by the answer to Problem 1, subtracting 
the moment of inertia of a 6-inch by 2-inch rectangle from that of a 
6-inch by 12-inch rectangle. Ans. I = 3,440 inches.4 


. By integration with polar codrdinates find the expression for the moment 


of inertia of a circular area of radius a with respect to a diameter. 


rat 
Ans. [= es 


The answers to Problems 1, 2, and 4 should be memorized. 


. Find the radius of gyration of a circular area of radius a with respect 
to a diameter. 

a 

Ans. 5 


. Find the polar moment of inertia of a circle of radius a with respect 


to an axis through its center. Show that the radius of gyration is the 
same as that of a solid cylinder of the same radius. Find the relation 
between the polar moment of inertia and the moment of inertia of the 
same circle with respect to a diameter. ANS = 2s 


. Find the moment of inertia of a triangle of base 6b and altitude h with 


respect to an axis through the vertex parallel to the base. Solve by 
integration. 
bh3 
Ans. ] = — 
ns. I 4 


. By transfer of axis find the moment of inertia of the triangle of Problem 


7 with respect to an axis through the center of gravity parallel to the 
base. 


. By transfer of axis find the moment of inertia of a triangle of base } 
and altitude h with respect to the base. 

bh3 

Ans. I = —- 

ns. I 12 


Find the moment of inertia of the trapezoid of lower base 16 inches, 
upper base 10 inches, and height 6 inches with respect to the lower base. 
Solve by dividing the trapezoid into a parallelogram and a triangle and 
use the answers to Problems 1 and 9. 

Find the moment of inertia of the trapezoid of Problem 10 with respect 
to an axis through the center of gravity parallel to the base. 

Find the moment of inertia of a 6-inch by 4-inch by 1-inch angle section 
with respect to an axis through the center of gravity parallel to the 4- 
inch leg. 


Divide the section into two rectangles. Find the moment of inertia of 
each rectangle with respect to a line through its center of gravitv parallel to 
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the 4-inch leg and transfer to the required axis. Dividing the section into a 
6-inch by 1-inch and a 1-inch by 3-inch rectangle, Fig. 240, 


13. 


14. 


15. 


16. 


17. 


18. 


= + 0(3) = 22%, 


a 10 
lis a) =8iy 


To for axis 2-2 = 30% = 30.75 inches.‘ 


Solve Problem 12 by another method. Find first the moment of inertia 
with respect to the right edge of the eae leg and then transfer to the 
center of gravity. 


Fia. 240. 


Solve Problem 12 for the moment of inertia with respect to the axis 
through the center of gravity parallel to the 6-inch leg. Compare 
the results with the handbook. 

Find the moment of inertia and radius of gyration of a 5-inch by 314 
inch by %-inch angle section for an axis through the center of gravity 
parallel to the 5-inch leg. To avoid fractions, solve for a section with 
twice these dimensions and then reduce. Compare with the handbook. 
A plate-and-angle section (see handbook) is made of one 12-inch by 
44-inch plate and four 6-inch by 4-inch by 14-inch angles with the 6-inch 
legs perpendicular to the plate and with the backs of the 6-inch legs 
1¢ inch beyond the top and bottom of the plate. Look up the location 
of the center of gravity and the moment of inertia of the angles in the 
handbook and calculate the moment of inertia and the radius of gyration 
with respect to two lines of symmetry. Compare with Carnegie 
Pocket Companion. 

Look up in the handbook the formula for the moment of inertia of a 
standard channel for an axis through the center of gravity perpendicular 
tothe web. Derive this formula by means of the formulas for rectangles 
and triangles and Formula XXXIV. The slope of the standard 
channels is one-sixth. 

Calculate the moment of inertia of a 10-inch, 15-pound standard channel 
section and compare the result with the handbook. 
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19. Find the moment of inertia of the plate and channel section of Fig. 226 
with respect to the axis through the center of gravity parallel to the plate 
and also with respect to the axis through the center of gravity perpen- 
dicular to the plate. 


203. Product of Inertia.—The expression a xydA is called the 


product of inertia of the area. It is represented algebraically by 
the letter H. 


Fig. 241—Symmetrical section. Fig. 242.—Transfer of axes for product 
of inertia. 


If an area is symmetrical with respect to either one of a pair 
of rectangular axes, its product of inertia with respect to that 
pair of axes is zero. Figure 241 represents an area which is sym- 
metrical with respect to the y axis. If this is integrated first 
with respect to 2, 


pe af |2?| yay =4 off [x3 — aly dy. 


If the area is symmetrical with respect to the Y axis, the lower 
limit x; is numerically equal and opposite in sign to the upper 
limit 22, and the squares are the same in magnitude and sign; 
consequently the term in the brackets vanishes and 


H = 0. 


When the product of inertia is known with respect to a pair 
of rectangular axes through the center of gravity of an area, it 
may be calculated for a second pair of parallel axes in the plane 
of the area by a formula similar to XX XIV for the transfer of 
moments of inertia. 

Let OX, OY, Fig. 242, be the original pair of axes through the 
center of gravity, and let (a, y) be the coérdinates of an element 
dA with reference to these axes. Let O’X’, O’Y’ be a new pair of 
parallel axes. Let (a, b) be the codrdinates of the center of 
gravity of the area with respect to the new axes. 
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If H is the product of inertia with respect to the new axes, 


H = f{(a+2)+y)dd. (1) 
H = abfdd +bfadd + afydA + feyaA. (2) 
JF 3 is Me Bee (3) 


where H, is the product of inertia with respect to the axes through 
the center of gravity. Equation (3) is easily remembered from 
Formula XX XIV, replacing the square by the product. 

If the center of gravity falls in the first or third quadrant with 
respect to the axes for which the product of inertia is desired, the 
product abA is positive, and H will be positive unless Hy is nega- 
tive and numerically greater than abA. If the center of gravity 
falls in the second quadrant abA is negative since a is negative; 
if it falls in the fourth quadrant abA is negative because b is 
negative. 


Problems 


1. By integration find the product of inertia of a rectangle of base b and 
altitude d with respect to the lower and left edges as axes. Check by 
Equation (3). 


242 
Ans. H = a 
2. Solve Problem 1 for the lower and right edges as axes. 
bd? 
Ans. H = — 4 
3. By integration find the product of inertia of a 6-inch by 8-inch right- 


angled triangle with respect to the edges y 9 
as axes (Fig. 2438). 
Ans. H = 96 inches.‘ 
4. By transfer of axes find the product of 
inertia of the triangle of Problem 3 with 
respect to the axes 1-1, 2-2 through the 
center of gravity. 
Ans. Hy = 96 — 128 = —82 inches.‘ 
5. Find the product of inertia of a 6-inch by 
5-inch by 1l-inch angle section with re- 
spect to axes through the center of gravity 
parallel to the legs. The section may be divided into two rectangles. 
The product of inertia of each of these with respect to the axes through 
their center of gravity is zero. Transferring to the axes 1-1, 2-2 and adding 


Hy = 4X (— 1.5) X15+0+6xX1xX(-1)+0= 
—9 — 6 = —15 inches.‘ 


Fig. 243—Product of inertia 
of a right triangle. 


The problem may be solved more readily in another way. Since 3-3 is 
ap axis of symmetry for the horizontal leg, the product of inertia of this rec- 
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tangle for 3-3 and any other axis (as 4-4) is zero. Since axis 44 is a line 
of symmetry for the vertical leg, the product of inertia of this rectangle for 
axes 4-4 and 3-3 is zero. The product of inertia for the entire section 
’ for axes 3-3 and 4-4 is the sum of products of inertia of the separate rectan- 


gles, therefore, H = 0. When the product of inertia is transferred from 
3-3, 4-4 to axes 1--1, 2-2 the equation is 


0 = H,+10 X 1.5 X 1; Hy = —15 inches‘ 


Fie. 245.—Product of inertia of Fia. 246.—Change of direction of axis. 
semicircle. 


6. Find the product of inertia of an 8-inch by 6-inch by 1-inch angle section 
with respect to axes through the center of gravity parallel to the legs. 

7. A semicircular area of radius a is in the position shown in Fig. 245. Find 
the product of inertia with respect to the X and Y axes. 


4 
‘Ans Tee 


3 
The product of inertia has no physical significance, but is a convenient 
mathematical tool in finding the moment of inertia of a plane area with 
respect to any axis, as will be seen in the article which follows. 
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204, Change of Direction of Axis for Moment of Inertia.— 
By means of Formula XXXIV, moment of inertia may be trans- 
ferred from one axis to a parallel axis. It is frequently necessary 
to find the moment of inertia with respect to an axis which is 
inclined to the principal lines of the figure in such a way that the 
solution by direct integration is difficult. If the moment of 
inertia of an area is known for any two axes in the plane at right 
angles to each other, the moment of inertia for any other axis 
at a known angle with these axes may be calculated. 

Figure 246 represents any area in the XY plane. The moment 
of inertia of this area with respect to the X axis may be desig- 
nated by J, and the moment of inertia with respect to the Y 
axis may be designated by T,. 


I. = fy*dA; 

Tye) cada 
The line OX’ is a new axis which makes an angle 6 with the 
X axis and OY’ is an axis at right anglesto OX’. The codrdinates 


of an element of area dA with respect to these new axes are (a’y’). 
The moment of inertia of the area with respect to OX’ is 


I = fy. (1) 
From the geometry of the figure 
y’ = ycos 6—@z sin 6. (2) 
I =f (y? cos? 6 — 2zy cos 6 sin 6+ 2? sin? @)dA, (8) 
I =I, cos? 6+ I, sin? 6 — 2 cos @ sin of zy dA, (4) 


I = 1,cos?6+ 1, sin? 6 — H sin 20. (5) 
pm the 4 Ee 1 cos 24 — H sin 26. (6) 
Problems 


1. Find the moment of inertia of a 4-inch by 3-inch rectangle (Fig. 247) 
with respect to an axis through the lower left corner making an angle of 
20 degrees with the 4-inch edge. 

Iz = 36 inches,‘ J, = 64 inches,4 H = 36 inches.‘ 
— es + a ea 5 is cos 40° — 36 sin 40°. 
I = 50 — 14 X 0.7660 — 36 X 0.6428 = 16.14 inches.‘ 


2. Solve Problem 1 if the axis is 20° below direction of the 4-inch edge. 
Ans. I = 62.42 inches.4 
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3. Find the moment of inertia of a 4-inch by 3-inch rectangle with respect 
to a diagonal by means of Equation (5) and check by means of the 
moment of inertia of two triangles with respect to their common base. 

4. Find the moment of inertia of a 4-inch by 4-inch by 14-inch angle section 
of Fig. 248 with respect to axis 3-3, through center of gravity of section. 
Take J, from the table in the handbook. Ans. I = 2.29 inches. 


A a1—_8 dA 
ise) 
| 20" 
OK 4" > 
Fie. 247.—Moment of inertia with respect Fig. 248.—Axis of minimum 
tolOXee moment of inertia. 


205. Change of Direction of Axes for Product of Inertia.— 
To derive the expression for the product of inertia for the axes 
OX’, OY’ of Fig. 246 the fundamental integral is 


H! = [a'y'dA. (1) 
Hi = fe cos 6 + y sin 6)(y cos 6 — x sin @)dA, (2) 
H' = (cos? 6 — sin? 6) fry dA + cos 6 sin of (y? — x*)dA, (8) 
H’ = H cos 26-+ fees sin 26. (4) 


2 


When the expression to the right of the equality sign in Equation 
(4) is made equal to zero 

Wend: PAA) = Toe (5) 
Equation (5) gives the angle at which the product of inertia 
is zero. 


Problems 


1. In the 4-inch by 3-inch rectangle of Fig. 247 what will be the angle 
between OX’ and the 4-inch edge if the product of inertia with respect to 
OX’ and the axis through O normal to it is zero? Ans. 6 = 34° 22’. 

2. Find the direction of the pair of axes through the center of gravity of 
the 6-inch by 5-inch by 1-inch angle section of Fig. 244 for which the 
product of inertia is zero- 
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206. Direction of Axis for Maximum Moment of Inertia.— 
From Equation (6) of Article 204 the moment of inertia with 
respect to an axis at an angle 6 with the X axis is 


#42 = 49 cos 29 — H sin 28. (1) 


2 


The direction of the axis for maximum or minimum moment 
of inertia is found by differentiating Equation (1) with respect to 
6 and equating the derivative to zero. 


- = (I, — I,) sin 20 — 2H cos 26, (2) 
from which the condition of maximum or minimum is 
2H 
tan 20 = [Te (3) 


A comparison of Equation (3) with Equation (5) of the preced- 
ing article shows that the condition for maximum and minimum 
moment of inertia is identical with the condition for zero product 
of inertia. There are two solutions for Equation (3), which give 
values of 20 differing by 180 degrees and values of @ differing by 
90 degrees. One of these gives the direction of the axis for which 
the. moment of inertia is a maximum and the other gives the 
direction of the axis for which the moment of inertia is a 
minimum. 

Since the product of inertia for an axis of symmerty is zero, 
the moment of inertia with respect to an axis of symmetry is 
greater or less than the moment of inertia for any other axis 
through any given point in its line. 

The line which bisects the angle between the legs of an angle 
section of equal legs is a line of symmetry and the moment of 
inertia for this axis is greater than for any other axis through 
the center of gravity, while the moment of inertia for the axis 
at right angles to this line of symmetry (the axis 3-3 of Fig. 248) 
is smaller than that for any other axis through the center of 
gravity. 

Problems 


1. Find the maximum and minimum moment of inertia for axes through 
one corner of the rectangle of Problem 1 of Article 204. 

2. Find the maximum and minimum moments of inertia for axes through 
the center of gravity of a 6-inch by 5-inch by 1-inch angle section. 
Compare the results with the values in the handbook for an angle section 
of one-half these dimensions. 
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The maximum and minimum moments of inertia of an area 
for axes through a given point are called the principal moments 
of inertia, and the corresponding axes are called the principal 
axes. If one of the principal moments of inertia is known, it 
is often easy to find the other by means of a simple relation. 
This is 

Dine lin Hee (4) 

The sum of the moments of inertia of a plane area for any pair 
of rectangular axes in the plane is equal to the polar moment of 
inertia for their point of intersection. 

Let one of these axes be used as the X axis. 


I, = fyrdd. (5) 
If the other rectangular axis is used as the Y axis, 
ie f wdA. (6) 


For the polar moment of inertia r? = x? + y?, 
ue ip (x? + )dA = f 2dA + i yrdA. (7) 
Problems 


8. Find the maximum moment of inertia of a 5-inch by 3-inch by 4%-inch 
angle section for an axis through the center of gravity. Get J, and I, 
from the handbook, and calculate min. J from the area and the least radius 
of gyration. Solve for max. J by means of Equation (4). 

4. Find the least and greatest moment of inertia and radius of gyration 
of a semicircular area of radius a with respect to axes in its plane passing 
through the end of the diameter which bounds it. 


The moment of inertia of a square is the same for every axis 
through its center of gravity. In Equation (1), J, —I, =0 
and H = 0 for the diagonals and for axes parallel to the sides. 


Starting from either pair of these axes, there remains only the 
1 oe ee I 
2 (eae 


It may also be proved that the moment of inertia is the same 
for every axis through the center of gravity of an equilateral 
triangle or any other regular polygon. The axes for maximum 
and minimum moment of inertia make angles of 90 degrees 
with each other. If @ is the angle which the first principal axis 
makes with the X axis, the next principal axis makes an angle 
of 90 degrees plus 6; the third principal axis makes an angle 180 
degrees plus 6, and is, therefore, identical with the first. Like- 


ficSuaveLimi a= 
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wise, the fourth axis is identical with the second. ‘There are, 
therefore, only two principal axes through any given point in a 
plane figure. An axis of symmetry is a principal axis. An 
equilateral triangle has three axes of symmetry, a square has 
four, a regular pentagon has five, and so forth. Since it is 
possible to have only one maximum and one minimum, and the 
mathematical conditions for maxima and minima are fulfilled 
more than twice, it is evident that the moment of inertia is the 
same for all directions of the axis. 

207. Moment of Inertia of a Prism or Pyramid.—The moment 
of inertia of any solid may be found by triple integration with 
an element which is infinitesimal in three directions, or by double 
integration with an element which is infinitesimal in two direc- 
tions and extends entirely through the mass in the direction of 
the axis. 

It is often better to use as the element of volume a thin plate 
or disk which is infinitesimal in one direction only, provided the 
moment of inertia of this element is known with respect to an 
axis which is parallel to the axis of inertia and passes through 
the center of gravity of the element. 


Problems 


1. Find the moment of inertia of a right pyramid of height h, with a square 
base of side 6, with respect to an axis 
through the vertex perpendicular to 
the base. 

The element of the volume is the square 
plate of thickness dz. Its volume is Adz, 
in which A is the area of the section. 
From similar solids (Fig. 249), in which 


A bx? 
Wit as Fig. 249.—Moment of inertia of 
pyramid. 


As each side is — its polar moment of inertia with respect to the X axis is 


h 
44 
ae dz. The total moment of inertia is the sum of that of the several plates. 


_ pb4x® — pbth _ Mb? 


ea Sitar 30. ee 10. | 


I 


2. Find the moment of inertia of a right pyramid, the base of which is a 
hexagon of side a, with respect to an axis through the vertex perpendicular 
to the base. 
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If it were desired to find the moment of inertia with respect 
to the Z axis OZ of Fig. 249, the moment of inertia of the plate 
could first be found with respect to the axis ('C’ and then trans- 
ferred to OZ. The moment of inertia of the plate is the same as 
that of the area of the plate with respect to a line in its plane 
multiplied by the thickness dz and the density. The moment of 
inertia of the square plate of Fig. 249 with respect to CC” is 


= Oe 

Merb 
24 

M@ = oe dx, 


in which Ip and Md? have the meaning of Formula XXXIV. 


b4rs ney __ pbeh 
oie 


2 
60n4 * 5h: ath ): 


i 


Problems 


8. Find the square of the radius of gyration of a right pyramid 24 inches 
high with base 12 inches square with reference to an axis through the ver- 
tex parallel to the base. Ans. k? = 352.8 inches.? 

4. Find the moment of inertia of a right cylinder of radius a and length l 
with respect to an axis perpendicular to the axis of the cylinder through 
the center of one end. 

Ans. k? = a + oe, 

3 4 

The answer of Problem 4 shows that the square of the radius 
of gyration consists of two terms. The first term is the square 
of the radius of gyration of a thin rod with respect to an axis 
which passes through one end and is perpendicular to the length 
of the rod, and the other term is the square of the radius of 
gyration with respect to a diameter. The moment of inertia 
of any solid of constant cross-section which ends with parallel 
planes perpendicular to its length (any right prism or cylinder) 
may be computed in the same way. Expressed algebraically 


kt = ki kia, (1) 


in which k; is the radius of gyration of the prism or cylinder 
regarded as a thin rod, and ky, is the radius of gyration of a cross- 
section regarded as a thin plate. 

Figure 250 represents a triangular prism with its axis parallel 
to the X axis. It is desired to find the moment of inertia with 
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respect to the Z axis. The element of volume of length BB’ 
and cross-section dady extends entirely through the prism parallel 
to the Z axis. If dA is the area of the surface of length BB’ 
and height dy the moment of inertia is 


I =f fle + ydzdA, (2) 


I = pf futdedA +p f fyrdx ad (3) 


when Equation (3) is integrated first with respect to dA, x 
remains unchanged. The integration consists of piling up 


Fria. 250.—Moment of inertia of prism. 


elements of the form of BB’ from the bottom to the top of the ' 
section HFG between vertical planes at a distance dx apart. 
The result of the first integration is 


L=pf wAde +p f Ladx (4) 


in which A is the area of the section, and J, is the moment of 
inertia of the plane area with respect to the axis CC’ in the XZ 
plane parallel to the Z axis. 

Equation (4) applies to a solid of any form whatever, and is 
not limited to a prism as shown in the figure. If the line OX 
passed through the center of gravity of all the sections the result 
would be an example of Formula XXXIV as in Problems 3 
and 4. 

If the solid is a prism or cylinder with the axis parallel to the 
X axis, A is constant and J, is constant; then 


I =A f{ xdx + pl, f ae. (5) 
The first term of the last member of (5) is the moment of inertia 
of a thin rod with respect to an axis perpendicular to its length. 


The second member is equal to plAkj; = Mk’, which proves 
Equation (1). 
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Problems 


5. Find the moment of inertia of a right cylinder 18 inches long and 12 inches 
in diameter with respect to an axis in the plane of one end and tangent 
to the cylinder. Ans. I = 153M. 

6. Find the moment of inertia of a prism 6 inches square and 24 inches 
long with respect to an axis in the plane of one end perpendicular to the 
end of a diagonal. Ans. I = M(192 + 21). 


208. Moment of Inertia by Experiment.—The moment of 
inertia of a solid may be found from its effect upon the time of 
vibration of a torsion pendulum. The time of vibration of a 
torsion pendulum is given by 


T? = KI, (1) 


in which T is the time of a single vibration or of a complete 
period (with K varying accordingly), and K is a constant which 


KH STEEL WIRE 


IV 


Fia. 251.—Moment of inertia by torsional vibration. 


depends upon the length, diameter, and modulus of rigidity 
of the supporting wire. The factors which make up K need not 
be determined separately, as the entire term may be obtained 
by substitution from the time of vibration of a body of known 
moment of inertia. Figure 251, I and II, shows a uniform solid 
circular rod of bronze or brass in a horizontal position on a 
light support, which is suspended by a single steel wire. Figure 
251, III and IV, shows a second body on the same support. 
It is desired to find the moment of inertia of this second body 
about a line through its center of gravity perpendicular to the 
line AB. If the body can be so supported that AB is horizontal, 
it will rotate about the desired axis since the center of gravity 
of the combined body and support must fall directly under the 
axis of the wire, and if the support is relatively small this com- 
bined center of gravity will practically coincide with that of 
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the body, even if the support does not hang in exactly the posi- 
tion which it occupies when it is not loaded. 

When the moment of inertia of the support is small, as in Fig. 
251, the unknown moment of inertia is calculated from 

Ly 

iD = T2 (1) 
in which the subscript A refers to the 
body and the subscript C refers to the 
cylinder. 

It is not generally practicable to use a 
very light support and get the body into 
the desired position. Figure 252, I, shows 
the side elevation of a relatively heavy ; 
support, which carries the unknown body. ne efcomiai as aa 
Figure 252, II, shows the end elevation of 
the same support carrying the known cylinder. The time of 
vibration is taken with the support alone, with the support 
and the known body, and with the support and the unknown 
body. 


pS = Kp, (2) 
To =Kl¢.+ 15), (3) 
fom (et ts), (4) 


in which 7; is the time with the support and known cylinder, 
T, is the time with the support alone, and T', is the time with 
the support and the unknown body. 


1, - Gia TDIo. 
ie ee 


(5) 


Problems 


1. The time of vibration of a given torsion pendulum with the support 
alone is 0.46 second; with the support loaded with a cylinder 10 inches 
long and 4 inch in diameter it is 0.87 second; with an unknown body in 
place of the cylinder it is 0.94 second. The cylinder weighs 0.556 pound 
and the body 1.25 pounds. Find the moment of inertia and radius 
of gyration of the body. Ans. k = 2.14 inches. 

2. Under what conditions may the unknown moment of inertia be accurately 
determined without getting the time of vibration of the support? 

3. If any clamp screws are used in the support, they should be vertical. 
Why? 
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209. Moment of Inertia of a Plane Section.—The principles of 
the preceding article afford a convenient means of finding the 
moment of inertia of any section. A short portion of the material 
may be cut out between two parallel planes which are perpen- 
dicular to the length of the rod. The area of cross-section may 
be computed from the weight and specific gravity of the portion. 
The center of gravity may be determined by the method of 
moments as given in Article 198. The moment of inertia of the 
portion is found by the method of the preceding article. This 
moment of inertia divided by the mass gives k’. 

From Equation (1) of Article 207, the square of the radius of 
gyration of a prism is equal to the sum of the squares of the 
radius of gyration as a thin rod and the radius of gyration as 
a thin plate. If the length of the portion, for instance, is 14 
inch, the square of the radius of gyration as a thin rod is 146, 
and the square of the radius of gyration of the section is the 
square of the radius of gyration of the prism minus 1é¢. 


Problems 


1. In the case of the unknown section of Fig. 251, III and IV, the length | 
is 1 inch, the weight in air 1.524 pounds, the weight in water 1.326 pounds. 
The water was at the temperature at which the density is 62.2 pounds per 
cubic foot. What is the area of cross-section? Ans. 5.50 square inches. 

2. On a torsion pendulum with a light support the body in the position 
shown made 100 vibrations in 83.2 seconds. A rod 14 inch in diameter 
and 12 inches long weighing 0.668 pounds makes 100 vibrations in 163.8 
seconds. What is the radius of gyration of the body and of its cross- 
section? 

Ans. k of cross-section is 1.127 inches. 

3. In Problem 2 what is the moment of inertia of the cross-section? 

Ans. 6.99 inches.$ 


APPENDIX A 
RIVETED JOINTS OF MAXIMUM EFFICIENCY 


It is possible to design a riveted joint which has the same 
strength in tension, compression, and shear. Such designs fre- 
quently lead to unusual sizes of rivets or to inconvenient lengths 
of pitch. The American Railway Engineering Association 
specifies only 34-inch, 7-inch, and 1-inch rivets for structural 
work. Larger and smaller rivets are used in boilers. In struc- 
tural work, the pitch is required to be at least three times the 
diameter of the rivet. Smaller pitch is permitted in boilers. 
The pitch must not be too great in the row of rivets adjoining 
the edge of a plate which is to be calked. For this reason, multi- 
ple-riveted butt joints usually have one wide and one narrow 
butt strap, as shown in Figs. 48 and 49. 

Formulas for joints of maximum efficiency are useful for 
deriving the approximate values of the pitch and the size of the 
rivets, and for showing the maximum efficiency which is possible 
with any given type of joint. 

In the discussion which follows, s, = the compressive strength, 
s, = the shearing strength of the rivets, and s, = the tensile 
strength of the plates. Usually these are ultimate strengths. 
The results, however, are the same if the letters are used to mean 
allowable unit stress. 

Ratio of Thickness of Plate to Diameter of Rivet.—If all the 
rivets are in single shear, 

wd?ss 
4 
in which d is the diameter of the rivet and ¢ is the thickness of 


the plate. 


= dts, (1) 


TS 
sage 2 
t ie d. (2) 


When s, is 95,000 and s, is 44,000, as specified by the A.S.M.E. 
Boiler Code, Equation (2) becomes for single shear 
_ 0.7854 X 44,000 5 ~ 0.3638d. (3) 


95,000 
405 
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If all rivets are in double shear, the shear area is doubled and 
the bearing area is not changed. Consequently the thickness 
is doubled. For double shear, 

t = 0.7275d (4) 


When part of the rivets are in single shear and part in double 
shear, as in Figs. 48 and 49, the bearing stress at the inner 
rows, which are in double shear, reaches its allowable value when 
the shearing stress is at its allowable value. In the rows which 
are in single shear, the shearing stress is the same, while the 
bearing stress is at only one-half of its allowable value. The 
rivets in double shear, therefore determine the thickness of 
the plate. For double shear combined with single shear 


t = 0.7275d. (4) 


(If s, = 30,0007 = 94,248 pounds per square inch, and s, = 
45,000 pounds per square inch, then for single shear t = 3¢d, 
and for double shear t = 34d.) 

Efficiency of Joint with Single Row of Rivets.—When the 
compressive strength is equated with the tensile strength of 
the net section, 


std = st(p — d), (5) 
in which ¢ is the thickness of the plates and p is the pitch. 
pase Str (6) 
St 


When the strength of the net section is equal to the strength 
of the joint, the efficiency is the ratio of the net width to the gross 
width. 


j p—d d St Ss 
Effi i Sys SS |e = . 
ciency ; 5 AE ae ae: (7) 
When s, = 55,000 and s, = 95,000, Equation (7) becomes 
: 95,000 tL tee p . 
efficiency = 95,000 + 55,000 ~ 30 > 63.3 per cent.; (8) 
150 30 

P= er d= i? = 2.7274. (9) 


These equations apply to a lap joint with a single row of rivets 
or to a butt joint with one row on each side. 

Efficiency of a Double-riveted Joint—When there are two 
rows of rivets equally spaced, there are two rivets in compression 
in unit width. 
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2s.td = sit(p — d), (10) 
it 28¢ He St 
= a d, (11) 
efficiency = casa (12) 
‘ 28. +-..8: 


With the ultimate strengths of the A.S.M.E. Boiler Code, 
m 190,000 + 55,000 49 


55,000 d = 77d = 4.454d. (13) 
Efficiency = ae . = 77.5 per cent. (14) 


These equations apply to a lap joint with a double row of 
rivets or to a butt joint with two equal rows on each side: 

Efficiency of a Triple-riveted Joint—When there are three 
rows of rivets, all equally spaced, 


= Sot Sig. a = 6.1820. (15) 
t 

: OSes a i 
Efficiency = Sead! sane 83.8 per cent. (16) 


Efficiency of a Triple-riveted Lap Joint with Long Pitch Twice 
the Short Pitch.—In a triple-riveted lap joint, Fig. 47, with the 
pitch of the outer rows twice as great as that of the inner rows, 
there are four bearing areas to be considered with the long pitch 


As.td = sit(p — d), (17) 
i ee! adie at = 7.901d. 
t 
: ASe = is < 
Efficiency = AER aS 87.4 per cent. (18) 


With Equation (18) it is necessary to investigate the combina- 
tion of the strength of the net section at the middle row with 
the strength of the outer rivet in shear or compression. The 
net width at the outer row is 6.90d and at the middle row is 
5.90d. The ratio of the tensile strength of the net section at 
the middle row to the strength of the net section at the outer 
row is 5% , which is 0.85. Since only three-fourths of the total 
stress must be carried by the net section at the middle row, the 


strength is ample. 
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Problem 


1. Two 3é-inch plates are united by 1-inch rivets in three rows to form a 
lap joint. The long pitch is 77¢ inches and the short pitch is 31346 inch. 
Find the strength and efficiency of the joint. 

138,232 

162,421 


Ans. Weakest in Shear. Efficiency = = 85.1 per cent. 


The joint of Problem 1 has the plates slightly thicker than 
one which would be equally strong in every way. Its tensile 
and bearing strength is, therefore, a little greater than its shearing 
strength, and its efficiency is somewhat lower than that of the 
ideal combination. 

Efficiency of a Quadruple-riveted Lap Joint with Long Pitch 
Twice the Short Pitch.—In a quadruple-riveted lap joint which 
has the two middle rows of the same pitch and the two outer 
rows of twice this pitch the bearing strength of six rivets must 
be considered with the tensile strength of the net section at the 
outer row. 


6 std = sit(p — a), (19) 
p = Set 8g = Ty = 11.360. (20) 
: t 
' (cs i u 
Efficiency = RoR ae CL ioe 91.2 per cent. (21) 


The ratio of the strength at the short pitch to the strength at 


; Pisin 
the long pitch is 10.36° which is considerably more than 3%. 


It is not necessary, therefore, to combine the tensile strength at 
the net section at the second row with the shearing or bearing 
strength at the outer row for any joint which approximates the 
ideal design. 

Efficiency of a Double-riveted Butt Joint with All Rivets 
in Double Shear and with Long Pitch Twice the Short Pitch.— 
There are three bearing areas to be considered with the long 
pitch. The problem, therefore, is the same as that of the triple- 
riveted joint with all rivets equally spaced. Equation (16) 
gives the efficiency and Equation (15) gives the ratio of the long 
pitch to the diameter of the rivet. 

Efficiency of Double-riveted Butt Joint with Long Pitch Twice 
the Short Pitch and with Outer Rows in Single Shear.—This is 
the joint shown in Fig. 48. When the shearing stress reaches 
its allowable value, the bearing stress in the outer rivet is only 
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one-half as great as in the inner rivets. Therefore, only two 
and one-half rivets in compression must balance the tension in 
the outer net section. 


2.5 std = st(p — d). , (22) 

ayer Sit aiy eee pe ey (23) 
St 22 

Efficiency = Bee ek, 81.1 per cent. (24) 


Digest Lr 117 


The net width of long pitch is 4.32d while that of the short pitch 
is 3.32d. 
3.32 


ya 0.768. 


Since there are five shear areas in a unit width, and only one of 
these in the outer row, the net section at the inner row should be 
four-fifths as strong as that at the outerrow. This joint designed 
by Equation (23) would fail by tension at the inner row and shear 
in the outer rivet. The efficiency would be less than 81.1 per 
cent. Since 0.80 + 0.768 = 1.04, the net section at the middle 
row may be made sufficiently strong if the thickness is made 
4 per cent. greater than required by Equation (4). This 
increase of thickness, however, will lower the efficiency about 
3 per cent. The thickness of the plates may be determined 
by Equation (4) and the net width at the inner row may be 
increased 4 per cent. Four per cent of 3.32 is 0.18. The 
net width of the inner row becomes 3.45d and the pitch becomes 
5.45d. With this adjustment, the gross section is increased a 
little more than 2 per cent., and the reduction of efficiency 
smaller. Problem 2 represents a joint which meets these condi- 
tions. Of course, no such joint would be designed by any 
engineer, as it would be impossible to get plates of this exact 
thickness. The problem is interesting as an illustration of the 
principles. Problem 3 is a practical joint which approximates the 
theoretical design. 


Problems 


2. A joint similar to Fig. 48 is made of plates 0.7275 inch thick, united by 
l-inch rivets. The long pitch is 5.45 inches. Find the strength and 
efficiency of the joint. 


Pounds 
TRayRIO) FAO KOONOM. 55.06 coo F000 so aoU doo MoE BuelbsaOmC 218,068 
MansioisnepsecilOnmOUlemtOWeriae ti. cies cs ts else =<: 178,055 


MTensiom RepsecviOn IWMEL LOW 6, ve tes eck ee cele tee oa 138,04! 
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Ans. Tension inner row and shear one rivet.................. 172,601 
Compression two rivets and shear one rivet.............. 172,772 
Shear intfive sections. ots .2-o ae ein ao eet net aoe 172,790 

172,601 
Efficiency = , = 79.1. 
Y * 218,068 


3. Solve Problem 2 if the plates are 34 inch thick and the long pitch is 
53 inches. 
Ans. Weakest in shear. Efficiency = 77.9 percent. 
It is possible to design a double-riveted butt joint with the 
outer rows in single shear and the inner rows in double shear 
which is exactly as strong in tension at the inner row combined 
with shear at the outer rivet as it is in tension at the outer net 
section. ‘This may be done if the pitch of the outer row is not 
exactly twice that of the inner row. Let m be the number of 
rivets in the inner row in a space equal to the pitch of the outer 
row. 
(m + 0.5) s.td = s,t(p — d) 


ee Ge fois a 1) 


pe (m ee d 
t 


p — md = (SFOS) + 1 — m)) a 


Shear area = (2m + 1) area of one rivet. 


P 


: 2m 
Shear taken by inner row = Seq e ial part of total 
(m + 0.5)s. x 
Di Rap Ge UB eC 
2m+1 (m + 0.5)s. (m + 0.5)s, 
St 
1 (m — 1)s: 


2n+1 (m+ 0.5)s, 

(m + 0.5)95 = (2m + 1)55 (m — 1) 
22m? — 30m — 20.5 = 0 

m= ue EK = 1.86 nearly 


If there are 8 rivets in the outer row to 15 in the inner row, this 
condition is nearly satisfied. 


(1.86 + 0.5)95 


The efficiency is (1.86 + 0.5)95 + 55 80.3 per cent. 
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Triple-riveted Butt Joint with Two Rows in Single Shear.— 
When the pitch of the outer rows is four times that of the inner 
rows and the pitch of the intermediate rows is twice that of the 
inner rows there are four rivets in double shear and three rivets 
in single shear in a width equal to the long pitch. 


5.5 std = st(p — d) (25) 
(5.58. + sz) Dol 
ei eras De 
Net width outer row = 9.5d. 
Net width inner row = 6.5d. 
6.5 13 
95 = 19 


Of the total load carried by a strip of width p, three-elevenths is 
transferred to the butt straps at the first two rows and eight- 
elevenths remains to pass through the third row. 

Seem bun 1e2 

Tiesto meel48 
A little over 6 per cent. must be added to the net section at 
the inner row to prevent failure by tension at this section com- 
bined with shear in the outer rows. 

The Boiler Code Committee of the American Society of 
Mechanical Engineers has worked out the efficiency of a number 
of joints. These are found in the Transactions of 1914, pages 
1067 to 1075 and in the Report of The Boiler Code Committee, 
pages 103 to 109. 

The design of riveted joints for structural work is treated 
fully in works on the ‘‘ Design of Framed Structures.” 


d = 10.5d. (26) 


= 1.062, 


See “The Design of Riveted Butt Joints” by A. A. Adler and discussion 
by 8S. F. Jeter, Transactions of American Society of Mechanical Engineers. 
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CALCULATION OF STRESS WHEN THE BENDING 
MOMENT IS NOT IN PLANE OF A PRINCIPAL 
MOMENT OF INERTIA 


In Article 68, a rule was given for finding the stress in a beam 
when the bending moment was not in the plane of a principal 
moment of inertia. Although this rule is nearly self-evident, 
some readers may desire a proof. 

Figure 253 represents any section of a beam for which XX and 
YY are the principal axes of inertia. 
The line MM, at an angle with 
YY, is in the plane of the bending 
moment, and the line BC, at an 
angle @ with XX, is the neutral 
axis. The element dA, whose 
codrdinates with respect to the 
principal axes are x and y, and 
whose distance from the neutral 
axis 1s v, is subjected to a stress 
which varies as v. 


Fia. 253.—Moment at angle with 
principal axis. 


v =y cos 6 — x sin 6. (1) 

s = kv = k(y cos @ — x sin @). (2) 

Since the external moment is in the plane MM, the resisting 
moment must lie in the same plane, therefore, the sum of the 
moments of all the stress on the entire area about the line MM 


must be zero. The perpendicular distance from dA to the line 
MM is 


ll 


ve =y sina +2 COs a. (3) 
i svldA =0 =k f va'd A, (4) 

fy? cos @sin a dA + fry cos 6 cos a dA — 
Jiry sin 6 sin odd — fia? sin 6 cos adA = 0; (5) 


I, cos @sina — I,sin cosa = 0, (6) 
412 
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in which I, is the moment of inertia with respect to the axis 
XX, and I, is the moment of inertia with respect to YY. The 
second and third terms of (5) include the product of inertia with 
respect to the principal axes, which is zero (see Article 205). 


Taner ie tan a. (8) 
I, 
Example 


A 6-inch by 8-inch beam is subjected to a load perpendicular to its length 
making an angle of 30 degrees with the plane of the 8-inch faces. Find the 
angle between the neutral axis and the planes of the 6-inch faces. 

When the line through the center parallel to the 6-inch faces is taken as the 
X axis, 

GEes2 


ics => =a ee 256, 
ZS 63 
Iy =~45~ = 144. 
256 
PPaneoe— 144 >< 0) res = Alp 0264, 
6 = 45° 45’, 


The neutral axis makes an angle of 15 degrees 45 minutes with the line 
normal to the bending moment. 


From Fig. 253 the component of the bending moment perpen- 
dicular to the neutral axis is M cos (@ — a). The moment of 
inertia with respect to the neutral axis is J, cos? 6 + J, sin? 6, 
and » = y cos @ — x sin 0. 


EES OG 
Sa Te: cos? 6 + J, sin? @’ (9) 
_ M(cos 6 cos a + sin 6 sin a)(y cos 6 — x sin 6). (10) 
I, cos? 6 + I, sin? 0 3 


_ My(cos? 6 cos a+cos @sin § sin a) — Mx(cos @sin @cos a+sin? 6sin a) (11) 
I, cos? 6 + Iysin? 6 
My (cos? 6 cos aw + cos 6 sin 6 sin a) = My cos a (cos? 0 + 


Eye 
cos 6 sin 6 tan a) = My cos a (cos? 6 + T. sin? 6); (12) 


My(cos? 6 cos a + cos @sin @sina) _ My cosa (13) 


I, cos? 6 + I, sin? 6 Vi 
In a similar way the second part of (3) may be shown to be 
Mx sin a 
la 
and 
al Mycosa _ Masina (14) 


Te ifs 


414 STRENGTH OF MATERIALS 


To find the fiber stress at any point in a beam when the bending 
moment is inclined to the principal axes of inertia, resolve the 
bending moment (or the applied forces) perpendicular to the two axes 
and compute the stress for each component separately. The actual 
unit stress is the sum of the results of these two, taken with the proper 
sign. 


APPENDIX C 
CAST-IRON BEAMS 


Cast iron differs from most structural materials in that the 
ultimate strength in compression is many times greater than 
the ultimate strength in tension. A good sample of cast iron 
may have an ultimate tensile strength of 25,000 pounds per 
square inch and an ultimate compressive strength of 100,000 
pounds per square inch. Working stresses in cast-iron members 
subjected to bending should be about 3,000 pounds per square 
inch tension and 10,000 pounds per square inch compression. 
Since the ultimate strength in compression is four times as great 
as the ultimate strength in tension, it is natural to suppose that 
this ratio should hold in the design of beams, and that the distance 
from the center of gravity of the section to the extreme compres- 
sion fiber should be four times as great as the distance to the 
extreme tension fiber. However, since the neutral axis isshifted 
from the center of gravity of the section when the stress passes 
the elastic limit and since the stress in the tension fibers does not 
vary directly with the unit deformation, a lower ratio should be 
used. 

A cast-iron beam of rectangular section, which was tested 
in bending, showed a modulus of rupture of 44,000 pounds per 
square inch. The same bar in tension broke under a load of 
27,000 pounds per square inch. The shifting of the neutral 
axis and the deviation of the tension and compression diagrams 
from the straight line account for the difference. 

Figure 254 gives the tension curve and part of the compression 
curve for specimens of cast iron which was tested at Watertown 
Arsenal. (‘‘Tests of Metals,’ 1885, pages 475 to 490.) The ten- 
sion curve is drawn from the mean of four tests and the com- 
pression curve from the mean of twelve tests. The averages 
in each case give points on a smooth curve although the readings 
from the individual specimens varied considerably. 

The compression diagram is a straight line up to 13,000 pounds 
per square inch. The tension diagram begins to curve slightly 

415 
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in the neighborhood of 3,000 pounds per square inch. The 
modulus of elasticity in tension is slightly greater than the 
modulus in compression up to about 9,000 pounds per square 
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Vie. 254.—Stress-strain diagrams for cast iron. 


inch. So long as the tensile stress in this cast iron does not 
exceed 3,000 pounds per square inch and the compressive stress 
does not exceed 10,000 pounds per square inch, the stress may be 
regarded as proportional to the distance from 
the neutral axis and the neutral axis is 
practically at the center of gravity of the 
section. 

The problem of the unit stress at rupture 
is entirely different. Figure 255 represents a 
beam of rectangular section, which is 1 inch 
wide and is 1 inch high from the neutral axis 
to the upper fibers. The upper fibers are 
supposed to be in tension. It is desired to find 
the depth of the lower portion, which is in 
compression, in order that the total compressive stress shall equal 
the total tensile stress when the unit deformation in the top 
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fibers is 0.0025. From the curve, the unit stress in these outer 
fibers at the top is found to be 24,800 pounds per square inch. 
The area under the tension curve may be measured with a 
planimeter and the average ordinate may be determined by 
dividing this area by the base. If a planimeter is not 
available, the total area may be computed by dividing it 
into a number of strips. Each ordinate may be regarded 
as the mean altitude of a strip of width equal to the distance 
between the ordinates. For instance, the ordinate which 
corresponds with the unit elongation of 0.001 is 16,100 pounds 
per square inch. This may be taken as the altitude of 
a strip of width 0.0001 extending from elongation 0.00095 to 
0.00105. The sum of the ordinates from 0.0001 to 0.0024, 
inclusive, multiplied by the width of the interval gives the area 
from 0.00005 to 0.00245. The half intervals from 0 to 0.00005 
and from 0.00245 to 0.00250 may be computed separately. If 
the interval is taken as unity instead of 0.0001 to avoid decimals 
these areas are, 


AT ComtrOMmsO tO OlO ns. ete ais wat. a nae BON 3k 
Area from 0.5 to 24.5 (sum of 24 ordinates)... 398,650 
FATS nei OMIe 4: RUOe Oy acne oe Gein Shits ee via Settee 12,350 
Total 411,131 

Total divided by 25 gives mean stress 16,445 


If the width of the tension area is 1 inch and the height is 1 
inch, the total tension is 16,445 pounds. If the width is b and 
the height is v2 the area is bv. and the total tension is the product 
of this area multiplied by the mean stress. 

The tctal compression below the neutral surface must be equal 
to the total tension above. If the width is unity as in Fig. 254 
the total compression is the average compressive stress multiplied 
by v;. Since this product is the area of the compression diagram, 
it is only necessary to find the ordinate which forms the right 
boundary of an area of 411,131 units below the compression 
curve. Since the diagram is a straight line up to the unit 
deformation of 0.00075, at which the unit stress is 14,300 pounds 
per square inch, this much of the area is a triangle. 
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Area from 0 to 7.5 (taken as a triangle)... .. 53,625 
Area from 7.5 to 20.5 (sum of 13 ordinates)... . 309,570 
Ordingtetated Ue aie. kta ieee eee ee 30,850 
Total to 21.5 394,045 

Area required beyond 21.5 17,086 
Total 411,131 


When 17,086 is divided by 31,400, which is approximately the 
mean ordinate for the remainder of the area, the quotient is 0.56. 


21.5 + 0.56 = 22.06. 


The compression depth »; is to the tension depth v2 as 22.06 
to 25. The compression depth »; is practically 88 per cent. of 
the tension depth. 

The moment of the total tension is obtained by multiplying 
each ordinate by its abscissa and adding the products. (The 
moment of the area between 24.5 and 25.0 is the product of 
half the ordinate at 24.75 multiplied by 24.75.) The result for 
a section one inch square above the neutral axis is 10,506 inch- 
pounds. In asimilar way, the moment of the compression area, 
1 inch wide and 0.88 inch deep, is 9,541 inch-pounds. The 
total moment is 20,047. 

The maximum fiber stress in a beam 1 inch wide and 1.88 
inches deep which is subjected to a bending moment of 20,047 
= is 34,000 
pounds per square inch. The actual tensile stress in the outer 
fibers is 24,800 pounds per square inch and the actual com- 
pressive stress is 31,400. 

This calculation based on the experimental curves of Fig. 254 
clearly indicates the difference which may exist between the 
modulus of rupture and the actual unit stress. Usually the 
difference is not so great, but, under some conditions it may be 
much greater than in this example. e 

If the beam were a T-section, the width of the flange and the 
thickness of the stem would have to be taken into account in 
the calculation of the total stress and the moment. 

When it is not practicable to test full-size cast-iron beams, it is 
advisable to break smaller beams of similar sections. The 
modulus of rupture obtained experimentally from a beam of 
one section will apply to any beam of the same material of similar 
section. 


inch-pounds, when calculated by the formula S = 


APPENDIX D 
DEFLECTION OF BEAMS BY THE EXACT FORMULA 


In Chapter VIII, the equation of the elastic line of each beam 
was derived from the formula 


2 
M = EI*4. 


dx (1) 


The complete expression for the moment is 


M = (2) 
dy\?\32 
((z)) 

For such deflections as occur in ordinary structural beams, 
the approximate formula is sufficiently exact for all practical 
purposes, and is the form which is always used in the derivation 
of the elastic line of a beam or column. However, in order to 
gain some definite idea of the magnitude of the error in extreme 
_ cases of relatively large deflections, it is advisable to study a 
few examples of the integration of Equation (2). 

The fundamental equation from which these expressions were 


derived is 
dé 


M = EI, (3) 
which may be written 
dé dx dé 
M = HIT a = El cos 6 7 (4) 
The integral of Equation (4) is 
EI sin 6 = i Maz + Cy, (5) 
which may be written 
dy _ 
EI = i) Mdz + Ci. (6) 
The integral of Equation (1) is 
dy _ 
EI = if Md + Ci, (7) 
EI tan 6 = i Mdz + Ci, (8) 
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Equation (5) from the exact expression contains the sine of @ 

(or =) while Equation (8) from the approximate expression 
dy. 

contains the tangent of @ (or ae ) 


When the moment is constant, {i Mdx = Mz. If the origin 


of codrdinates is so chosen that @ = 0 when x = 0, then C; = 0 
and Equation (5) for constant moment is 


dy _ y,. 
ET, = Mz; (9) 
pees = Mz; (10) 
ae" + dy? 
EI : 2 — a2 2 2 2. 
(Gz) a? = vay + x*dx?; (11) 
x dx 
eee 
(AG) ae 
M 
(HIN? 
y = =A) — a +C, (13) 
bie EI 
If the X axis is so chosen that y = ai when xz =0. C. =0 and 
“ EI\? 
c= (=) — 2x; (14) 
EI? 
at = (ar) 2 
er. : : ie Dl, ; 
which is the equation of a circle of radius na This result agrees 


with Equation (4) of Article 70. 
For a cantilever with a load P on the free end 


when the origin is taken at the free end and I is the horizontal 
projection of the entire beam, and is not the original length. 


El dy _P _ gy), 
2 (16) 
az? + dy? 
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() 4’ = VP ~ 2*)*(dx® + dy’); (17) 
() — (P = 2%)*)dy? = (2 — 28)'de*; (18) 
dy — eta? (19) 


DS TpROR 
Ss — ee tee \ 
v( pe) - Oa) 
The expansion of the denominator of Equation (19) by the 
binomial theorem gives 


BTN ely 2 LN 3 /2EI\—5 
Se etc. 
(20) 
When this series is multiplied by the numerator, 1? — x?, Equation 
(19) eee 


Cee el PS ota le 
dz = sat — ) + a(sar) @ — 2) + 3(aaz) (P — 27)° + 
etc. (21) 
ad 1S ae. a Sts ae a 
fo OE ar re =e yeaah (eee ce Se) ot 
387 P\5/.4 aoe ws 10142? Stet _ 
3(saz) (2° + Bite = = + 5 Fy + ete.) 
(22) 
The first three terms of the second member of Equation (22) are 


indentical with Equation (5) of Article 73. From these terms 


LE 
the constant Ce = — 3EI 


When the remaining terms which are given in Equation (22) 
are included, 


i - 557 Ps ss(ar) ” - sia) oa Cope 23) 


Example 


A 6-inch by 1-inch wooden cantilever is 100 inches long and carries a 
load of 10 pounds on the free end. Find the deflection at the end if # is 
2,000,000. 

a Ot ee Soe me OF: 
ETI = 1,000,000, EI ~ 100,000 ~ 10° es 1028 
(Omi os 0M 1a 102 ; 
oe mes 10 al oe 
Cy = —38.333333 — 0.002857 — 0.000004 = —3.336294. 


The second and third terms change the result only one part in 1,200. 
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If the load is raised to 50 pounds (which makes the maximum unit stress 
5,000 pounds per square inch), 


Sane Tee 
EI ~ 2x 10 

Boe al 1014 1 1022 
C2= —3— 35% 3x 10m 231 * 32 x 10% Ot 
Cz, = —16.6667 — 0.3571 — 0.0135 = —17.0373 


With this extreme deflection, the error of the ordinary equation is, appar- 
ently, a little more than two per cent. 


Equation (23) would seem to indicate that the actual deflection 
of a cantilever with a load on the free end is greater than 


re 


Ymax = 3EI (24) 


This, however, is not the case. As ordinarily used / in Equation 
(24) is the total length of the beam. Since the moment arm 2. 
is the horizontal distance from the load to the section, the value 
of x at the fixed end (which has been represented by / in Equations 
(16) to (23) is the horizontal projection of loaded beam, and is 
less than the true length. In order to find the true deflection 
it is necessary either to express the moment in terms of the actual 
elements of length, or to find the actual total length in terms 
of the horizontal projection. The latter is the easiest, and will, 
therefore, be used. 

For convenience, the element of length may be represented 
by ds instead of dl. 


Eldy P 

ay ee Pun (16) 

(py aut = @ — ahs (25) 

(ei (ds? — dz?) = (2? = 2?)ds?: (26) 
da 


ds = (27) 


2) a ee 
NE OTe a 


pA alae) Oe 2)? -4 sanz) ¢ arenes ete. | (28) 
+ a( — u 4. aa - at +7) + ete. (29) 
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When « = I, the total length, which may be called J,, is 


wath) 24) 
4 


i aaa) #0 = ; +9 =i =) + etc. (30) 


PN? ee Ne 
hy she feats Wei sl Ot aera Ce 
k= 1+ ie ar) # + aoe gez) + ete. ey) 
In the example above if the horizontal projection is 100 
inches when the load is 10 pounds, 
1; = 100 + 0.0667. 
If this length is substituted in Equation (24) instead of 100, 
the calculated result is 
Ymax = 3.8400 inches. 
When the load is 50 pounds, 


LO” 1 107° 


1 
100 + 75 X gy 108 + fos * fe x 108’ 


100 + 1.667 + 0.059 = 101.726 inches. 


li 
l; 


I 


If this length is substituted instead of 100 inches in Equation 
(24), the result is 


Unas = 11.057 inches 


When Equation (23) is used to find the deflection of a canti- 
lever which is loaded at the end, the length / is the horizontal 
projection of the loaded beam. If the original length is used, 
Equation 23 gives a greater error than Equation (24). 

When a beam which rests on fixed supports is loaded at the 
middle, the moment arm of the vertical component of the reaction 
remains constant. ‘The reaction has also a horizontal component 
which increases the deflection still further, The equation of the 
elastic line may easily be found from the approximate differential 
equation (Equation (1)). The solution from Equation (2) is 
evidently very difficult. 

The formulas which have been derived in this appendix 
are sufficient to indicate the method of attack and also to show 
that the error of the usual equations is negligible, unless the 
deflections are extremely large. 
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Except wnen &/ is constant or 73 constant, the integration 


of Equation (2) gives a series. If the same moment equation is 
used with Equation (2) as is ordinarily used with Equation (1), 
(that is, if no allowance is made for the change in moment arms 
which is caused by the deflection) the first group of terms, which 
contain EJ in the first power, are equivalent to the entire solution 
with Equation (1). The error which is caused by the use of 
Equation (1) instead of Equation (2) is generally smaller than 
that caused by the change in moment arms. 
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